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Abstract. We study the problem of jointly predicting topics for all web
pages within URL hierarchies. We employ a graphical model in which
latent variables represent the predominant topic within a subtree of the
URL hierarchy. The model is built around a generative process that infers
how web site administrators hierarchically structure web site according
to topic, and how web page content is generated depending on the page
topic. The resulting predictive model is linear in a joint feature map of
content, topic labels, and the latent variables. Inference reduces to mes-
sage passing in a tree-structured graph; parameter estimation is carried
out using concave-convex optimization. We present a case study on web
page classi�cation for a targeted advertising application.

1 Introduction

Web page classi�cation of entire web domains has numerous applications. For
instance, topic labels can be used to match individual web pages to related
advertisements; topic labels can be aggregated over pages that a user has visited
in order to create a pro�le of the user's interests. Classifying the child suitability
of web pages is another typical use case.

There is a rich body of research on topic classi�cation of web pages based
on page content [8]. Classi�cation does not have to rely on page content alone.
For instance, collective classi�cation schemes that exploit the hyperlink struc-
ture within the world wide web have also been widely studied [6,11]. Collective
classi�cation approaches de�ne probabilistic models over web page content and
the observed hyperlink structure; inference in the models yields the most likely
joint con�guration of topic labels. Typically, discriminative models over topics
given page content and link structure are studied, in order to avoid having to es-
timate high-dimensional distributions over page content. For example, maximum
margin Markov networks have been shown to give excellent results in hypertext
classi�cation domains [11,2].

In this paper, we study models that exploit the information inherent in the
URL hierarchy of a web domain, rather than the information contained in the
hyperlink structure. Many web domains organize their individual pages in a
meaningful hierarchy in which subtrees tend to contain web pages of similar
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topics. The predominant topic within a particular subtree constitutes a latent
variable from the learner's perspective; correctly inferring these latent variables
and propagating the topic information to pages within the subtree has the po-
tential to boost predictive accuracy if topic correlation within subtrees is strong.

The presence of latent variables constitutes a key di�erence of our problem
setting in comparison to collective classi�cation based on hyperlinks; models de-
veloped for collective hypertext classi�cation are typically not applicable as they
cannot deal with latent variables during learning. The problem could instead be
modeled using latent variable structured output models, such as latent variable
SVMstruct [14]. The challenge when using this approach is to correctly model the
interaction of latent and observed variables using a joint feature map and speci-
fying appropriate loss functions while ensuring that decoding remains tractable.

We instead follow an approach in which we formulate a generative model of
how URL trees are populated with topic labels and content is generated for web
pages within that URL tree. The model can be formulated conveniently using
topic-correlation models and standard exponential-family distributions for page
content given a topic. The model is then trained discriminatively by maximizing
the conditional distribution of topic labels given page content and the URL tree.
This conditional distribution has the form of a linear model with a joint feature
map of the URL hierarchy, page content, and the (observable and latent) topic
labels. E�cient decoding is possible by message passing in a tree-structured
graph. In this formulation, the feature map, decoding algorithm, and optimiza-
tion criterion directly result from the probabilistic modeling assumptions.

The rest of this paper is organized as follows. Section 2 states the prob-
lem setting and introduces notation. Section 3 presents the probabilistic model,
and Section 4 discusses parameter learning and inference. Section 5 reports on
an empirical study on web classi�cation for a targeted advertising application.
Section 6 discusses related work, Section 7 concludes.

2 Notation and Problem Setting

A URL tree T = (V, E) consists of vertices and edges. The vertices V in-
clude n leaves that we will write as v1, . . . , vn, and k inner nodes, written as
vn+1, . . . , vn+k. The leaves correspond to URLs of individual web pages (such as
washingtonpost.com/local/crime/murder.htm); inner nodes corresponds to pre-
�xes of these URLs that end in a separator�typically, the slash symbol. An
inner node, such as washingtonpost.com/local/, thus represents a subtree in the
URL hierarchy. Figure 1 (left) shows an imaginary URL tree for a web domain.

The content of each of the leaf nodes is encoded as a vector xi ∈ Rm; we
denote the content of the entire web portal as matrix X = (x1 . . .xn) ∈ Rm×n.
The topic space is denoted by Y; the vector y = (y1, ..., yn)T ∈ Yn denotes topic
labels for the n leaf nodes that correspond to web pages.

Web domains are generated by an unknown distribution p(y,X, T ); we will
make speci�c modeling assumptions about this distribution in the next section.
Distinct web domains are drawn independently and from an identical distribu-
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Fig. 1. URL tree (left) and graphical model (right) of an exemplary news domain.

tion. Note, however, that the random variables (x1, y1), ..., (xn, yn) that represent
content and topic information for any single domain are not assumed to be in-
dependent. Typically, the variables will correlate as a function of their position
in the URL hierarchy T . A training sample of several labeled web domains is
drawn according to this distribution.

Finally, the URL tree T ∗ and the content matrix X∗ of a target web domain
are drawn. In addition, topic labels y∗i for a limited number (possibly zero) of
leaf nodes are disclosed. The goal is to infer the most likely complete vector of
topic labels y∗ for this target domain.

3 Graphical Model

In order to de�ne an appropriate probabilistic model for the problem stated in
Section 2, we �rst de�ne a model of a generative process that we assume to
have generated the observable data in Section 3.1. In Section 3.2, we express
this model as a member of the exponential family. Deriving the conditional
distribution p(y|X; T ) in this model results in a linear structured-output model.
In our application, inference can be carried out e�ciently using message passing
inference in the tree-structured model (Section 4.1). Parameters can be estimated
according to maximal conditional likelihood using CCCP (Section 4.2).

3.1 A Generative Process for Web Domains

In this section, we de�ne a generative process for populating a given URL tree
T with topic labels and word count information (we will make no modeling
assumptions about the distribution p(T ) over URL trees).

The general assumption that underlies our model is that web site adminis-
trators hierarchically structure web site content according to topic, such that
topics of pages within one subtree of the URL hierarchy correlate. To represent
the predominant topic within speci�c subtrees, we associate a vector of latent
topic variables ȳ = (yn+1, ..., yn+k) ∈ Yk to the k inner nodes vn+1, . . . , vn+k

of the URL tree T . These latent topic variables will couple the observable topic
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variables y = (y1, ..., yn) through the URL hierarchy. Throughout the paper,
we denote by v→i ∈ V the unique parent of the node vi ∈ V speci�ed by the
edge set E of URL tree T . We extend this de�nition to topic labels as follows:
for a topic variable yi ∈ {y1, ..., yn+k}, we write y→i to denote the latent topic
variable associated with the node v→i.

We assume a top-down generative process for topic variables by modeling
the dependency between a topic yi and the topic y→i of the parent node as a
distribution p(yi|y→i;λ). The distribution is modeled as a normalized exponential

p(yi|y→i;λ) =
exp (−λ∆(yi, y→i))∑

y′∈Y
exp (−λ∆(y′, y→i))

(1)

where the function ∆(yi, y→i) measures topic distance in Y. A simple choice for
topic distance would be ∆(y, y′) = 0 if y = y′ and ∆(y, y′) = 1 if y 6= y′; other
distance functions may be employed to re�ect a speci�c structure on the topic
space. The parameter λ controls the degree of correlation expected between the
topic variables yi and y→i. This generative process corresponds to the assumption
that when administrators add novel material that covers topic y ∈ Y to a web
domain, they insert a corresponding URL subtree under a parent node that is
associated with a topic y→i close to y. We assume this process is carried out
recursively up to and including the leaf nodes, that is, novel URL subtrees are
again populated with subtrees and eventually web pages with topics that are
close within the topic space Y. The prior distribution p(yn+k|τ ) over the topics
of the root is a categorical distribution over topics, parametrized by τ .

In order to complete the speci�cation of the data-generating process we have
to assume a distribution p(x|y) over word-count information x given the web
page topic y. At this point, we only assume that this distribution is a member
of the exponential family and follows the general form

p (x|y;η) = h(x) exp
(
ηTφ(x, y)− gη(η, y)

)
. (2)

In Equation 2, h(x) is called the base measure, gη(η, y) is the log-partition
function that ensures correct normalization of the distribution, φ(x, y) is a joint
feature map of the web page x and topic y, and η is a parameter vector.

By de�ning a joint feature map of x and y, we subsume the case of modeling
topic-speci�c parameter vectors for φ(x, y) = Λ(y) ⊗ φ(x), where operator ⊗
denotes the Kronecker product and Λ(y) = ([[y = ȳ]])ȳ∈Y denotes the one-of-k
encoding of y, but can also encode structural prior knowledge, for instance about
a structured topic space.

By combining the generative process for topic variables based on Equation 1
and the categorical distribution p(yn+k|τ ) with the conditional distribution de-
�ned by Equation 2, we obtain a generative model p(y, ȳ,X|T ;λ,η, τ ) of all
topic variables given web page texts and the URL tree:

p(y, ȳ,X|T ;λ,η, τ ) = p(yn+k|τ )

(
n+k−1∏
i=1

p (yi|y→i;λ)

)
n∏
i=1

p (xi|yi;η) . (3)
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Figures 1 (right) shows the graphical model representation of this model for
the example URL tree shown in Figure 1 (left).

3.2 A Discriminative Joint Topic Model

Starting from the generative process de�ned in Section 3.1, we now derive a dis-
criminative model for page topics based on URL hierarchy T and page texts X.

We begin the derivation by casting the generative process p(y, ȳ,X|T ;λ,η, τ )
de�ned in Section 3.1 into an exponential-family model using a joint feature
map Φ(X,y, ȳ). Note that p(yi|y→i;λ) can be written in the canonical form
of an exponential family by p(yi|y→i;λ) = exp (−λ∆(yi, y→i)− gλ(λ, y→i))
where gλ(λ, y→i) = log

∑
y′∈Y exp (−λ∆(y′, y→i)), and p(yn+k|τ ) can be writ-

ten in exponential family form by p(yn+k|τ ) = exp
(
τTΛ(y)− gτ (τ )

)
where

gτ (τ ) = log(1T exp(τ )). Then, Equation 3 can be written as

p(y, ȳ,X|T ;θ)

= exp
(
τTΛ(y)− gτ (τ )

)(n+k−1∏
i=1

exp (−λ∆(yi, y→i)− gλ(λ, y→i))

)
n∏
i=1

h(xi) exp
(
ηTφ(xi, yi)− gη(η, yi)

)
= exp

(
τTΛ(y)− gτ (τ )

)
exp

(
−λ

n+k−1∑
i=1

∆(yi, y→i)−
n+k−1∑
i=1

gλ(λ, y→i)

)
(

n∏
i=1

h(xi)

)
exp

(
ηT

n∑
i=1

φ(xi, yi)−
n∑
i=1

gη(η, yi)

)
= h(X) exp

(
θTΦ(X,y, ȳ)− gτ (τ )

)
, (4)

where we de�ne a joint parameter vector θ = (ηT, τT, λ,γT)T, a feature map

Φ(X,y, ȳ) =


∑n
i=1 φ(xi, yi)
Λ(yn+k)∑n+k−1

i=1 ∆(yi, y→i)∑n+k−1
i=1 Λ(y→i)

 , (5)

and base measure h(X) =
∏n
i=1 h(xi). Note that in Equation 4 we subsumed

the sum of log-partition functions
∑n
i=1 gη(η, yi) into the model parameter η by

adding a constant feature to the feature map φ(x, y) for each y ∈ Y. Addition-
ally we subsumed the sum of log-partition functions

∑n+k−1
i=1 gλ(λ, y→i) into an

additional model parameter γ.
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The conditional distribution p(y, ȳ|X, T ;θ) over observable and latent topic
variables given web page content and the URL tree is now given by

p(y, ȳ|X, T ;θ) =
p(y, ȳ,X|T ;θ)∑

y′,ȳ′ p(y
′, ȳ′,X|T ;θ)

=
h(X) exp(gτ (τ )) exp

(
θTΦ(X,y, ȳ)

)
h(X) exp(gτ (τ ))

∑
y′,ȳ′ exp (θTΦ(X,y′, ȳ′))

=
exp

(
θTΦ(X,y, ȳ)

)∑
y′,ȳ′ exp (θTΦ(X,y′, ȳ′))

. (6)

Note that Equation 6 de�nes a linear structured-output model in the joint feature
map Φ(X,y, ȳ) because arg maxy,ȳ p(y, ȳ|X, T ;θ) = arg maxy,ȳ θTΦ(X,y, ȳ).

4 Inference and Parameter Estimation

We now turn toward the problem of inferring topic variables and obtaining
maximum-a-posteriori estimates of model parameters from data.

4.1 Inferring Topics for New Web Portals

For a given new web domain, inference might target the most likely joint assign-
ment of topics to web pages by summing out the latent variables ȳ,

y∗ = arg max
y

∑
ȳ

p(y, ȳ|X, T ;θ). (7)

Unfortunately, this problem is NP-hard even for tree-structured graphs [4].
Instead, we are able to infer the most likely topic assignment yi of the i-th page
by summing out latent variables ȳ and topic variables of all other web pages yī,

y∗i = arg max
y

∑
yī,ȳ

p(y, ȳ|X, T ;θ). (8)

Alternatively, we can infer the most likely joint state of all topic variables,

(y∗, ȳ∗) = arg max
y,ȳ

p(y, ȳ|X, T ;θ), (9)

thereby also inferring topics for inner nodes in the URL hierarchy T . For the
application motivating this paper, the latter approach is advantageous if web
sites are very dynamic: if novel pages are added to the URL tree and there is
insu�cient time to carry out a full inference, the topic assigned to the parent
node of the added page can be used to label the novel page quickly. This is often
the only feasible approach for real-time systems, and is in fact implemented in
the targeted-advertisement company that we collaborate with.



Joint Prediction of Topics in a URL Hierarchy 7

Moreover, if topics yS̄ of a subset of web pages S̄ ⊆ {1, . . . , n} are already
observed, the most likely conditional joint assignment for the unobserved labels
yS where S = {1, . . . , n}\S̄ and the latent variables ȳ given the observed labels is

(y∗S , ȳ
∗) = arg max

yS ,ȳ
p(yS , ȳ|X,yS̄ , TU ;θ). (10)

Due to the tree-structured form of the model given by Equation 3, the opti-
mization problems given by Equation 8, 9, and 10 can be solved e�ciently using
standard message passing algorithms [7].

4.2 Parameter Estimation

To estimate model parameters, we minimize the regularized discriminative neg-
ative log-likelihood over all URL trees:

θ∗ = arg min
θ

Ω(θ)− log

u∏
j=1

p(yj |Xj , Tj ;θ)

= arg min
θ

Ω(θ) +

u∑
j=1

`log(θ,X
j ,yj), (11)

where the loss function is given by

`log(θ,X,y) = log
∑
y′,ȳ′

exp
(
θTΦ(X,y′, ȳ′)

)
− log

∑
ȳ

exp
(
θTΦ(X,y, ȳ)

)
.

In order to specify the regularizer Ω(θ) = Ωη,γ(η,γ) +Ωτ (τ ) +Ωλ(λj), we as-
sume a zero-mean Gaussian prior (η,γ) ∼ N (0, σ2

η,γI) with variance σ
2
η,γ over η

and γ, a Dirichlet prior over the topic distribution p(yn+k|τ ) at the root node,
and an inverse gamma prior λ ∼ InvGam(1, σ2

λ) over the coupling parameter λ,
where the inverse gamma distribution is parameterized using mean and variance.
Given these prior distributions the regularizing terms are de�ned by:

Ωη,γ(η,γ) =
1

2σ2
η,,γ

(
‖η‖22 + ‖γ‖22

)
, Ωλ(λ) =

σ−2 + 1

λ
+ (σ−2

λ + 3) log(λ),

Ωτ (τ ) = log(1T exp(τ ))1T(α− 1)− (α− 1)Tτ .

In Equation 11 we determine the minimizing argument of a sum of a convex and
a concave function θ∗ = arg minθ f∪(θ) + f∩(θ) where

f∪(θ) = Ω∪(θ) +

u∑
j=1

log
∑
y′,ȳ′

exp
(
θTΦ(Xj ,y′, ȳ′)

)
f∩(θ) = Ω∩(θ)−

u∑
j=1

log
∑
ȳ

exp
(
θTΦ(Xj ,yj , ȳ)

)
,
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Algorithm 1 Concave-Convex Procedure

1: Initialize θ∗

2: repeat
3: Construct upper bound on f∩(θ) for some c: f/(θ)← θT [∇f∩(θ)]θ=θ∗+c
4: θ∗ ← arg min

θ
f∪(θ) + h(θ)

5: until θ∗ converges
6: return θ∗

and where

Ω∪(θ) = Ωη,γ(η,γ) +Ωτ (τ ) +
σ−2 + 1

λ
, Ω∩(θ) = (σ−2

λ + 3) log(λ)

subsume the convex and the concave part of the regularization term. Thus,
the optimization problem given by Equation 11 is in general not convex�
although it is convex in η, since f∩(θ) is a linear function in η. In order to
solve the optimization problem, we use the Concave-Convex Procedure, which is
guaranteed to converge to a local optimum [15]. Algorithm 1 iteratively upper-
bounds the concave part f∩(θ) by the linear function f/(θ) (see Line 4) and
solves the resulting convex optimization problem in Line 5 using standard gra-
dient descend methods. The gradients with respect to θ are given by:

∇f∪(θ) = ∇Ω∪(θ) +

u∑
j=1

Ejy′,ȳ
[
Φ(Xj ,y′, ȳ)

]
,

∇f∩(θ) = ∇Ω∩(θ) +

u∑
j=1

Ejȳ
[
Φ(Xj ,yj , ȳ)

]
,

where expectation Ejy′,ȳ bases on distribution p(y′, ȳ|Xj , Tj ;θ) and expecta-

tion Ejȳ bases on p(ȳ|yj ,Xj , Tj ;θ) = p(yj , ȳ|Xj , Tj ;θ)/
∑

ȳ′ p(y
j , ȳ′|Xj , Tj ;θ).

The gradients of the regularization parts are given by

∇Ω∪(θ) = σ−2
η,γη + σ−2

η,γγ +
1T(α− 1)

1T exp(τ )
exp(τ )− (α− 1)−

σ−2
λ + 1

λ2

∇Ω∩(θ) =
σ−2
λ + 3

λ
.

The following proposition states that the gradients can be evaluated e�ciently
using message passing.

Proposition 1. Let φ(x, y) = Λ(y)⊗x. Then the expectations Ey,ȳ [Φ(X,y, ȳ)]
and Eȳ [Φ(X,y, ȳ)] can be computed in time

O(|Y|3(n+ k)2 + |Y|nm),

where m denotes the number of features, n the number of leaf nodes, and k the

number of inner nodes of the URL tree.
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A proof of Proposition 1 can be found in the appendix. Computations are
based on variations of standard message passing; additional computational sav-
ings are realized by reusing speci�c messages within the overall computation
of the gradient. These savings depend on the URL structure under study and
thus do not in�uence asymptotic complexity but signi�cantly in�uence empirical
execution time for the web domains that we have studied.

5 Empirical Study

We empirically investigate the predictive performance of the proposed joint topic
model using data from a large targeted advertisement company. The data set
contains 36,579 web pages within nine web domains that have been manually
annotated with topic labels by human labelers employed by the targeted adver-
tising company. We use a total of |Y| = 30 labels. Out of the nine web domains,
�ve are general news portals run by large newspaper publishers, two are more
topic-speci�c web portals run by family magazines, and two are web portals run
by TV stations. Web page content is represented using a binary bag-of-words en-
coding. Words that occur fewer than ten times in the training data are removed
from the dictionary, this results in 94,624 distinct bag-of-words features.

We study the model proposed in Sections 3 and 4 (denoted JointInfText),
where we choose a linear feature map φ(x, y) = Λ(y) ⊗ x. The topic distance
Λ(y, y′) in Equation 1 is one if y = y′ and zero otherwise. As a baseline, we obtain
predictions from a logistic regression model that independently predicts topics
for individual web pages (denoted LogRegText). As a further baseline, we study
a logistic-regression model based on an augmented feature representation that
concatenates the text features with a binary bag-of-words representation of the
page's URL where numbers or special characters are used as separator between
words (denoted LogRegText+URL). We also study our model using this augmented
feature representation (denoted JointInfText+URL). Such URL features have been
shown to be predictive for web page classi�cation; for example, Baykan et al.
have studied web page classi�cation based on URL features only [1].

5.1 Topic Classi�cation Performance

We study topic prediction in each of the nine web domains (the target domain).
Training data includes instances from the remaining eight web domains (the
training domains) as well as a varying number of instances from the target do-
main. Speci�cally, a training set is obtained by sampling 100 labeled web pages
from each of the training domains and between n = 0 and n = 100 labeled
web pages from the target domain. At n = 0 this corresponds to a setting in
which predictions for novel web domains have to be obtained given a training
set of existing web domains. At n > 0 this corresponds to a setting in which a
small set of manually labeled seed pages is available from the target domain, and
topic labels for the remaining pages need to be predicted. For JointInfText and
JointInfText+URL, the labeled pages from the target domain constitute observed
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Fig. 2. Average error ratio for di�erent target portals and di�erent number of labeled
web sites from target portal.

variables, inference is carried out conditioned on these observations (see Equa-
tion 10). Predictive performance is evaluated on a sample of 500 pages from the
remaining web pages of the target domain.

Hyperparameters of all models are tuned using grid search and a leave-one-
domain-out cross-validation on the training data. News domains generally ex-
hibit more diverse topic labels than the topic-speci�c web portals run by TV sta-
tions and family magazines; for tuning we therefore evaluate the models only on
domains from the same of these two groups as the target domain. For JointInfText
and JointInfText+URL hyperparameters are the coupling parameter σ2

λ and the
regularization parameter σ2

η,γ ; for LogRegText and LogRegText+URL, the stan-
dard regularization parameter. The hyperparameter of the Dirichlet prior is set
to α = (2, ..., 2)T (Laplace smoothing).

Figure 2 shows predictive performance for all web domains as a function
of n, averaged over �ve resampling iterations of web pages from the training
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Fig. 3. Classi�cation error and empirical entropy for di�erent choices of parameter λ
on News Portal 1 (left). Labeled URL structure (right) for sample of News Portal 1

for λ = 1 and zero labeled web sites from target domain.

and target domains. Speci�cally, we report the ratio of the mean zero-one error
rate of each method to the mean zero-one error of the baseline LogRegText. If
both methods incur an error rate of zero, the quotient is de�ned to be one. In
one experiment (Web Domain 6, LogRegText+URL) the quotient was unde�ned
because the error of LogRegText was zero while the error of LogRegText+URL was
nonzero. Thus the curve for LogRegText+URL is missing from Figure 2(f).

From Figure 2 we observe that, on average, the methods JointInfText and
JointInfText+URL predict topic labels more accurately than their corresponding
baseline LogRegText or LogRegText+URL. Additionally we observe that the inclu-
sion of URL features in the feature representation on average improves predictive
accuracy. Performance varies for di�erent web domains and values of n, with the
best case being a reduction in error rate of approximately 80% and the worst
case an increase in error rate by approximately 20% compared to the baseline
model.

5.2 E�ect of the Model Parameter λ

We also study the in�uence of λ�which controls the structural homogeneity of
the classi�er prediction (Equation 1)�for News Portal 1 and n = 0. Figure 3
(left) shows the error rate of JointInfText (blue solid line) and the LogRegText
(blue dashed line) as a function of λ. In these experiments, the regularization
parameter σ2

η,γ = 1 is �xed and only model parameters η, γ and τ are optimized;
results are averaged over 20 resampling iterations. Figure 3 (left) also shows
the corresponding empirical entropy of the predicted labels (red curves). If λ
converges to zero, the model assumes no correlation between topics of nodes and
their parents in the URL tree; in this case, JointInfText reduces to LogRegText.
High values of λ couple topic labels strongly within the URL tree, therefore more
uniform topic labels are assigned and the empirical entropy of the predicted
labels is reduced. Predictive accuracy is maximal for intermediate values of λ.

Figure 3 (right) shows the label tree inferred by the joint topic model, pre-
dictions of the logistic regression baseline, and the ground truth for News Portal
1, λ = 1, and n = 0 labeled web pages of the target domain. We used a color
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Fig. 4. Execution time for computation of expectation Ey,ȳ [Φ(X,y, ȳ)] (JointInfText)
and Ey [Φ(X,y)] (LogRegText) for di�erent number of instances (left) and di�erent
number of labels (right). Error bars show standard errors.

scheme that maps related topics to related colors. It shows that topic labels are
more uniform when using JointInfText instead of LogRegText.

5.3 Execution Time

In our experiments, both the logistic regression model and the structured model
are optimized using a gradient descent approach. Thus, the main computational
di�erence is caused by the gradients of their loss functions: The computational
time for the gradient of the structured loss `log is dominated by evaluating the
quantities Ey,ȳ [Φ(X,y, ȳ)] and Eȳ [Φ(X,y, ȳ)] (see Proposition 1). The gradient
of the logistic loss function can be written as Ey [Φ(X,y)]− Φ(X,y), where

Ey [Φ(X,y)] =

n∑
i=1

exp(ηTφ(xi, yi))φ(xi, yi)∑
y′ exp(ηTφ(xi, y′i))

. (12)

We compare the execution time for computation of expectation Ey,ȳ [Φ(X,y, ȳ)]
for the joint topic model and the corresponding quantity given by Equation 12 for
the logistic regression model. Figure 4 (left) shows the execution time for di�er-
ent number of training instances and a �xed number of labels |Y| = 30. Figure 4
(right) shows the execution time for di�erent number of labels�randomly as-
signed to instances�and a �xed number of instances n = 500. We found that
the noticeable di�erence in time complexities�O(|Y|3(n+k)2 + |Y|nm) for joint
topic model and O(|Y|nm) for logistic regression�reduces approximately to a
constant factor, when we reuse messages over di�erent variations of the message
passing scheme.

6 Related Work

There is a rich body of work on general web page classi�cation [8]. In addition
to textual information on pages, hyperlink structure is often used to improve
classi�cation accuracy [9,6].



Joint Prediction of Topics in a URL Hierarchy 13

Some earlier work has studied using URL tree information for web page
classi�cation. Kan and Thi [3] and Baykan et al. [1] use models over features of
URLs to classify web pages based on URL information only. Shih and Karger [10]
use URL trees and page layout information encoded in an HTML tree for ad
blocking and predicting links that are of interest to a particular user. They
employ a generative probabilistic model similar to the coupling model de�ned
by Equation 1 to represent correlations within URL trees. In contrast to our
approach, their model does not include web page text or other page content.

Tian et al. [12] study models based on URL tree information with the goal of
assigning topics to entire web sites rather than individual web pages. Kumar et
al. [5] study the problem of segmenting a web site into topically uniform regions
based on the URL tree structure and predictions of a node-level topic classi-
�cation algorithm. Their central result is that segmentations that are optimal
according to certain cost measures can be computed e�ciently using dynamic
programming.

The prediction problem we study can be phrased as a structured output prob-
lem involving latent variables; such problems have been studied, for example, by
Wang et al. [13] and Yu and Joachims [14]. The latter model, latent variable
structured SVM, is also trained using CCCP. Its margin-based objective leads
to a learning algorithm alternating between performing point estimates of latent
variables and model parameters, while in our maximum conditional likelihood
formulation latent variables are summed out during learning. In the application-
speci�c model that we present, these summations as well as decoding for struc-
tured prediction can be carried out e�ciently because both problems reduce to
message passing in a tree-structured factor graph.

7 Conclusions

We have studied the problem of jointly predicting topic labels for all web pages
within a URL hierarchy. Section 3.1 de�nes a generative process for web page
content that captures our intuition about how web site administrators hierar-
chically structure web sites according to content; latent variables in this process
re�ect the predominant topic within a URL subtree. Section 3.2 shows that de-
riving the conditional distribution over topic labels given page content in this
model results in a structured output model that is linear in a joint feature map of
page content, topic labels, and latent topic variables. Parameter estimation can
be carried out using a concave-convex procedure. Proposition 1 shows that pa-
rameter estimation and decoding in the model are e�cient. An empirical study in
a targeted advertisement domain shows that joint inference of topic labels with
the proposed model is more accurate than inferring topic labels independently
based on features derived from page content and the URL.
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Appendix

Proof of Proposition 1

We �rst turn toward the quantity

Ey,ȳ [Φ(X,y, ȳ)] =

∑
y,ȳ exp

(
θTΦ(X,y, ȳ)

)
Φ(X,y, ȳ)∑

y,ȳ exp (θTΦ(X,y, ȳ))
. (13)

Let the unnormalized probabilities�the normalizing quantities h(X) and gτ (τ )
can be canceled out in nominator and denominator�be denoted by

ψτ (y) = exp(τy) ∝ p(y|τ ) ψη(y,x) = exp(ηTφ(x, y)) ∝ p(x|y;η)

ψλ,γ(y, y′) = exp(−λ∆(y, y′)− γy′) = p(y|y′;λ).

Since ∆(y, y′) is a given problem-speci�c loss function, ψλ,γ(y, y′) can be com-
puted in time O(|Y|2) for all y, y′ ∈ Y. Furthermore, under the assumption
that φ(x, y) = Λ(y) ⊗ x, we can compute ψη(y,xi) for all i = 1, . . . , n and
all y ∈ Y in time O(|Y|nm). Given these quantities, the denominator in Equa-
tion 13 can be computed e�ciently using standard message passing [7]. We
therefore evaluate∑

y,ȳ

exp
(
θTΦ(X,y, ȳ)

)
=
∑
yn+k

ψτ (yn+k)
∏

v→i=vn+k

µi(yn+k) (14)

recursively, where the messages µi(y→i) have the form

∑
yi

ψλ,γ(yi, y→i)

ψη(yi,xi) , if i ≤ n∏
v→j=vi

µj(yi) , otherwise. (15)

In order to evaluate Equation 15 for a given i ∈ {1, . . . , n + k} and a
given y→i ∈ Y, we have to compute all |Y| summands. Each summand contains at
most max{ci+1, 2} factors, where ci is the number of children of node vi. Hence
one message can be computed in time O(|Y|ci). Due to the tree structure T ,
each node has a unique parent node and therefore

∑n+k
i=1 ci = n + k − 1 holds.

Hence the computation for all i ∈ {1, . . . , n+ k} and all y→i ∈ Y can be done in

time
∑n+k
i=1

∑
y→i∈Y O(|Y|ci) = O(|Y|2(n+ k)) using dynamic programming.

We now consider the numerator in Equation 13 and show that the parts of the
joint feature map (see Equation 5) that refer to the parameters η, γ, τ and λ
can be computed in time O(|Y|3n(n + k) + |Y|nm), in time O(|Y|3(n + k)2),
in time O(|Y|2(n + k)), and in time O(|Y|2(n + k)2), respectively. For η, the
numerator can be expressed as∑

y,ȳ

exp
(
θTΦ(X,y, ȳ)

) n∑
l=1

φ(xl, yl)

=

n∑
l=1

(∑
y,ȳ

exp
(
θTΦ(X,y, ȳ)

)
Λ(yl)

)
⊗ xl. (16)
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In Equation 16, we reorder the sums and make use of φ(x, y) = Λ(y) ⊗ x.
Additionally, we exploit the associativity of the Kronecker product. Note that∑

y,ȳ exp
(
θTΦ(X,y, ȳ)

)
Λ(yl) is a vector of length |Y|; each component is as-

sociated with the case that the l-th web site has a certain label y′. This quan-
tity can be computed by applying the message passing for each label y′ ∈ Y,
where the message µl(y→l) is substituted by ψλ,γ(yl, y→l)ψη(yl,xl) if yl = y′

and zero otherwise. In order to evaluate Equation 16, we need to apply standard
message passing for all y′ ∈ Y and for all l = 1, . . . , n, which can be done in
time O(|Y|3n(n+k)). The computation of the Kronecker product can be done in
timeO(|Y|nm). Thus, the overall computational time isO(|Y|3n(n+k)+|Y|nm).

By reordering the sums, the numerator for γ can be expressed as

∑
y,ȳ

exp
(
θTΦ(X,y, ȳ)

)n+k−1∑
l=1

Λ(y→l) =

n+k−1∑
l=1

∑
y,ȳ

exp
(
θTΦ(X,y, ȳ)

)
Λ(y→l). (17)

The term
∑

y,ȳ exp
(
θTΦ(X,y, ȳ)

)
Λ(y→l) is a vector of length |Y|, where each

component is associated with the case that the parent of the l-th node has certain
label y′. For each label y′ ∈ Y, this quantity can be computed by standard
message passing, where the message µl(y→l) is substituted by

ψλ,γ(yl, y→l)


ψη(yl,xl) , if l ≤ n and y→l = y′∏
v→j=vl

µj(yl) , if l > n and y→l = y′

0 , otherwise.

In order to evaluate Equation 17, we need to apply message passing for all l =
1, . . . , n+ k − 1 and y′ ∈ Y , which can be done in time O(|Y|3(n+ k)2).

For τ , the numerator can be evaluated by using message passing∑
y,ȳ

exp
(
θTΦ(X,y, ȳ)

)
Λ(yn+k) =

∑
yn+k

ψτ (yn+k)Λ(yn+k)
∏

v→i=vn+k

µi(yn+k), (18)

where µi(y→i) is de�ned by Equation 15. Standard message passing as described
in Equation 14 requires a summation over |Y| summands. Instead, in Equa-
tion 18 we save each of the |Y| summands. Hence, the computational time for
Equation 18 is the same as for Equation 14, which is O(|Y|2(n+ k)).

For λ, the numerator can be expressed as

∑
y,ȳ

exp
(
θTΦ(X,y, ȳ)

) n+k−1∑
l=1

∆(yl, y→l)

=

n+k−1∑
l=1

(∑
y,ȳ

exp
(
θTΦ(X,y, ȳ)

)
∆(yl, y→l)

)
(19)

by reordering the sums. Again, we use the message passing algorithm in order to
evaluate the quantity

∑
y,ȳ exp

(
θTΦ(X,y, ȳ)

)
∆(yl, y→l) for l = 1, . . . , n+k−1.
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Therefore, we substitute the message µl(y→l) by

∑
yl

∆(yl, y→l)ψλ,γ(yl, y→l)

ψη(yl,xl) , if l ≤ n∏
v→j=vl

µj(yl) , otherwise.

Hence, Equation 19 can be evaluated by applying standard message passing n+k
times which can be done in time O(|Y|2(n+ k)2). This completes the proof for
the computational time of the expectation Ey,ȳ [Φ(X,y, ȳ)].

The proof for the expectation Eȳ [Φ(X,y, ȳ)] can be done analogously by
replacing the sum over y with the true labels. ut
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