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Overview

= Linear regression models
= Loss functions and regularizers for regression
= Empirical risk minimization
s Special cases:
Lasso
Ridge regression
= Analytic solution for ridge regression



Regression

s [nput: Instance x € X.
e.g., feature vector

(L -
Xm =

How toxic is a
combination?

= OQutput: continuous (real) value, y e R
e.g., toxicity.
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Linear Regression Models

= Regression function:
fo(x) =x"0 + 6,

= Example:

fo(x) =x (oles) 2

f()




Linear Regression Models

s Offset can “disappear” into parameter vector.
s Example

Before: fy(x) = (Z)T (&215) —2

1\'/ =2
After: fe(x)=<x1> ( -1 )
X2 —0.25

s New constant attribute
xo = 1 added to all f(x)
Instances.

s Offset 6, integrated into 6.




Linear Regression Models

= Regression function:
fo(x) =x'0

= Example:

fH(X)ZXT( —1 ) ol




Learning Regression Models

= Input to the Learner: = OQutput: a model
Training data T,.
28
X11 " Xim\ <& Yo : X —Y
Xz( S )
Xn1 0 Xnm/ &g For example

3’1}8 ye(X) = x10
y = ( 5
Yn Tg 4/\

. Training Data: Linear regression model with

parameter vector 0.
Tn — {(Xl; yl)) neey (XTU yn)}




Overview

= Loss functions and regularizers for regression
= Empirical risk minimization
s Special cases:
Lasso
Ridge regression
= Analytic solution for ridge regression



Loss Functions for Regression

s Absolute loss:

Lans(fo(Xi), ¥i) = |fe (Xl)x
1

Loe 0 sl -y,




Loss Functions for Regression

s Absolute loss:

Cabs(fo(Xi), yi) = [foXi—yil |
\ | /
s Sqguared loss: \/

R 4¢' S
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Loss Functions for Regression

s Absolute loss:

Cabs(fo(Xi), yi) = [foX—yil |
\ | /
s Sqguared loss: \/

R 4¢' S

m c-Insensitive loss:

lfoXi) —yil —¢ |fexi) —yil —e>0
Ce(fo(x1), yi) ={ o 0 Ifg(xi)—yil—ego
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Reqgularizer for Regression
= L1 reqularization:
0,(0) « 101, = ) |6)]
j=1

= L2 reqularization:

m
0,(0) < [|6]13= ) 6
j=1
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Special Cases

s Lasso: squared loss + L1 regularization

LO) =) (o), y) + 2101l

= Ridge regression: squared loss + L2 regularization

LO) =) E(fax,v) + 2013

= Elastic net: squared loss, L1 + L2 regularization
n
L(6) = E | 1€z(fe(xi),yi) + 116113 + A'llell,
L=
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Reqgularized Empirical Risk Minimization

s Solve
n
argmin Y e(fa(x0), 70 + 2 0(8)
=1

m Loss function ¢(fy(x;), y;): cost of the model's
output fg(x) when the true value is y.

The empirical risk is R,(0) = X, 2(fo(X;), y;)

Empirical estimate of risk R(0) = ff(fg(x),y)dPX,y
= Regularizer Q(0) & trade-off parameter A > 0:

Background information about preferred solutions

Provides numerical stability (Tikhonov-Regularizer)
allows for tighter error bounds (PAC-Theory)
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Reqgularized Empirical Risk Minimization

= Solve
n
arg;ninz 2(fo(x1),y:) +1Q(0)
i=1

= Linear model:

n
argminz 2(x;70,v;) + 10(0)
9 <
1=1
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Reqgularized Empirical Risk Minimization

s Linear model: solve
n
argminz 2(x;70,y;) + 1Q(0)
0 :
=1

= How to find solution:

Regression: analytic solution for squared loss and
small number of attributes.

Regression: numeric solutions (e.g., stochastic
gradient descent) for other loss functions and for
large number of attributes.
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Overview

s Special cases:
Lasso
Ridge regression
= Analytic solution for ridge regression
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Empirical Risk: Squared loss

s Squared loss function:

2, (fo(x), vi) = (fo(x;) — yi)?

= Matrix notation of empirical risk:
n
). 2o,y = (X6 — y)T(X6 - )
1=

(xu xlm) ( 04 )
X0—-y)={| : -~ : P |-y
xnl xnm Om
<X1T9 - Y1)
X, 00—y, 18



Lasso

= Minimize
L(B) = (X0 —y)' (X6 —y) + Al6ll,
= Convex optimization criterion, only one global
minimum.
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Ridge Regression

= Minimize
L(®) = (X0 —y)'(X0—y)+ 1070
= Convex optimization criterion, only one global
minimum.

= Analytic solution:

0
%L(O) =0
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Ridge Regression

= Linear ridge regression: minimize
L(®) = (X0 —y)'(X0—y)+ 1070
= (8TXT —yT) (X6 —y) + 1678
= 0TXTX0 — 0"XTy —y'X0 +y'y + 1070
= 0T(X™X + A1)0 — 20"XTy + yTy

s Derivative:

0

0 0T(XTX + A1)0 —207XTy + yTy

= 2(XTX + A1)0 — 2XTy
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Ridge Regression

s Derivative:
0
0 0T(X"X + A1)0 — 20"XTy + yTy
= 2(XTX + A1)0 — 2XTy

= Minimum: derivative zero
2(XTX + 1) —2XTy =0
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Ridge Regression

s Derivative:
0
0 0T(X"X + A1)0 — 20"XTy + yTy
= 2(XTX + A1)0 — 2XTy

= Minimum: derivative zero

2(XTX + 1) —2XTy =0
= (XTX + A1) = 2XTy
=0 =(XTX+I) XTy
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Ridge Regression

= Analytic solution:
0= (XTX+ 1) XTy
= Requires the inverse of an m X m matrix.
= Gauss-Jordan elimination procedure is 0(m3).
= Coppersmith-Winograd: 0(m?37-).

= Only practical for relatively small number of
attributes.

= Otherwise: use stochastic gradient method (see
lecture on linear classification models).
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Linear Regression Models

= Loss functions and regularizers for regression.
Squared loss, e-insensitive loss,
L2, L2 regularization.

= Empirical risk minimization

Analytic solution for lasso and ridge regression, only
practical for limited number of attributes.

Stochastic gradient descent method for large-scale
regression problems.
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