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Introduction

@ Can we have a DFA that accepts HUMPTY and rejects DUMPTY?
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Introduction
@ Can we have a DFA that accepts HUMPTY and rejects DUMPTY?
H u M P T Y

@ Can we have a smaller DFA in terms of its number of states?
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Introduction

@ Can we have a DFA that accepts HUMPTY and rejects DUMPTY?
H u M P T Y
ONOROIORORG1®

@ Can we have a smaller DFA in terms of its number of states?
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-
Separating Words Problem (sep(w, x))

Separating Words Problem [GK86]

Given two words w, x € {0,1}*, what is the size of the smallest
automaton (in terms of number of states) which accepts one of them and
rejects the other.
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Separating Words Problem (sep(w, x))

Separating Words Problem [GK86]

Given two words w, x € {0,1}*, what is the size of the smallest
automaton (in terms of number of states) which accepts one of them and
rejects the other.

@ Trivial Upper Bound : O(n)
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Separating Words Problem (sep(w, x))

Separating Words Problem [GK86]

Given two words w, x € {0,1}*, what is the size of the smallest
automaton (in terms of number of states) which accepts one of them and
rejects the other.

@ Trivial Upper Bound : O(n)

@ Suppose w and x are words that differ in some symbol that occurs d
positions from the start or end, then sep(w, x) < d + 2. [DESW11]
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N
Separating Words Problem (sep(w, x))

Separating Words Problem [GK86]

Given two words w, x € {0,1}*, what is the size of the smallest
automaton (in terms of number of states) which accepts one of them and
rejects the other.

@ Trivial Upper Bound : O(n)

@ Suppose w and x are words that differ in some symbol that occurs d
positions from the start or end, then sep(w, x) < d + 2. [DESW11]

o If HammingDistance(w, x) < d, sep(w, x) = O(d log n).[DESW11]
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N
Separating Words Problem (sep(w, x))

Separating Words Problem [GK86]

Given two words w, x € {0,1}*, what is the size of the smallest

automaton (in terms of number of states) which accepts one of them and
rejects the other.

@ Trivial Upper Bound : O(n)

@ Suppose w and x are words that differ in some symbol that occurs d
positions from the start or end, then sep(w, x) < d + 2. [DESW11]

o If HammingDistance(w, x) < d, sep(w, x) = O(d log n).[DESW11]
@ When |w| # |x|,3 an automaton O(log n) that separates w, x.
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N
Separating Words Problem (sep(w, x))

Separating Words Problem [GK86]

Given two words w, x € {0,1}*, what is the size of the smallest
automaton (in terms of number of states) which accepts one of them and
rejects the other.

@ Trivial Upper Bound : O(n)

@ Suppose w and x are words that differ in some symbol that occurs d
positions from the start or end, then sep(w, x) < d + 2. [DESW11]

o If HammingDistance(w, x) < d, sep(w, x) = O(d log n).[DESW11]

@ When |w| # |x|,3 an automaton O(log n) that separates w, x.
If 0 <i#j<n, 3p < O(logn) such that i Zj mod p.
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Separating Words Problem (sep(w, x))

Separating Words Problem [GK86]

Given two words w, x € {0,1}*, what is the size of the smallest
automaton (in terms of number of states) which accepts one of them and
rejects the other.

@ Trivial Upper Bound : O(n)

@ Suppose w and x are words that differ in some symbol that occurs d
positions from the start or end, then sep(w, x) < d + 2. [DESW11]

o If HammingDistance(w, x) < d, sep(w, x) = O(d log n).[DESW11]
@ When |w| # |x|,3 an automaton O(log n) that separates w, x.
If 0 <i#j<n, 3p< O(logn) such that i Z,j mod p. Hence,
counting modulo p separates w, x.
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Separating Words Problem (sep(w, x))

Separating Words Problem [GK86]

Given two words w, x € {0,1}*, what is the size of the smallest
automaton (in terms of number of states) which accepts one of them and
rejects the other.

@ Trivial Upper Bound : O(n)

@ Suppose w and x are words that differ in some symbol that occurs d
positions from the start or end, then sep(w, x) < d + 2. [DESW11]

o If HammingDistance(w, x) < d, sep(w, x) = O(d log n).[DESW11]
@ When |w| # |x|,3 an automaton O(log n) that separates w, x.
If 0 <i#j<n, 3p< O(logn) such that i Z,j mod p. Hence,
counting modulo p separates w, x.

@ Separating Words Problem is NP-Complete [BKSS17]
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Known Bounds

Choffrut Conjecture [Chr86]
Given distinct words of length n, for all € > 0, the value sep(w, x) € O(nE)J
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Known Bounds

Choffrut Conjecture [Chr86]

Given distinct words of length n, for all € > 0, the value sep(w, x) € O(nE)J

Upper Bound :
e o(n) [GK86]
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Known Bounds

Choffrut Conjecture [Chr86]

Given distinct words of length n, for all € > 0, the value sep(w, x) € O(nE)J

Upper Bound :
e o(n) [GK86]
o O(n'/?) [Rob89]
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Known Bounds

Choffrut Conjecture [Chr86]

Given distinct words of length n, for all € > 0, the value sep(w, x) € O(nE)J

Upper Bound :

e o(n) [GK86] o O(n?®log®/® n) [Rob96]
o O(n'/?) [Rob89]

WL ELTTLVETAL LT Y BN EVEIEIRET L ER S eparatingWordsProblemOnGroups:DCFS23 July 6, 2023 4/31



Known Bounds

Choffrut Conjecture [Chr86]

Given distinct words of length n, for all € > 0, the value sep(w, x) € O(nE)J

Upper Bound :
e o(n) [GK86] o O(n?®log®/® n) [Rob96]
e O(n'/?) [Rob89] o O(n*3log’ n) [Cha21]
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Known Bounds

Choffrut Conjecture [Chr86]

Given distinct words of length n, for all € > 0, the value sep(w, x) € O(nE)J

Upper Bound :
e o(n) [GK86]

o O(n?®log®/® n) [Rob96]
o O(n'/?) [Rob89]

o O(n'/3log” n) [Cha21]
Lower Bound : Q(log n) [DESW11]

W= Om—llm—1+€cm(1,2,.“,m) X = 0m—1+€cm(1,2,...,m)1m—1
= ,X =
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Known Bounds

Choffrut Conjecture [Chr86]

Given distinct words of length n, for all € > 0, the value sep(w, x) € O(nE)J

Upper Bound :
e o(n) [GK86] o O(n?®log®/® n) [Rob96]
e O(n'/?) [Rob89] o O(n*3log’ n) [Cha21]
Lower Bound : Q(log n) [DESW11]

W= Om—llm—1+€cm(1,2,.“,m) X = 0m—1+€cm(1,2,...,m)1m—1
= ,X =

Exponential Gap between Lower and Upper bounds!
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Known Bounds

Choffrut Conjecture [Chr86]

Given distinct words of length n, for all € > 0, the value sep(w, x) € O(nE)J

Upper Bound :
e o(n) [GK86] o O(n?®log®/® n) [Rob96]
e O(n'/?) [Rob89] o O(n*3log’ n) [Cha21]
Lower Bound : Q(log n) [DESW11]

W= Om—llm—1+€cm(1,2,.“,m) X = 0m—1+€cm(1,2,...,m)1m—1
= ,X =

Exponential Gap between Lower and Upper bounds! still open !.
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Known Bounds

Choffrut Conjecture [Chr86]

Given distinct words of length n, for all € > 0, the value sep(w, x) € O(nE)J

Upper Bound :
e o(n) [GK86] o O(n?®log®/® n) [Rob96]
e O(n'/?) [Rob89] o O(n*3log’ n) [Cha21]
Lower Bound : Q(log n) [DESW11]
W= Om—llm—1+€cm(1,2,.“,m) X = 0m—1+€cm(1,2,...,m)1m—1

Exponential Gap between Lower and Upper bounds! still open !.

Question: What if the automaton is restricted?
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Permuting Automaton
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Permuting Automaton

Permuting Automaton

An Automaton such that for each a € ¥, the transition function is a
permutation of the set of states.
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Permuting Automaton

Permuting Automaton

An Automaton such that for each a € ¥, the transition function is a
permutation of the set of states.

@ Robson [Rob89] :For any two words of length n, we can construct a
permuting automaton with O(y/n) states that separates them.
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Permuting Automaton

Permuting Automaton

An Automaton such that for each a € ¥, the transition function is a
permutation of the set of states.

@ Robson [Rob89] :For any two words of length n, we can construct a
permuting automaton with O(y/n) states that separates them.

@ Each permuting automaton is associated with a subgroup of S,,.

@ Motivated by this : we define the separating words problem over
groups.
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Separating Words with Groups

o Let G be a group.
oletp: X — G
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Separating Words with Groups

o Let G be a group.
oletp: X — G
o w=wiws...w, € X", is said to yield g € G if [[[_; ¢(w;) = g
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L Separating Words with Groups |
Separating Words with Groups

Let G be a group.

letp: X — G

wW=wiw...w, € X", is said to yield g € G if [[[_; ¢(w;) = g
Given w,x € X*, a group G is said to separate w and x if there exists
a function ¢ such that ¢(w) # ¢(x).
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Separating Words with Groups

Let G be a group.

letp: X — G

wW=wiw...w, € X", is said to yield g € G if [[[_; ¢(w;) = g
Given w,x € X*, a group G is said to separate w and x if there exists
a function ¢ such that ¢(w) # ¢(x).

Example: Consider w,x € {0, 1}* with |w| # |x]|.
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L Separating Words with Groups |
Separating Words with Groups

Let G be a group.

letp: X — G

wW=wiw...w, € X", is said to yield g € G if [[[_; ¢(w;) = g
Given w,x € X*, a group G is said to separate w and x if there exists
a function ¢ such that ¢(w) # ¢(x).

Example: Consider w,x € {0, 1}* with |w| # |x]|.
the group Z, with prime p = O(log n), with ¢(1) =1, ¢(0) = 0 (or vice
versa), will separate w and x.
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Can we always find a separating group?

Separating Group

Given any w and x, does there always exist a group G that separates
them?
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Can we always find a separating group?

Separating Group

Given any w and x, does there always exist a group G that separates
them?

@ Yes!
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Can we always find a separating group?

Separating Group

Given any w and x, does there always exist a group G that separates
them?

@ Yes! Group associated with Robson’s Permuting Automaton.
e The group is a subgroup of Sym (y/n).
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Separating Words with Groups : Two Natural Questions

Size of the group

Given w and x of length n, what is the size of the smallest group which
separates them?
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e G e BN ]
Separating Words with Groups : Two Natural Questions

Size of the group
Given w and x of length n, what is the size of the smallest group which
separates them?
o Upper bound : (y/n)! = 20(v7loen) (directly from Robson's
automaton).
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Separating Words with Groups : Two Natural Questions

Size of the group

Given w and x of length n, what is the size of the smallest group which
separates them?

o Upper bound : (y/n)! = 20(v7loen) (directly from Robson's
automaton).

o Lower bound : Q(log n) (group of size k = automaton of size k).
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e G e BN ]
Separating Words with Groups : Two Natural Questions

Size of the group

Given w and x of length n, what is the size of the smallest group which
separates them?

o Upper bound : (y/n)! = 20(v7loen) (directly from Robson's
automaton).

o Lower bound : Q(log n) (group of size k = automaton of size k).

Question : Still an exponential gap !
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e G e BN ]
Separating Words with Groups : Two Natural Questions

Size of the group
Given w and x of length n, what is the size of the smallest group which
separates them?

o Upper bound : (y/n)! = 20(v7loen) (directly from Robson's
automaton).

o Lower bound : Q(log n) (group of size k = automaton of size k).

Question : Still an exponential gap !

Universality of restricted group classes

A class of groups G is said to be universal if for any two words w,x € ¥*,
there exists a group G € G for which a separating substitution map exists
such that the yields of the words under the map are distinct.
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L Separating Words with Groups |
Separating Words with Groups : Two Natural Questions

Size of the group

Given w and x of length n, what is the size of the smallest group which
separates them?

o Upper bound : (y/n)! = 20(v7loen) (directly from Robson's
automaton).

o Lower bound : Q(log n) (group of size k = automaton of size k).

Question : Still an exponential gap !

Universality of restricted group classes

A class of groups G is said to be universal if for any two words w,x € ¥*,
there exists a group G € G for which a separating substitution map exists
such that the yields of the words under the map are distinct.

Question : Which classes of groups are universal?
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_Separating Words with Groups |
Our Results

e Size Bounds : Vw, x € {0,1}", a group of size O(y/n2V")
separating w and x.
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_Separating Words with Groups |
Our Results

e Size Bounds : Vw, x € {0,1}", a group of size O(y/n2V")
separating w and x.
o Universality :

o Class of solvable groups, nilpotent groups, in particular, p-groups, are
universal.

e Class of Abelian groups and dihedral groups are not universal.

e Sufficiency conditions for non-universality of classes of groups.
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_Separating Words with Groups |
Our Results

e Size Bounds : Yw,x € {0,1}", a group of size O(y/n2V")
separating w and x.
o Universality :
o Class of solvable groups, nilpotent groups, in particular, p-groups, are
universal.
e Class of Abelian groups and dihedral groups are not universal.
e Sufficiency conditions for non-universality of classes of groups.
o Computational Version : SEPGROUPWORDS Problem - Given two
words w, x € ¥, a set of permutations S that generates a group
G < S, and a function ¢ : ¥ — S, with the guarantee that yield(w)#
yield(x) and an integer k, check if there is an automaton of size k
which separates w and x.

\EUE LT N TG LT N Y BN EYZIEIRE [T ER S eparating WordsProblemOnGroups:DCFS23 July 6, 2023 9/31



_Separating Words with Groups |
Our Results

e Size Bounds : Yw,x € {0,1}", a group of size O(y/n2V")
separating w and x.
o Universality :
o Class of solvable groups, nilpotent groups, in particular, p-groups, are
universal.
e Class of Abelian groups and dihedral groups are not universal.
e Sufficiency conditions for non-universality of classes of groups.
o Computational Version : SEPGROUPWORDS Problem - Given two
words w, x € ¥, a set of permutations S that generates a group
G < S, and a function ¢ : ¥ — S, with the guarantee that yield(w)#
yield(x) and an integer k, check if there is an automaton of size k
which separates w and x.

We show that SEPGROUPWORDS is NP-Complete
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Robson’s Permuting Automaton
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Robson’s Permuting Automaton

Mim = (Q,{0,1}, qo, 6, F) accepts strings, where the parity of symbols at
positions congruent to i (mod m) is odd (where m < O (y/n)).

\ELE LTI SNV TG T T N Y BN EYE I EIRE T ER S eparatingWordsProblemOnGroups:DCFS23 July 6, 2023 10/31



Robson’s Permuting Automaton

Mim = (Q,{0,1}, qo, 6, F) accepts strings, where the parity of symbols at
positions congruent to i (mod m) is odd (where m < O (y/n)).

o Q={(p.q)[p€{0,1} g€ {0,..m—1}}, [Q =2m
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Robson’s Permuting Automaton

Mim = (Q,{0,1}, qo, 6, F) accepts strings, where the parity of symbols at
positions congruent to i (mod m) is odd (where m < O (y/n)).

°© Q={(p,q) [ p€{0,1} g€ {0,.m—1}}, |Q| =2m

00:QxX —Q

° ((p.9),0) = (p.(g+1) mod m)
(p,(g+1) mod m), if g #i
1 =

° 9p.9).1) (1—p,(g+1) mod m), otherwise
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Robson’s Permuting Automaton to Group

Robson'’s group Gp, = (g, h) where,
g=(12...m(m+1,...2m) h=(1,m+2,m+3...2m,m+1,2...m)
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Robson’s Permuting Automaton to Group

Robson'’s group Gp, = (g, h) where,
g=(12...m(m+1,...2m) h=(1,m+2,m+3...2m,m+1,2...m)

Theorem : For any w,x € *, with |w| = |x| = n, there is a group of size
o) <ﬁ2ﬁ> that separates them.
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L Separating Words with Groups |
Estimating the Size of Robson's Group

Robson'’s group Gp, = (g, h) where,
e g=(1,2...m(m+1,...2m)
e h=(1m+2m+3...2mm+1,2...m)

Theorem
|G| = m2™ J
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L Separating Words with Groups |
Estimating the Size of Robson's Group

Robson'’s group Gp, = (g, h) where,
e g=(1,2...m(m+1,...2m)
e h=(1m+2m+3...2mm+1,2...m)

Theorem
|G| = m2™ J

We know |G| = |Hm| * [Gm : Hm], Hm is the commutator subgroup of G,
and [Gy, : Hpy) is the index (equal to the number of left cosets).
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L Separating Words with Groups |
Estimating the Size of Robson's Group

Robson'’s group Gp, = (g, h) where,
e g=(1,2...m(m+1,...2m)
e h=(1m+2m+3...2mm+1,2...m)

Theorem
|G| = m2™ J

We know |G| = |Hm| * [Gm : Hm], Hm is the commutator subgroup of G,
and [Gy, : Hpy) is the index (equal to the number of left cosets).
We prove

(1] ’Hm‘ = 2m71
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L Separating Words with Groups |
Estimating the Size of Robson's Group

Robson'’s group Gp, = (g, h) where,
e g=(1,2...m(m+1,...2m)
e h=(1m+2m+3...2mm+1,2...m)

Theorem
|G| = m2™ J

We know |G| = |Hm| * [Gm : Hm], Hm is the commutator subgroup of G,
and [Gy, : Hpy) is the index (equal to the number of left cosets).
We prove

o ’Hm‘ — 2m71
Q [Gm:Hml=2m
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Estimating the size of the commutator subgroup: |H,,|

Lemma

Consider a Robson’s group G,,. Let H,, be the commutator subgroup of

Gm. Consider S = {(1,m+1)(m—i+1,2m—i+1)|Vi € [m—1]}. Then
Hm = (S)
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Estimating the size of the commutator subgroup: |H,,|

Lemma

Consider a Robson’s group G,,. Let H,, be the commutator subgroup of

Gm. Consider S = {(1,m+1)(m—i+1,2m—i+1)|Vi € [m—1]}. Then
Hm = (S)

Proof Idea
o We show that:(1) S C H,, and (2) Hn, C (S).
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Estimating the size of the commutator subgroup: |H,,|

Lemma

Consider a Robson’s group G,,. Let H,, be the commutator subgroup of
Gm. Consider S = {(1,m+1)(m—i+1,2m—i+1)|Vi € [m—1]}. Then
Hm = <5>

Proof Idea
o We show that:(1) S C H,, and (2) Hn, C (S).

Lemma

Let G = (S) be an Abelian group such that every generator g € S is a
transposition. Then, |G| = 2™ where m = |S|.
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Estimating the size of the commutator subgroup: |H,,|

Lemma

Consider a Robson’s group G,,. Let H,, be the commutator subgroup of
Gm. Consider S = {(1,m+1)(m—i+1,2m—i+1)|Vi € [m—1]}. Then
Hm = <5>

Proof Idea
o We show that:(1) S C H,, and (2) Hn, C (S).

Lemma

Let G = (S) be an Abelian group such that every generator g € S is a
transposition. Then, |G| = 2™ where m = |S|.

e Hence we prove |Hp,| = 2™~ !
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Estimating Bounds on the Index: [G,, : Hp]

Lemma

The Robson’s group G, has a presentation

(g, h| g™ = h*" = (gh®)®/3 = e) when m = 3k
(g,h| g™ = h?>" = (gh®)™ = e) otherwise

where e is the identity element and k € N.
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L Scparating Words with Groups |
Estimating Bounds on the Index: [G,, : Hp]

Lemma

The Robson’s group G, has a presentation

(g, h| g™ = h*" = (gh®)®/3 = e) when m = 3k
(g,h| g™ = h?>" = (gh®)™ = e) otherwise

where e is the identity element and k € N.

Lemma (from group theory)

For any group G, [G : H] where H is a commutator subgroup of G is
number of group homomorphisms ¢ : G — C*.
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L Scparating Words with Groups |
Estimating Bounds on the Index: [G,, : Hp]

Lemma
There are exactly 2m distinct homomorphisms ¢ : G, — C*. J
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L Scparating Words with Groups |
Estimating Bounds on the Index: [G,, : Hp]

Lemma

There are exactly 2m distinct homomorphisms ¢ : G, — C*.

@ g™ = e, we have (¢(g))™ = 1. Hence, ¢(g) must be an m* root of
unity.
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L Scparating Words with Groups |
Estimating Bounds on the Index: [G,, : Hp]

Lemma

There are exactly 2m distinct homomorphisms ¢ : G, — C*.

@ g™ = e, we have (¢(g))™ = 1. Hence, ¢(g) must be an m* root of
unity.
o h’™ = e that ¢(h) must be a 2m*" root of unity.
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Estimating Bounds on the Index: [G,, : Hp]

Lemma

There are exactly 2m distinct homomorphisms ¢ : G, — C*.

@ g™ = e, we have (¢(g))™ = 1. Hence, ¢(g) must be an m* root of
unity.

o h’™ = e that ¢(h) must be a 2m*" root of unity.

o (¢(g)d(h)?)P =1 where p=2m/3 when m =3k and p=m
otherwise.
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Estimating Bounds on the Index: [G,, : Hp]

Lemma

There are exactly 2m distinct homomorphisms ¢ : G, — C*.

@ g™ = e, we have (¢(g))™ = 1. Hence, ¢(g) must be an m* root of
unity.

o h’™ = e that ¢(h) must be a 2m*" root of unity.

o (¢(g)d(h)?)P =1 where p=2m/3 when m =3k and p=m
otherwise.
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L Scparating Words with Groups |
Estimating Bounds on the Index: [G,, : Hp]

Thus, we have the following constraints:

2mip [ 2mjp\ 2 ) )
@eem (e2m) =1,0<i,p<m-1,0<;<2m— 1.
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L Scparating Words with Groups |
Estimating Bounds on the Index: [G,, : Hp]

Thus, we have the following constraints:

27ip M2 . .
(ezm> =1,0<ip<m-10<j<2m—1.

e?™ where ¢ € N.

(]
)
3|3
)
3|
I
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L Scparating Words with Groups |
Estimating Bounds on the Index: [G,, : Hp]

Thus, we have the following constraints:

2mip [ 2mjp\ 2 ) )
@eem (e2m) =1,0<i,p<m-1,0<;<2m— 1.

2wip  27jp
e emem =e?™ where / € N.

o This gives, i +j = <%) m
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L Scparating Words with Groups |
Estimating Bounds on the Index: [G,, : Hp]

Thus, we have the following constraints:

2mip ([ 2mjp\ 2 . .
@eem (e2m) =1,0<i,p<m-1,0<;<2m— 1.

2wip  27jp
e emem =e?™ where / € N.

o This gives, i +j = <%) m

@ For a fixed value of j there is a unique 0 < /i< m-—1
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L Scparating Words with Groups |
Estimating Bounds on the Index: [G,, : H,)]

Thus, we have the following constraints:

2mip [ 2mjp\ 2 ) )
@eem (e2m) =1,0<i,p<m-1,0<;<2m— 1.

2wip  27jp
e emem =e?™ where / € N.

o This gives, i +j = <%) m

@ For a fixed value of j there is a unique 0 < /i< m-—1

@ Number of distinct solutions to the equation is 2m.

@ There are 2m many one dimensional representations of G,
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L Separating Words with Groups |
Estimating the Size of Robson's Group

Size of Robson’s Group G, with commutator subgroup H,, is

|Gm| = |Hm| * [Gm : Hm]

=2m1l,om

=m2™
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L Separating Words with Groups |
Estimating the Size of Robson's Group

Size of Robson’s Group G, with commutator subgroup H,, is

|Gm| = |Hm| * [Gm : Hm]

=2m1l,om

=m2™

Theorem

For any w,x € L*, with |w| = |x| = n, there is a group of size
o) (\/ﬁ2ﬁ) that separates them.
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_Separating Words with Groups |
Our Results

e Size Bounds : Yw,x € {0,1}", a group of size O(y/n2V")
separating w and x. v
o Universality :
o Class of solvable groups, nilpotent groups, in particular, p-groups, are
universal.
e Class of Abelian groups and dihedral groups are not universal.
e Sufficiency conditions for non-universality of classes of groups.
o Computational Version : SEPGROUPWORDS Problem - Given two
words w, x € ¥, a set of permutations S that generates a group
G < S, and a function ¢ : ¥ — S, with the guarantee that yield(w)#
yield(x) and an integer k, check if there is an automaton of size k
which separates w and x.

We show that SEPGROUPWORDS is NP-Complete
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Structure of the Separating Groups : Universal Groups

Theorem
The class of solvable groups and the class of p-groups are universal. J
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Structure of the Separating Groups : Universal Groups

Theorem
The class of solvable groups and the class of p-groups are universal. }

o Commutator subgroup of Robson’s permutation group is Abelian.

@ Robson’s group is thus solvable.
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Structure of the Separating Groups : Universal Groups

Theorem

The class of solvable groups and the class of p-groups are universal. }

o Commutator subgroup of Robson’s permutation group is Abelian.
@ Robson’s group is thus solvable.
Lemma

Given a pair of distinct words w, x € {0,1}" there exists 0 < i < m < [2n]
and m = 2k for some k € N such that this 2-group separates w, x.

@ p-groups are universal.

@ Nilpotent groups are universal.
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_Separating Words with Groups |
Our Results

e Size Bounds : Yw,x € {0,1}", a group of size O(y/n2V")
separating w and x. v
o Universality :
o Class of solvable groups, nilpotent groups, in particular, p-groups, are
universal. v/
e Class of Abelian groups and dihedral groups are not universal.
e Sufficiency conditions for non-universality of classes of groups.
o Computational Version : SEPGROUPWORDS Problem - Given two
words w, x € ¥, a set of permutations S that generates a group
G < S, and a function ¢ : ¥ — S, with the guarantee that yield(w)#
yield(x) and an integer k, check if there is an automaton of size k
which separates w and x.

We show that SEPGROUPWORDS is NP-Complete
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Structure of the Separating Groups : Non-Universal Groups

Theorem
The class of groups G is not universal where G is an Abelian group. J
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Structure of the Separating Groups : Non-Universal Groups

Theorem
The class of groups G is not universal where G is an Abelian group. }

o Consider w,x € X" such that Va € ¥, the number of occurrences of a
is same in both w and x.
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Structure of the Separating Groups : Non-Universal Groups

Theorem
The class of groups G is not universal where G is an Abelian group. }

o Consider w,x € X" such that Va € ¥, the number of occurrences of a
is same in both w and x.

o d(w)=g"g?...g0" = ¢(x), gi generator and Vi, n; > 0.
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Structure of the Separating Groups : Non-Universal Groups

Theorem
The class of groups G is not universal where G is an Abelian group. }

o Consider w,x € X" such that Va € ¥, the number of occurrences of a
is same in both w and x.

o d(w)=g"g?...g0" = ¢(x), gi generator and Vi, n; > 0.
e For any Abelian group G & ¢ : ¥ — G, yield(¢(w)) = yield(¢(x)).
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Structure of the Separating Groups : Non-Universal Groups

Theorem
The class of dihedral groups is not universal. J
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Structure of the Separating Groups : Non-Universal Groups

Theorem
The class of dihedral groups is not universal. J

@ Dihedral Group: Group of symmetries of regular polygon
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Structure of the Separating Groups : Non-Universal Groups

Theorem
The class of dihedral groups is not universal. J

@ Dihedral Group: Group of symmetries of regular polygon
e Consider any Dihedral group G = {ro,r,...rm-1,5,51 - - - Sm—1}-

e We know that rirj = riyj and sjs; = ri_;.

July 6, 2023 22/31
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Structure of the Separating Groups : Non-Universal Groups

Theorem
The class of dihedral groups is not universal. J

@ Dihedral Group: Group of symmetries of regular polygon
e Consider any Dihedral group G = {ro,r,...rm-1,5,51 - - - Sm—1}-
e We know that rirj = riyj and sjs; = ri_;.
o Consider w = 02K12k  x = 12k(02k \where k € N.
Consider the following cases:

Case 1: The elements in the group that get mapped are {r;, r;}.
Then yield(w) = (r;)?%(r;)? = (r;)2(r;)?k = yield(x).
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Structure of the Separating Groups : Non-Universal Groups

Theorem
The class of dihedral groups is not universal. J

@ Dihedral Group: Group of symmetries of regular polygon
e Consider any Dihedral group G = {ro,r,...rm-1,5,51 - - - Sm—1}-
e We know that rirj = riyj and sjs; = ri_;.
o Consider w = 02K12k  x = 12k(02k \where k € N.
Consider the following cases:
Case 1: The elements in the group that get mapped are {r;, r;}.
Then yield(w) = (r;)?%(r;)? = (r;)2(r;)?k = yield(x).
Case 2: Suppose at least one of the elements gets mapped to
some s;. Then (s5;)% = (s;5;)% = (r0)* = ro. Then
yield(w) = h**ry = roh** = yield(x), h € G\ {s;}.
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_Separating Words with Groups |
Our Results

e Size Bounds : Yw,x € {0,1}", a group of size O(y/n2V")
separating w and x. v
o Universality :
o Class of solvable groups, nilpotent groups, in particular, p-groups, are
universal. v/
e Class of Abelian groups and dihedral groups are not universal. v/
e Sufficiency conditions for non-universality of classes of groups.
o Computational Version : SEPGROUPWORDS Problem - Given two
words w, x € ¥, a set of permutations S that generates a group
G < S, and a function ¢ : ¥ — S, with the guarantee that yield(w)#
yield(x) and an integer k, check if there is an automaton of size k
which separates w and x.

We show that SEPGROUPWORDS is NP-Complete
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Sufficiency Conditions for Non-Universality

Lemma

Let G be a family of groups such that VG € G,Vg € G order of g < k for
some finite k € N. Then G is not universal.

Lemma

If 3¢ ¥Ym such that H,, < G, is a maximal Abelian subgroup of G, and
lem(Gm \ Hm) < c then {Gm}m>0 is not universal
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_Separating Words with Groups |
Our Results

e Size Bounds : Yw,x € {0,1}", a group of size O(y/n2V")
separating w and x. v
o Universality :
o Class of solvable groups, nilpotent groups, in particular, p-groups, are
universal. v/
e Class of Abelian groups and dihedral groups are not universal. v/
e Sufficiency conditions for non-universality of classes of groups. v/
o Computational Version : SEPGROUPWORDS Problem - Given two
words w, x € ¥, a set of permutations S that generates a group
G < S, and a function ¢ : ¥ — S, with the guarantee that yield(w)#
yield(x) and an integer k, check if there is an automaton of size k
which separates w and x.

We show that SEPGROUPWORDS is NP-Complete
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e G e BN ]
Separating Group Words Problem

Theorem
SEPGROUPWORDS is NP-complete. J

@ By reducing Separating Words Problem to SEPGROUPWORDS.
@ SEPWORDPROBLEM(w, x, k) <= SEPGROUPWORDS(w, x, S, ¢, k)

o J Robson’s permuting automaton O(+/n).

e S is the set generators of Robson's group.

o Given w,x € {0,1}", computing S can be done in poly(n) time.
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Open Problems

Size of the group

Given w and x of length n, what is the size of the smallest group which
separates them?
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Open Problems

Size of the group

Given w and x of length n, what is the size of the smallest group which
separates them?

o Upper bound : /n2°(v7)
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Open Problems

Size of the group

Given w and x of length n, what is the size of the smallest group which
separates them?

o Upper bound : /n2°(v7)
e Lower bound : Q(log n).
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Open Problems

Size of the group

Given w and x of length n, what is the size of the smallest group which
separates them?

o Upper bound : /n2°(v7)
e Lower bound : Q(log n).

Question : Still an exponential gap !

v

@ Characterization of Universality and Non-universality among classes of
Groups.
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Open Problems

Size of the group

Given w and x of length n, what is the size of the smallest group which
separates them?

o Upper bound : /n2°(v7)
e Lower bound : Q(log n).

Question : Still an exponential gap !

v

@ Characterization of Universality and Non-universality among classes of
Groups.

@ Bound on the size of p-groups used in Group Separation.
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Thank Youl
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