Anhang A

Typentheorie: Syntax, Semantik,
Inferenzregeln

A.1 Parametertypen

variable : Variablennamen (ML Datentyp var)
Zuléssige Elemente sind Zeichenketten der Form [a—zA—Z0—9 _-%]"

natural : Natiirliche Zahlen einschliefllich der Null (ML Datentyp int).
Zuldssige Elemente sind Zeichenketten der Form 0 + [1 — 9][0 — 9]*.

token : Zeichenketten fiir Namen (ML Datentyp tok).
Zulassige Elemente bestehen aus allen Symbolen des NuPRL Zeichensatzes mit Ausnahme der Kontroll-
symbole.

string : Zeichenketten fiir Texte (ML Datentyp string).
Zuléssige Elemente bestehen aus allen Symbolen des NuPRL Zeichensatzes mit Ausnahme der Kontroll-
symbole.

level-expression : Ausdriicke fiir das Level eines Typuniversums (ML Datentyp level exp)
Die genaue Syntax wird in Abschnitt ?? bei der Diskussion der Universenhierarchie besprochen.

Die Namen fiir Parametertypen diirfen durch ihre ersten Buchstaben abgekiirzt werden.
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A.2 Operatorentabelle

kanonisch nichtkanonisch
(Typen) (Elemente)
var{z:v} ()
x
int{} O natnum{n:n}() ind{} (u]; z, f..s; base; y, f, . 1)
minus{} (natnum{n:n}()) | minus{} (u)), add{}(u];[v]), sub{}(u];[v]
mul{} ([u];[v]), div{}(u;[v], rem{}(u];[v]
int_eq(ul;[v]; s;t), less(ul;[v]; s; 1)
Z n ind((u]; =, fz.s; base; y, fy . 1)
—n ul, [ufv],  [ul{v]
[upv],  [ulv]l,  [ufrem[v]
if [u[={v] then s else t, if [ul[v] then s else t
It{} (u;v) Axiom{} ()
u<v Axiom
void{} O any{} (e
void any (e)
Atom{} O token{string:t} () atom_eq((ul; [v]; s; t)
Atom “string” if [u[F{v] then s else ¢
U{j:1}0 (alle kanonischen Typen)
Yi
fun{}(S; z.7) lam{} (z.t) apply{}( f|;t)
x:S—=T Ax .t t
prod{}(S; z.T) pair{} (s;1) spread{} (e]; z,y.u)
z:SXT (s,b let @,y =[e]in u
union{} (S;7T) inl{}(s), inr{}(®) decide{} (e]; z.u; y.v)
S+T inl(s), inr(®) case of inl(x) —u | inr(y) —wv
equal{}(s;t;T) Axiom{} ()
s=teT Axiom
list{} (T nil{} (O, cons{}(t;0) list_ind{} ([s]; base; x,l, fu . 1)
T list 1, ¢.1 list_ind ([s]; base; x,l, fu.1)
set{}(S; z.T) (Elemente von S)
{z:S1T}
quotient{} (T'; x,y.E) (Elemente von T)
z,y:T/IE
rec{} (X .Tx) (Elemente gemiB Tx) rec_ind{}(e]; f,z.1)
rectype X =Tx let* f(x) =t in f((e]
pfun{}(S; T) fix{} (f,z.1) dom{}( £, apply-p{}(f|;t)
SAT letrec f(x) =t dom () , (t)

Man beachte, daf$ in der Implementierung von NuPRL 4.0 die konkreten Namen und Displayformen zum Teil etwas
anders sind als hier angegeben. An der Anpassung wird gearbeitet.
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A.3 Redizes und Kontrakta

Redex Kontraktum
(Az.u) t 2, ult/x]
let @,y =1(s,bin u 2, uls,t /) x,y]
case inl(s) of inl(z) —u | inr(y) —v  —  uls/a]
case inr(®) of inl(z) —u | inr(y) —v  —  vt/y]
ind(0; x, f5.5; base; y, fy . 1) A, base
ind(n; x, f,.s; base; y, fy . 1) N tinind(n-1; x, f,.s; base; y, fy, . 1) /x, fu] . (n>0)
ind(-n; x, f,.s; base; y, fy . 1) A, sl-n,ind(-n+1; x, f,.s; base; y, f, . 1) /y, fy]. (n>0)
-1 L. Die Negation von i (als Zahl)
1+) N Die Summe von i und j
=7 £, Die Differenz von i und j
1%] N Das Produkt von i und j
1+7 A, 0, falls j=0; ansonsten die Integer-Division von i und j
1remj N 0, falls j=0; ansonsten der Rest der Division von i und j
if i=j then s else ¢ £, s, falls i = j; ansonsten t
if i<j then s else ¢ A, s, falls i < j; ansonsten t
list.ind([1; base; x,1, fu.t) P, base
list_ind(s.u; base; x,l, fu.1) A, t[s, w,list_ind (u; base; x,l, fu.t) [x,l, full
if u=v then s else t A, s, falls u = v; ansonsten t
let* f(z) =t in f(e) 2ty let f@) =t in £, e/ fa]
(letrec f(x) =1) (u) 2o tletrec f(x) =t, u/ f, 1]
dom (letrec f(x) =1) 2, . rectype F'=E[[t]]
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A.4 Urteile

A.4.1 Typsemantik

Z=7

i1<j1 = i2<j2 falls 11 =19 € Z und j1 = jg e Z

void = void

Atom = Atom

U, = U, falls  j1=j2 (als natiirliche Zahl)

21:81—=T1 = 19:59—TH falls S1=S2 und Ti[s1/z1]=Ta[s2/x2] fiir alle Terme s1, sy mit
S1=83 € 51.

T = So—T5 falls T = x9:S9o—T» fiir ein beliebiges xo € V.

S1—=1T, =T falls x1:51—711 =T fiir ein beliebiges x; € V.

11:S1XT1 = x9:59xTH falls  S1=S2 und Ti[s1/z1|=Ts[s2/xo] fiir alle Terme s1, so mit
S§1=89 € Sl.

T = SoxTy falls T = x9:59xT5 fiir ein beliebiges z2 € V.

SixTh =T falls x1:S1xTy =T fiir ein beliebiges z1 € V.

S1+T1y = So+T5s falls S1=959 und Ti=T5.

S1=11 € T1 = S9=19 € T2 falls T1:T2 und S§1=89 €T1 und t1=to €T1.

T list = T list falls Ty =15

{z1:511Th } = {x2:52 | T } falls S7=S52 und es gibt eine Variable x, die weder in 7} noch in
T vorkommt, und zwei Terme p; und po mit der Eigenschaft
p1 € Vo:S1. Th[x/x1] = Ta[z/x2] und
p2 € Va:51. Thlx/xo] = Th[x/x1].

T = {5 | To} falls T = {xa:S52 | To } fiir ein beliebiges zo €V .

{11} =T falls {z1:S1 | Th } = T fiir ein beliebiges 1 € V.

z1,y1 : TV//Ey = 22,Y2 : Ta//E, falls 71 = To und es gibt (verschiedene) Variablen z,y, z, die
weder in £ noch in Fy vorkommen, und Terme p1, po, r,s
und t mit der Eigenschaft
p1 €Va: Ty .Vy:T1. Ei[x,y/z1,y1] = Ea[z,y/x2,y2] und
po € Va:T1.Vy: T . Es|x,y/x2,y2] = Er[z,y/x1,y1] und
reVe:Ty.FEy[z,x/x1,y1] und
s eVao:Ty . Ny:Ty. Er[z,y/x1,y1] = Eily, x/x1, y1] und
te Vx:Tl.Vy:Tl.Vz:Tl.

Erlz,y/z1,51] = Erly, 2/71, 1] = Bz, 2/71, 41
rectype X1 =Tx1 = rectype Xo =Txo falls Tx1[X/X1] = Txo[X/X3] fiir alle Typen X
517L>T1 = 527L>T2 falls Sl = S2 und T1 = T2
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A.4.2 Elementsemantik — Universen

Elementsemantik — Universen

Z=17Z ¢ Uj
11<J1 = 19<Jg € Uj falls 41 =149 € Z und j; = jo € Z

void = void ¢ Uj
Atom = Atom ¢ Uj

Uj1 = sz € Uj falls  j1=j2<j (als natiirliche Zahl)

21:51—11 = 19:5—T5 € Uj falls S1=855 € Uj und Ti[s1/z1]=Ts[s2/x2] € Uj fiir alle Terme
$1, So mit s1=s89 €.57.

T = Sy—Ty € Uj falls T = z9:55—T5 € Uj fiir ein beliebiges x5 € V.

S1—=Ty =T ¢ Uj falls z1:91—=1T1 =T ¢ Uj fiir ein beliebiges z1 € V.

21:51XT) = x9:SoxTy € Uj falls S7=95; € U] und T1[81/1E1]:T2[82/1’2] € U] fiir alle Terme
$1, So mit s1=s9 € 97.

T = SoxTy € Uj falls T = x9:S9%xTH € U]- fiir ein beliebiges x2 € V.

SixTy =T € Uj falls z1:51xTy =T ¢ Uj fiir ein beliebiges x1 € V.

S14+T1 = So+T5 € U‘7 falls S7=95; € U] und T1=T5 € U‘7

s1=t1 €11 = s9=ta €Ty € Uj falls Ti1=Ty € Uj und s1=s9€T; und t1=to€T.

Ty list = Thlist € Uj falls T1 =Ty € Uj

{z1:511Th } ={x2:52 | T } € U; falls  S1=52 € U; und Ti[s/x1] €U; sowie Ts[s/x2] eU; gilt fiir
alle Terme s mit s €57 und es gibt eine Variable z, die weder
in T1 noch in T5 vorkommt, und zwei Terme p; und ps mit
der Eigenschaft
p1 € Va:51. Ti[x /x| = Tax/x2] und
P2 € V:L‘:Sl . TQ[I/J,‘Q] :>T1[x/$1]

T ={S2 |15} € Uj falls T = {z9:S2 1 Th} € Uj fiir ein beliebiges x5 € V.

{S11 T} =T € Uj falls {z1:S11Th} =T € Uj fiir ein beliebiges x1 € V.

z1,y1 : TV//JEy = x2,y2: Ta//E, € Uj falls T1 =Ty € Uj und fiir alle Terme s,t mit se€T; und teT}

gilt FEq[s,t/x1,y1] € Uj sowie Fa[s,t/xa,ys] € Uj und es gibt
(verschiedene) Variablen z,y, z, die weder in F; noch in E,
vorkommen, und Terme p1, p2, ,s und ¢t mit der Eigenschaft
p1 € Va:T1 . Vy:T1. Ei[x,y/x1, 1] = Ea[z,y/x2,y2] und
po2 €Vo: Ty Vy:Ty. Es|x,y/x9,y2] = E1[x,y/x1,y1] und
r eVa:Ty.Ey|x,z/x1,y1] und
s eVao:Ty Ny:Ty. Er[z,y/x1,y1] = Eily, x/x1, y1] und
teVa:T) . Vy: Ty .Vz:T).

Ei[z,y/z1, ] = Erly, z/x1, 01 = Erlz, 2/21, 1]

rectype X1 =Tx, = rectype Xo=Tx9 € Uj falls Tx1[X/X1] = Txo[X/X2] € Uj
fiir alle Terme X mit X € Uj

Sl7L>T1 = SQ7L>T2 S U‘7 falls Sl = 52 S U] und T1 = T2 € U]
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A.4.3 Elementsemantik
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i=1¢eZ

Axiom = Axiom € s<t falls es ganze Zahlen ¢ und j gibt, wobei ¢ kleiner als j ist, fiir die
gilt s—ti und t—l>j

s =1t € void gilt niemals !

“string” = “string” € Atom

Ax1.ty = Axaty € 2:S—T falls  x:S—T Typ und t1[s1/x1] = to[sa/xa] € T[s1/x] fiir alle
Terme s1, so mit s1=s9€S.

(81,t1) = (89,t9) € x:SXT falls  2:SxT Typ und s;=sy€S und t1=tecT[s1/x].

inl(s1) = inl(sy) € S+T falls S+T Typ und s1=s9€S.

inr(t1) = inr(ty) € S+T falls S+T Typ und ti=tgeT.

Axiom = Axiom € s=teT falls s=teT

[0 =10 e Tlist falls T Typ

t1.l1 = ta.ls € Tlist falls T Typ und ¢t3 =ty € T und [y =1y € Tlist

s=t e {x:S|T} falls {z:S|1T} Typ und s =t € S und es gibt einen Term p
mit der Eigenschaft p € T[s/z]

s=teux,y:T/E falls z,y:T//E Typ und s €T und t €T und es gibt einen
Term p mit der Eigenschaft p € E[s,t/x,y]

s =1 € rectype X =Tx falls rectype X =Tx Typ und

s =t € Tx[rectype X =Tx / X]

letrec f1(x1) =t1 = letrec fo(xo) =ty € SAT falls

SAT Typ und fiir alle Terme s; und so mit s;=s2€.5
{x:S | dom(letrec fi(z1) =t1) (x) }

= {x:S | dom(letrec fo(z2) =t9) (x) } und
ti[letrec fi(x1) =t1, 51/ f1,21]

= tg[letrec f2 (x9) =to, Sg/fg,xg} e T
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A.5 Inferenzregeln

A.5.1 Ganze Zahlen
' Z € U] |Ax]
by intEq

I'Fn e Z |Ax]
by natnumEq

I' FoindQuy; 1, fo1.515 baser; y1, fyy -11)
= ind(ua; T2, fro.s2; base; Y2, fy, -t2)

€ Tlui/z]
by indEq z T
r + UI=U2 AN
', :Z, v:2<0, fp:T[(x+1)/z]

F Sl[xvfx/xlvf:cl] = 52[337fx/$27f:02] € T['T/Z]

1AX
I' - base; = basea € T[0/z]
I, 2:Z, v:0<z, f.:T[(x-1)/z]

F tl[xafx/ylafyl] = t2[xafx/y27fy2] € T[.%’/Z] X

'k -s1 = =59 g
by minusEq
r + S1 T S2 IAx
I+ S1+t1 = sotto Ay
by addEq
I' - S1 = S92 A¥
' Ft1 = t2 ax

I+ Sl-tl = 52-t2 |Ax]
by subEq

I' - S1 = S2 A¥

I' Bt = t2 ax
I+ S1*t1 = So*xty |ay

by mulEq

I' - S1 = S92 A¥

' Et1 = t2 ax
I+ S1+t1 = Sg+to 1Ay

by divEq

I' - S1 = S2 A¥
' Ft1 = t2 ax
I+ tl#o IAX]
I' b syremt; = soremity ag
by remEq

F |_ S1 T S2 A4
I'Fty =12 g
I - t17é0 |AX
I' F if uy=vy then s; else t;
= if ug=v9 then sy else to € T g
by int_eqEq
I' B ui=us ax

' Z extn
by natnumI n

', 22Z, A+ C

lext ind(z; x, f, . s[Axiom/v]; base; x, f, . t[Axiom/v])

by intE ¢

U, 2:Z, A, 2:Z, v:2<0, f,:C[(z+1)/z]

F Clz/z] fext s
', 2:Z, A+ C[0/z] [ext base

I, 2:Z, A, x:Z, v:0<z, f;:C[(x-1)/%]

F Clz/z] extt

' = Z ext -5
by minusT
' = Z exts

I'+Z Lexts+tJ
by addl
' = Z ext s
I'+7Z LexttJ

I'+Z Lexts—tj
by subl
' = Z ext s
I'+7Z LexttJ

'+Z Lexts*tj
by mull
' = Z ext s
I'+7Z LexttJ

I'+Z Lexts%tj
by divl
' = Z ext s
'+ Z LexttJ

I' = Z ext sremt
by remI
I'+7Z LEXtSJ
I'+7Z LexttJ

'  if ui<v; then s else t
= if ug<vy then sy else t9 € T g
by lessEq

I' b ui=us g
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I' - ind(i; 2, fr.5; base; y, fy.1) = ta € T g I' = ind(G; x, fr.5; base; y, fy. 1) = ta € T g
by indRedDown by indRedUp
I' F tl,indGi+1; o, fr. 85 base; y, fy . 1) /x, ful I' b tli,indGi-1; o, fr .55 base; y, fy . 1) [y, fy]
=t2€TLAxJ =t2€TLA>q
T' F <0 jaq I' F 0<i axq

I' - ind(i; z, fr.5; base; y, fy. 1) = t2 € T g
by indRedBase
Fl—base=t2 GTLAXJ

I' F 7=0 jag
I' H ifu=v then s elset = t3 € T I' b ifu=v then s elset = to € T g
by int_eqRedT by int_eqRedF
' s=1ty ¢ T ' t=1ty €6 T ag
' F u=v I' b u#v g
I' - ifu<v then s elset = t5 € T I' - ifu<v then s elset = t3 € T g
by lessRedT by lessRedF
F|_S=t2€TLA><j Fl—t=t2€TLij
' F u<v 1y I' F u>v g
I' H 0<sremt A sremt<t ax I'F 0<sremt A sremt<-t ay
by remBounds1 by remBounds?2
F"OSS |Ax] Fl_OSSLij
'+ 0<t g I'F t<0 1y
I' F sremt<0 A sremit>-t i I'F sremt<0 A sremt>t iax
by remBounds3 by remBounds4
I'F s<0 v I'F s<0 v
' 0<t a0 ' F t<0 4
I' s = (s+t)*t+ (sremt) ax
by divremSum
I' - seZ |Ax|
I' F t#£0 1ag
I' b s1<t1 = s9<ty € Uj 1Ax] I' b Axiom € s<t 1y
by 1tEq by axiomEq_1t
I' + S1 = S92 |AY I' b s<t g
I+ tl = tg |Ax)
A.5.2 Void
I' F void ¢ U‘7 |Ax
by voidEq
I' F any(s) = any(®) e T g I', z:void, A = C |extany(z)
by anyEq by voidE ¢

I'F s =t € void

A.5.3 Universen

Fl—Uj c Uk‘ |Ax I'+T € Uk,‘ |AX|
by univEq * by cumulativity j
T 7T e . au

*




A.5. INFERENZREGELN

A.5.4 Atom

I' F Atom = Atom ¢ Uj 1AX]
by atomEq

I' F “string™ € Atom ax
by tokEq

I' F if uy=v1 then s; else t;
= if ug=v9 then sy else to € T g
by atom_eqEq
I' F ui=us € Atom ax
I' F vy=v9 € Atom i«
I', v:iui=v1 € Atom F 81 = s9 € T 1y

I', v:—=(ui=vy € Atom) F t1 =ty € T iy

' ifu=v then s elset = t5 € T g
by atom_eqRedT
'k s = t2 e T |Ax]
I' HF u=v € Atom ay

A.5.5 Funktionenraum

I+ $1151—>T1 = $2:52—>T2 € U‘7 |AX)
by functionEq
F|—51=52 S U{7 |AX|
F, :L‘:Sl - T1[$/CL‘1] = TQ[I‘/.TQ] S Uj |AX|

I'E Axp.t1 = Aoty € 2:5—=T i«
by lambdaEq j

U, 2/:S b t1[2//x1] = tola'/xe] € T[a'/x] wv

Fl_SGUjLAxJ

I+ fltl = thQ S T[tl/x] |Ax|
by applyEq x:S5—T
r + f1 = f2 € x:5-T |Ax]
L'ty =t € S g

I + ()\.’Et) s = tQ e T |Ax|
by applyRed
I' - t[S/SE] = tQ e T |Ax|

'k fi=fo e x:55T |ext ¢
by functionExt j x1:51—11 9:S2—Th
L, 2:SF fixd = fox! € T[a'/x] exty
I+ S € Uj |AX
I' - f1 € $1251—>T1 |Ax]
I' f2 S $2252—>T2 |AX)

I' = Atom |ext “string”|
by tokI “string”

I' - ifu=v then s elset = t3 € T g
by atom_eqRedF
'kt -= tg e T |Ax]
I' F =(u=v € Atom) i«

' 2:5-T ext A\’ .4
by lambdal j
I, 2/:5 F T[a'/x] exty
'S ¢ Uj 1A

I, fr2:5-T, A F C extt[fs,Axiom /y,v]
by functionE i s
I, frx:5-5T, AF s € S g
L, f:z:5-T, y:T[s/x],
v:y=fseTls/z], A+ C extt

r, f: =T, AF C extt[fs,/y]
by functionE_indep i
r, f: ST, Ak S exts
r, f: =T, y:T, AF C extt

IX
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A.5.6 Produktraum

I - IL’1251><T1 = xQZSQXTQ S Uj |AX]
by productEq
F|_51=SQ € Uj |Ax)
F, 56/151 F Tl[ac'/xl] = TQ[LE,/CCQ] € U‘7 |AX|

' (s1,t1) = (Ss9,t2) € x:SXT 1y I' = 2:SXT |ext (s,1)
by pairEq j by pairI j s
FF81=SQESLAxJ FFSESLAxJ
'kt =ty € T{Sl/JT] IAX I+ T[S/:E] |ext ¢
I, 2/:S F T'/z] € Uj r, 2:S+F T'/z] € Uj
I' Flet @1,y1)=e€1in t1 [, z: 2:95xT, A F C extlet (s,h)=zin u
= let (@o,y2)=ezin ta € Cle1/z] n by productE i
by spreadEq z C z:SxT I, z: x:SXT, s:8, t:T[s/z], Alis,t)/z]
T'Fe =€ € 2:95%T F Cls,t/z] lext

L, s:8, t:T[s/x], y: e1=(s,t) € x: SXT
Eotifs, t/z, 1] =ta[s, t/xa,y2] € Clis, /2]
I' + let (x,y =(s,1) inu =1t €T

by spreadRed
' Fouls,t/z,y] = ta € T v

I'F (s1,t1)=4(s9,ta) € SXT x I' = SxT |ext (s,t)
by pairEq_indep by pairI_indep
I'F s1 =589 € 5 g FI—SLextsJ

D'FE ity =1ty € T g FI—TLextq
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A.5.7 Disjunkte Vereinigung (Summe)

't S1+11 = Se+T5 € Uj 1AX]
by unionEq
F|—51=526Uj |AX|
r + Tl = T2 € U] |AY

I' b inl(s1) = inl(sg) € S+T 1y
by inlEq j
I 81 = S9 € S |Ax|
T ¢ Uj 1A

' Finr(t1) = inr(te) € S+T g
by inrEq j
Fl—t1=t2 GTLAXJ
'S ¢ Uj |Ax|

I' b case e; of inl(z1) —wuy | inr(yy) — vy
= case ey of inl(xg) —us | inr(ys) — vy
€ C[el/z] |Ax]

by decideEq z C S+T

't e =e € S+T v

I', s:5, y: er=inl(s) € S+T
Fouils/xi]=uals/z2] € C[inl(s)/z] v

r, ¢:T, y: er=inr(t) € S+T
H vl[t/y1]=v2[t/yg] € C’[inr(t)/z] |AX]

I' F case inl(s) of inl(x) —u | inr(y) —wv
=1ty € T
by decideRedL
I - U[S/l'] = tg c T |Ax]

' = S+T |ext inl(s),
by inlI j
'S |ext s
I'+-T € Uj |Ax|

'+ S+T |ext inr(t)
by inrI j
' =T exty
'S ¢ Uj 1A

I', z:5+4T7, A+ C
iext case z of inl(x) —u | inr(y) —wv
by unionE 1
I, z:54T, z:5, Alinl(z)/z]
F Clinl(2) /2] exty
L, z:54T, y:T, Alinr(y)/z]
F Clinr(y) /2] |ext

I'  case inr(t) of inl(z) —wu | inr(y) —wv
=1ty €T |y
by decideRedR
I+ U[t/y] = tQ c T |Ax|
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A.5.8 Gleichheit

I'F sy=t1 €11 = s9=ty €Ty € U‘7 IAX I' F Axiom € s=teT i
by equalityEq by axiomEq
F|—T1=T2€UjLij F|_8=t€TLAxJ

F|—81=52€T11ij

I'F it =1ty € T1
I', z2s=teT, A C exty

by equalityE ¢
', z: s=teT, A[Axiom/z]
F C[Axiom/z] |ext u

F, .ZL‘:T, AFx eT |Ax| ' s=teT |Ax
by hypEq ¢ by symmetry
'k t=seT ;g
I'F s=teT a I' F Cls/x] |extuy
by transitivity ' by subst j s=teT z C
I - S=tI€T |Ax] I'F s=teT |Ax|
'k t'=teT n I' = Clt/z] jextuy

I', 22T+ C € Uj 1A%

A.5.9 Listen

I' = Tilist = Thlist € Uj IAX
by 1istEq
I+ T1 = T2 S Uj |Ax]

' [1 € Tlist ax ' = Tlist |ext []
by nilEq j by nill j
FI_TGU]'LAXJ F"TEUjLAxJ
I'F t1.l; = t9.l9 € Tlist g I' = Tlist |ext t.lJ
by consEq by consI
I'F ity =t e T ag FI_TLeXttJ
I'Fli =1y € Tlist g I' = Tlist |ext lj
I' F listiind(sy; basey; x1,11, forr -t1) I', z:Tlist, A v C
= list_ind (sq; basea; x2,la, fro-t2) € T[s1/2] ax iext list_ind (z; base; x,1, for.1)
by list_indEq z T S'list by 1istE ¢
Tk s; = sy € Slist ag I, z:Tlist, A F C[[1/z] ext base
' + base; = basea €T[[1/z] wnx I, z:Tlist, A, =:T, I:Tlist, f;:C[l/zZ]
I, z:5, 1:Slist, fu:T[l/z] - F Clz.l/z] exty

tilz, L, fu /21, b, fann] = Gz, L far [ 22, le, fai2)
€ T[x.l/z] w

' - listiind([]; base; x,l, for . 1) = to € T 1y I' - listiind(s.u; base; x,1, for.t) = to € T ax
by list_indRedBase by 1list_indRedUp
I' - base =ty € T g I F t[s,ulistiind(u; base; x,1, fzr . 1) /2,1, fu]

=t2€TLAxJ
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A.5.10 Teilmengen

I - {x1151|T1} = {$2:SQ|TQ} S Uj |Ax]
by setEq
F|—51=52 (S Uj |Ax|
F, .CC:Sl H Tl[a:/xl] = TQ[.’L'/.Z'Q] S U] |Ax]

Fl—s=te{x:S|T} |AX
by elementEq j
F'kFs=t e S5 ag
I' - T[S/:L’] |AX)
F, [L’I:S H T[x'/x] S U‘7 |Ax]

F'ks=te {SIT} a
by elementEq_indep
'k s=1t ¢ S |AX]
=T i

A.5.11 Quotienten

U a,y i T//E = 22,92 : Tof[Ey € Uj w
by quotientEq weak
FI_T1=T2 € U] |AxJ
r, :Ty, y:1Ty
= Erlz,y/xn,yl = Ealw,y/aa,y] € Uj om
U, z:Ty, y:Th F Eilz,z/x1,y1] »
r, :Tv, y:Tv, v: Ei[x,y/x1,y1]
F Erly,x/m1, 1] e
U, z:Ty, y:Tv, z:T1, v: Er[z,y/x1,y1],
o' By, z/w1, 1] O Erfw, 2/mn,yn] e

' s=1t ¢ $,yT//E |Ax|
by memberEq weak j
'+ z,y:T//E € Uj 1Ax]
I's=t eT |AX|

I's=1¢t ¢ .%,yT//E |Ax|
by memberEq j
'+ z,y:T//E € Uj 1Ax]
I's eT |Ax]
't eT |Ax|
I' b Els,t/x,y] n

I, visstex,y:T//E, AF C extuy
by quotient_eqE i j

', vis=tex,y:T/E, [V]:E[s,t/z,y], A

F C LextuJ
U, vis=tex,y:T//E, A, 2:T, y:T

' {z:S1T} exts
by elementI j s
I'+s € S8 |Ax|
I'E Tls/x]
F, (L‘/:S F T[x’/w] S U] |Ax]

I, ze{x:S1T}, A= C ext (\y.1) z
by setE ¢
I, ze{x:S1 T}, y:8, [v]:Ty/x], Aly/z]
F Cly/z] extt

I+ {S | T} Lext 8|
by elementI_indep
S |ext s
T

L= oL,y TR
by quotientEq
'ty :TV//E, € Uj
I+ :UQ,yQITQ//Ez S U‘7 |AY
F|—T1=T2 S Uj |Ax|
F, v: T1=T2€Uj, x:Tl, y:Tl

F Erlr,y/znp] = Eofz,y/m2,ye)
I, v: T1=T2€Uj, x:Ty, y:11
= Eolz,y/m2,y2] = Eilr,y/71,u1] m

= 22,y2: Tof/Ey € Uj ny

't az,y:T//E |extt
by memberI j
I+ a:,y:T//E € Uj |AX]
' =T extt

I, z2z,y: T//[E, A F s=teS
by quotientE ¢ j
U, z2a,y: T//E, A, 2T, y:T
F El2,y Jx,y] € Uj i
I, z2z,y: T//E, A S € Uj ™

XIII
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A.5.12 Induktive Typen

I' F rectype X1 =Tx1 = rectype Xo=Tx9 € Uj 1A
by recEq
F, XVU‘7 F TXl[X/Xl] = TXQ[X/XQ] S Uj |Ax|

I'E s =1t € rectype X =Tx iy ' - rectype X =Tx |ext t
by rec_memEq j by rec_memI j
't s =1t e Txlrectype X =Tx / X] x I' b Tx|rectype X =Tx / X] |ext ¢
I' F rectype X =Tx ¢ Uj 1A I' F rectype X =Tx € Uj AX
I' F let* fi(x1) =t1 in fi(e1) I', z:rectype X =Tx, A - C
= let* fo(zo) =to in folex) € Tle1/z] n« ext let* f(x) =t[Ay.A/P] in f(2)
by rec_indEq z T rectype X =Tx j by recE i j
I'F e = ey € rectype X =Tx 1y ', z:rectype X =Tx, A
I' b rectype X =Tx € Uj ™ F rectype X =Tx ¢ Uj 1A
I', P: (rectype X:TX)—>IP]', I', z:rectype X =Tx, A
f: (y:{z:rectype X =Tx | P(z) } = Tly/z]), P: (rectype X =Tx)—1IP;,
x: Tx[{x:rectype X =Tx | P(x) } /] X] f: (y:{z:rectype X =Tx | P(z) } = Cly/z]),
Fotf,x ) fi ] =tlf,x ) fo,xe] € T[x/2] w x: Tx[{z:rectype X =Tx | P(z) } / X]

F Clz/z] extt

I', z:rectype X =Tx, A F C |extt[z/z]
by recE unroll i
I', z:rectype X =Tx, A,
x: Tx[rectype X =Tx / X],
v: z=x € Tx[rectype X =Tx / X| - Clz/z] extt

A.5.13 Rekursive Funktionen

I+ 517@T1 = SQ%’TQ S U] |Ax|
by pfunEq
I + Sl = SQ S Uj |AX
I+ T1 = T2 S U‘7 |Ax|

I' E (letrec f1(x1) =t1) I' - letrec f(x) =t € SAT
= (letrec fo(xg) =t2) € SAT g by fixMem j
by fixEq j ' SAT € U g
I' F letrec fi(z1) =t1 € SAT ag r, fl:SAT, a,]:S FENtf 2 ) f,x]] eUj n
' - letrec fo(xe) =t € SAT g r, fl:SAT, «':S, E[t|f 2] [, x]]
I' - {x:S | dom(letrec fi(z1) =t1) (x) } Eotlf,2 ) f,x] € T

= {x:5 | dom(letrec fo(x2) =t2) (x) } € Uj i
[, y:{z:S | dom(letrec fi(x1) =t1) (x) }

F (etrec fi(z1) =t1) (y)

= (letrec fo(xs) =t2) (y) € T 1y

I'E fit) = foly) € T ax r, f: S7L>T, AFC |ext t[f (s),Axiom/y,v]J
by apply pEq SAT by pfunE i s
'k fi=fo e SAT a L, f:8AT, AF s e {xz:5dom(f1) (@)} n
L'kt =ty € {z:51dom(f1) (@) } e I, f:5AT, A, y:T, viy=f(s) eT F C jexty
I' F (letrec f(x)=1t) (w) = to € T 1y I' F dom(f1) = dom(fy) € SHIPJ‘ 1A

hy a1l ~RaA hy A~A~mE~A QLT
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XV

A.5.14 Strukturelle Regeln und sonstige Regeln

I, :T, AT extuz
by hypothesis 4

A FC ext (\z.t) 5
by cut i T
VA F T ext s
e:T,AF C extt

r+cC |ext ¢
by compute tagC
I+ CltagC lext ¢

I, 22T, A C exty
by computeHyp ¢ tagT
r, Z:TltagT’ AFC extt

' C |ext ¢
by unfold def-name
I' - Cl |ext ¢

I, 22T, AFC exty
by unfoldHyp i def-name
r, Z:Tl’ AFC |ext ¢

I, 2:T, AFC |exty

by replaceHyp ¢ S j

I, z:8, AF C exty

F, Z:T,AI—T=SE U] |AX)

r+C |ext ¢
by lemma theorem-name

' C Lext t[J]J
by instantiate IV ' o
I F C" exty

I'Fs=t eT |Ax]
by equality

' =T jextt
by intro ¢
'+t eT |Ax]

I, 2:7, A+ C extt
by thin ¢
F,A H C Lextq

r+cC |ext ¢
by rev_compute tagC
', B Clyge extt

I, 22T, A+ C exty
by rev_computeHyp ¢ tagT
T, z:TngT, AF C extt

I+ Cl |ext ¢
by fold def-name
' C |ext ¢

I, 22T, AF C exty
by foldHyp ¢ def-name
I, 22T, A C exty

'kt eT |Ax]
by extract theorem-name

' = C |exttly/z]
by rename y x
Ilz/y] F Clx/y] ext

'+ C Lextq
by arith j
I + S1 € Z |Ax]



