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LNM�OQPSR%MUT2VQO;W

XZY\[0]�^`_SaEbdc`egfh[3]&ij[3]+kmlEY\c`n+[poj]&i;q�[3fh[3eg]�rUYg]&i;^=e\rts)uUfwv=]jxyoj]jfzij[yrt{)c`uU|Uu�^=fhr~}y�&c`u��
n�^=e\[�s%]w|��
Y\_S�Gegoj]jfh[3]�]�^`_Sa��&uS[3fh[���fh[yi&^`_Saw|�oj]&i+��[3uSij[3]�Yg]!ij[3]��&c`egY\[3]�^=]+fh[y[3Ygf`�
]&[3|S[3u���|S[3ege\[�iEojuS_Sa�ij[3]�{)c`uU|Uu�^=fh[3]&ij[3]�[3uU�"v=aj]w|��tk�oEb�f�uUoj]&i�ij[3u;�~�jege\[!^=]�s%]�|��
�
Y\_���egoj]jfh[3]�Y\rU|m[yrm]jY\_�aw|Zn+�`f�egY\_Sa�^=ege\[�k�lGY\c`n+[�oj]&i�q�[3fh[3eg]�Ygn�Xz[3|�^=Yge~xyo�[3uUe�v=oE�
|S[3uU]�oj]&i�b?�jumi&^`r
{)[3uSrS|�v=]&iE]jY\r�ij[yrm{)c`uU|Uu�^=fh[yr�Y\rU|miEY\[yr�^=o&_�a�]jY\_Sa�|�]&c`|��0[3]&iEYgf&�
XZY\[yrS[yr�Xzc`�Gojn+[3]w|�Y\rU|�i&^=a&[3u�[3a&[3u�^=e\r�[3Yg]&[�k�uU|�k�oEb?x7v=ajegoj]jf�ij[3u�k�lGY\c`n+[�xyo
� [3uSrU|S[3a&[3]�oj]&i�iEY\[3]w|z^=ege\[3Yg]�[3a&[3u�ij[3umk�]&rS_Sa�^=ojoj]jf�^=e\rmij[3n�{)[3uSrU|�v=]&iE]jY\r��
�N[3Yg|S[3u�b��jajuS[3]&ij[�s%uUe�v=oj|S[3uUoj]jfh[3] rUYg]&i¡xh�£¢z�"Yg]¤}7¥ZuUoj]&iExy�jfh[�ij[3u�|Ua&[yc`uS[3|UY\rS_�a&[3]
¦§c`f�Yg�w� � c`]©¨�Ygegª«[3uU|�oj]&i¬k
_��h[3uUn�^=]j]­xyo¬®&]&ij[3]§�0¥z[3]�^=o&[3uS[�k�]jfw^=ª1[3]¬xyo¬ij[3]
[3Yg]jx�[3eg]&[3]Nk�lGY\c`n+[3]�oj]&i�ij[3]Ni&^=n�Yg| � [3uUªjoj]&ij[3]&[3]¯��°ErU|S[3n+[3]��h�`]j]&[3]Nij[3]�[3]�|��
rU±juS[y_�a&[3]&ij[3]²k�uUª«[3Yg|S[3]²ij[3u�³�^=|Ua&[3n�^=|UYg�h[3uZ[3]w|U]&c`n�n+[3]²�0[3uSij[3]§�

´t[3|S[3u�µ�[3ege\[3u

¶



L�·«¸&T2R.¹ ºQ»�¼Q·«½tVQO;WmR%O¾VQO;¿ÁÀÂV;ÃmO�T2Ä
·1R%O!Å

(x)F (x) Æ b��ju�^=ege\[ x f�Ygeg| F (x)
(∃x)F (x) Æ [yrm[ÇlEY\rU|UY\[3uU|�[3Yg] x È rScGi&^`rSr F (x)

f�Ygeg|
(x̂F (x) Æ iEY\[Éµze�^`rSr�[ È iEY\[ F (x)

[3u�b��jegeg|
(ιx)F (x) Æ Xz^`r�[3Yg]jxyYgfh[ x È i&^`r F (x)

[3u�b?�jegeg|

Ê�Ë)ÌwÍ=Î7Ï?Ð=Ñ«Ò+Ó~Ë)ÌwÍ�Ô2Ì�Í9Î�Ð`ÑtÏ>Ì�Õ~ÌGÖCÌN×�ÌGÏ?Ð=Ñ~Ì�Ö¡ØtÖCÕ©Ù�ËtÚ§ÓCÍ=ÛwØtÖCÜ2Ì�Ö

´~[�^=]&c=�
q�o&rSrS[3e ¨�Ygegª1[3uU| {p^=uUY�^=]�|Sr ¦§oj�`^`rUY\[3�
Y\_3x

ÝZ[3fw^=|UY\c`] ∼ P P̄ −P,¬P Npµ�c`]`Þßoj]j�G|UY\c`]
P.Q P&Q PQ,P ∧Q KpqXZY\r�Þ�oj]j�G|UY\c`]
P ∨Q P ∨Q PQ Apqà�n�±jegYg��^=|UY\c`]
P ⊃ Q P → Q Cpqá
â ojY � ^=e\[3]jx P ≡ Q P ∼ Q P ↔ Q Epqk�ege â o�^=]w|Sc`u

(x)F (x) (x)F (x) ∀xF (x),∨xF (x) ΠxΦxs%lGY\rU|S[3]jx â o�^=]w|Sc`u
(∃x)F (x) (Ex)F (x) ∃xF (x),∨xF (x) ΣxΦx

ã PSR%M�ä«åzV;OQW�R%OçæmÄmO/è�ä«å;émOQê;OQ»mR%P7Å

Ù+ëCÏ?ì2í�Ì&î
ï K7ð

Ix = x

ï ¶hð
Cxy = x

ïdñ ð
Tfxy = fyx

ï?ò ð
Z(fg)x = f(gx)

ïdó ð
Sfgx = fx(gx)

ÛwØCÎ7ôEÒ�Ûwõ�Ï>Ð`Ñ~ÌöíN÷2Ü2õ�Ï?Ð=Ñ~Ì¡ø�íNùúì2Í=í�ØtÖCÜ2Ì�ÖüûßýQÌ�Í9ÕtÌ�Ö�Ï?Ö�Õ~Ì�Í¬Ù�Ö~þ&õ>ÿ§Î�Ì¤Ô2ì«Ö
� Ø~ÎyÒ�ÌwÍ`Ö Ï?Ö­ÖCþEÒ7Ó~Í`õ?Ï?Ð`ÑCÌGÖ����~Í=þjÐ`ÑCÌGÖ�Ô2Ì�Í7ý;Ì�Ö~Õ~ÌwÒ��

I = SCC

Z = S(CS)C

T = S(ZZS)(CC)

Ufg = fx |x gx

Dfx = fxx ∼= D = SCC(CI) = SS(C(SCC))

ñ



� Ä�¿;R�·«O;R�èzä1åQ·«R%MUº	�©R%M�¸�R æmÄmO�
É·1R%WmR%¸¤¹
�ÉMSÄ � R%O�Å

Ù�ëCÏ?ì2íNÌ�î

ï K7ð
p ⊃ (q ⊃ p)

ï ¶hð
[p ⊃ (q ⊃ r)] ⊃ [(p ⊃ q) ⊃ (p ⊃ r)]

ïdñ ð
[p ⊃ (q ⊃ r)] ⊃ [(q ⊃ (p ⊃ r)]

ï?ò ð
(p ⊃ q) ⊃ (∼ q ⊃∼ p)

ïdó ð ∼∼ p ⊃ p
ï�� ð

p ⊃∼∼ p
ï�� ð

(x)f(x) ⊃ f(y)

Ù�Ëtõ?ÌGÏ�Ò7ØtÖ~Ü�Î�Í=ÌwÜ2Ì�õ�Ö)î

ï Y ð k�o&rU|�^=o&r�_SajuS[3fh[3e

ï YgY ð P P⊃Q
Q

ï YgYgY ð F (x)
(x)F (x)

ï Y � ð P⊃F (x)
P⊃(x)F (x)

b ^=ege\r�l�]jY\_Saw|�b?uS[3YCYg]�´¬Y\rU|

í�÷�Ü2õ�Ï?Ð`ÑCÌ��ZÍ=Î�ÌhÒ�ÛwØtÖ~Ü�Ì�Ö­Ì�Ï�Ö~ÛhÌ�õ�Ö~ÌwÍ�Ù+ëCÏ?ì«íNÌ&î

X�^`rmiEuUYg|U|S[Ék�lEY\c`n�Y\rU|
uS[yiEoj]&i&^=]w|�oj]&i�iEY\[ze\[3|Uxy|S[3]²iEuS[3Y~kmlEY\c`n+[z�h�`]j]&[3]�iEojuS_Sa

(∼ p ⊃∼ q) ⊃ (q ⊃ p)
[3uSrS[3|Uxy|��0[3uSij[3]§�
�N[3Yg|S[3uUajYg]²�h�`]j]&[3]²^=o&_Sa�^=ege\[ÉkmlEY\c`n+[�[3uSrS[3|Uxy|m��[3uSij[3]²iEojuS_�a��

ï à ð
(p ⊃ q) ⊃ [(q ⊃ r) ⊃ (p ⊃ r)]

ï àSà ð
(∼ p ⊃ p) ⊃ p

ï àSàSà ð
(p ⊃ (∼ p ⊃ q))

ò



� MSR.¹
��M�Ä � R æmÄmO�� å;M�T2R%å;R%Ãm¿ VQO;¿�� VQ¸2¸�R%P
Ù+ëCÏ?ì2í�Ì&î
ï K7ð

(p ∨ p) ⊃ p
ï ¶hð

q ⊃ (p ∨ q)
ïdñ ð

(p ∨ q) ⊃ (q ∨ p)
ï?ò ð

[p ∨ (q ∨ r)] ⊃ [q ∨ (p ∨ r)]
ïdó ð

(q ∨ r) ⊃ [(p ∨ q) ⊃ (p ∨ r)]
ÝZ^`_�a�¢"[3uU]�^y°Er
Y\rU|mk�lGY\c`n ò [3ª1[3]Eb ^=ege\r
uS[yiEoj]&i&^=]w|��

èzä1å;R���R�·�� ��M�R�·«ätR!�w¹"�ÉMSÄ � R

Ù+ëCÏ?ì2í¬î

[p | (q | r)] | ([t | (r | t)] | {(s | q) | [(p | s) | (p | s)]})
Ù�Ë�õ?Ì�Ï>Ò7Ø~Ö~Ü�Î7Í9Ì�Ü�Ì�õ�î

P P | (Q | R)

RÝZ^`_�a�Ý�Y\_ycGi�Y\rU|miEY\[yrS[yr�k�ªje\[3Yg|Uoj]jfhrSr�_Sa&[3n�^�^=o&rSuS[3Y\_Sa&[3]&i��

¹"�ÉMSÄ � R æmÄ�O�# MSPUº�R�·2T V;OQ¿%$©R�·1O;Ã'&�¸
Ù+ëCÏ?ì2í�Ì&î
à ï K7ð

p ⊃ (q ⊃ p)ï ¶hð
[p ⊃ (p ⊃ q)] ⊃ (p ⊃ q)ïdñ ð
(p ⊃ q) ⊃ [(q ⊃ r) ⊃ (p ⊃ r)]

à�à ï K7ð
p.q ⊃ pï ¶hð
p.q ⊃ qïdñ ð
(p ⊃ q) ⊃ [(p ⊃ r) ⊃ (p ⊃ q.r)]

à�àSà ï K7ð
p ⊃ p ∨ qï ¶hð
q ⊃ p ∨ qïdñ ð
(p ⊃ r) ⊃ [(q ⊃ r) ⊃ (p ∨ q ⊃ r)]

àú{ ï K7ð
(p ≡ q) ⊃ (p ⊃ q)ï ¶hð
(p ≡ q) ⊃ (q ⊃ p)

ó



ïdñ ð
(p ⊃ q) ⊃ [(q ⊃ p) ⊃ (p ≡ q)]

{ ï K7ð
(p ⊃ q) ⊃ (∼ q ⊃∼ p)

ï ¶hð
(p ⊃∼∼ p)

ïdñ ð
(∼∼ p ⊃ p)

��c`ª«[3Y
I(1) È V (1)

oj]&i
V (3) � c`]��juS[3fh[�rU|�^=n�n+[3] È I(3) � c`]�¦�oj��^`rUY\[3�
Y\_3x�oj]&i

III(2)
^=o&r"}3±juUYg]&_3Yg±jY�^�³�^=|Ua&[3n�^=|UY\_�^9}

O;Ã"T2¼Q·«P�MSä1åQR(� R%¿QVQ»ZT2MSÄmO VQO;¿çLNO�T)�ÂMSä«»zP�VQO;W*� ã R%O�T«½~R%O

Ù�Ëtõ?ÌGÏ�Ò7ØtÖ~Ü�Î�Í=ÌwÜ2Ì�õ�Ö
ï K7ð P Q

P.Q

ï ¶hð ï ^ ð P.Q
Pï ª ð P.Q
Q

ïdñ ð ï ^ ð P
P∨Qï ª ð Q
P∨Q

ï?ò ð P∨Q P |R Q|R
R

ïdó ð P |†
∼P

ï�� ð ï ^ ð P ∼P
†ï ª ð ∼∼P

P

ï�� ð P |Q
P⊃Q

ï�+ ð P P⊃Q
Q

ï�, ð Fx
(x)Fx

ï K.-hð (x)Fx
FΥ

ï K�K7ð FY
(∃)Fx

ï K�¶hð (∃)Fx Fx(P )
P

} † �;ª1[3x�[3Y\_Saj]&[3|Éi&^`r�k�ª&rUojuSij[ È i&^`r	/�]jn+�`f�egY\_�a&[��§XZY\[;µ�c`n�±je\[ÇlGYg|�v=|Qij[3uÉkmlEY\c`n+[
uS[yrUojeg|UY\[3uU|z^=o&r�ij[3u10t^=|Sr�^`_Sa&[ È i&^`rSrm[3Yg]&[�k�ªje\[3Yg|Uoj]jf�n+[3ajuS[3uS[2/�uSr�^`_Sa&[3]�^=ª«[3um]�oju
[3Yg]&[É��c`egfh[�a�^=ª«[3]��`^=]j]§�

�



LNO�T3�ÂMSä«»�PSV;OQWmR%O

Ù�Ë�õ?Ì�Ï>Ò7Ø~Ö~Ü�Î7Í9Ì�Ü�Ì�õ�Öpî
ï K7ð P Q

P.Q

ï ¶hð ï ^ ð P.Q
Pï ª ð P.Q
Q

ïdñ ð ï ^ ð P
P∨Qï ª ð Q
P∨Q

ï?ò ð P∨Q
P Q

ïdó ð ∗
P ∼P

ï�� ð P ∼P
∗

ï�� ð ï ^ ð ∗
P P⊃Qï ª ð Q
P⊃Q

ï�+ ð P P⊃Q
Q

ï�, ð {Fx}
(x)Fx

ï K.-hð (x)Fx
FΥ

ï K�K7ð FΥ
(∃x)Fx

ï K�¶hð (∃x)Fx
{Fx}

} ∗��ª«[3x�[3Y\_�aj]&[3|�[3Yg]&[3]�k�o&rSiEuUo&_S� È ij[3umª1[3egY\[3ªjYgf+fh[3��v=ajeg|��0[3uSij[3]²�`^=]j]§�

� Ä�¿QÃmP�R54�ÄmWmMS»

Ù+ëCÏ?ì2í�Ì
¢ K

p.q ≺ q.p
¢ ¶

p.q ≺ p
¢ ñ

p ≺ p.q
¢ ò

(p.q).r ≺ p.(q.r)
¢ ó

p ≺∼∼ p

�



¢ �
[(p ≺ q).(q ≺ r)] ≺ (p ≺ r)

¢ �
[p.(p ≺ q)] ≺ q

¢ +
3(p.q) ≺ 3p

¢ ,
(∃p, q)[∼ (p ≺ q). ∼ (p ≺∼ q)]

}
3
��ª1[3x�[3Y\_Saj]&[3|mi&^`r6/�]&ij[Ç®&]jY\[3uU|S[ È n�^=]!�h�`]j]w|S[�r�^=fh[3]��w}y[yrpY\rU|�n+�`f�egY\_Sa È i&^`r�r��g�g� ����N[3Yg|S[3uUajYg]�rU|S[3aw|
}

P ≺ Q��^=e\rmk�ªj���juUxyoj]jf+b?�ju"} ∼ 3(P. ∼ Q)
�

� R%åQ·7�­R�·�T2M�WmR84!Ä�WmMU»

³²Yg|mij[3u�Xz[Ç®&]jYg|UY\c`] � c`]�n+[3ajuU�0[3uU|UYgfh[3]�¦§c`f�Yg�h[3]��h�`]j]&[3]²[3]w|SrU±juS[y_�a&[3]&ij[:9�±1[3u�^9�
|UY\c`]&[3]�^=]ja�^=]&i � c`]²��^=ajuUa&[3Yg|SrU�0[3uU|S[3|�^=ª1[3ege\[3]Nij[Ç®&]jY\[3uU|Z�0[3uSij[3]§�1à�rS|�iEY\[�k�]jx7^=aje
ij[3uzn+�`f�egY\_Sa&[3]��N[3uU|S[�b��juz[3Yg]&[;k�o&rSr�^=fh[Qoj]&[3]&iEegY\_Sa ï �
Y\[;[yrZxh�£¢z� � c`] � c`]�ÝZ[3oE�
n�^=]j] � c`uUfh[yrS_Saje�^=fh[3]¡�
YguSi ð oj]&i­iEY\[�n+�`f�egY\_Sa&[3]¡�N[3uU|S[²Ygn à�]w|S[3u � ^=ege<; ->=gK@? È rSce�^`rSr�[3]�rSY\_SaNÝZ[3fw^=|UY\c`]�oj]&i�àún�±jegYg��^=|UY\c`]�v=aj]jegY\_Sa��
Y\[�Yg]�ij[3uQ��|ScG_Sa�^`rU|UYg��ij[Ç®&]jY\[Ç�
uS[3]��

[∼ P ] = 1− [P ]

[P ⊃ Q] = 1 für [P ] ≤ [Q]

[P ⊃ Q] = 1− [P ] + [Q] für [Q] < [P ]
XZY\[ÉrS_�a&[3Yg]wª�^=uS[ á aj]jegY\_�aj�h[3Yg|�xyojuZ��|ScG_Sa�^`rU|UYg���"^=u�iEY\[�¢"[3f�uU�j]&iEoj]jf+b��ju�ij[3]�{)[3u��
rUo&_�a!ij[3u��N[3Yg|S[3uS[3]w|��
Y\_S�Gegoj]jf È ^=ege\[3uSiEYg]jfhr"[3uUfh[3ª1[3]�rSY\_Sa�b?�jup} 3���N[3uU|S[ È iEY\[�]jY\_Saw|Yg]�iEY\[A0"a&[yc`uUY\[Qij[3u
��^=ajuSrS_Sa&[3Yg]jegY\_�aj�h[3Yg|z±�^`rSrS[3]§�2�Gc�Y\rU|.�

[3P ] = 1 für [P ] ≥ 1

2oj]&i
[3P ] = 2[P ] für [P ] <

1

2
.

è�Ã"T2½ æmÄmO%B�Ãm·«¸�»zM

k;�C0~^=uSrU�GY§x�[3Ygf�|S[ED È i&^`r�r�Þ�[yij[yrZ��°GrU|S[3n È i&^`r
� K

p ⊃∼∼ p
� ¶

q ⊃ (p ⊃ q)
� ñ ∼ p ⊃ (p ⊃ q)
� ò

p ⊃ [∼ q ⊃∼ (p ⊃ q)]
[3u�b��jegeg|�oj]&i�Yg]¬rUY\_�a��
Y\ij[3uSrU±juUo&_Sa&r�b�uS[3Y�Y\rS| È ]�oju�[3Yg]&[�n+�`f�egY\_�a&[��hc`]&rUY\rU|S[3]�|S[�oj]&i�
Y\ij[3uSrU±juUo&_�a&r�b�uS[3Y\[�{)[3u � c`ege\rS|�v=]&iEYgf�oj]jf+[3u�bd^=ajuS[3]!�`^=]j] È ]�v=n�egY\_Sa�iEY\[�ij[3u0fh[3���`aj]E�egY\_�a&[3]�xy�0[3Yg��[3uU|UYgfh[3]�¦Cc`f�Yg�«�

F�GIHKJMLONQPSRUTCR�VWPSGIX�PMR�YEHEZ[P\HA]^PSRUYEH._a`@bIbIcdXfe[HE]gGIZ@PSHAh.i^cdX�P\jkPO]gP\cUlUYEc�c�m[Z[P\HEn[m[bIn.oEbIcqp

+


