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1. INTRODUCTION

Sincealmost30 yearssoftwareproductionhasto facetwo majorproblems:
thecostof non-standardsoftware,causedby longdevelopmenttimesandthe
constantneedfor maintenance,anda lack of confidencein the reliability of
software.Recentaccidentslike thecrashof KAL’s747in August1997or the
failedlaunchof theAriane5 rocket in 1996have partially beenattributedto
softwareproblemsandlimit theextentto whichsoftwareis adoptedin safety-
critical areas.Both problemshave becomeeven worseover the yearssince
they grow with the complexity of behavior that canbe produced.Reliable
softwaredevelopmenttechniquesthereforewould immediatelyfind applica-
tion in developingeconomicallyimportantsoftwaresystems.

Attemptsto elaboratesuchtechniqueshavebeenundertakensincetheup-
comingof thesoftwarecrisis.To a largeextentprogramminghasbeeniden-
tified asa reasoningprocesson thebasisof knowledgeof variouskinds,an
activity in which peopletendto make a lot of mistakes.Thereforeit is de-
sirableto provide machinesupportfor softwaredevelopmentandto develop
software engineeringtools which are basedon knowledgeprocessingand
logicaldeductions.

1.1. TheGeneral Ideaof ProgramSynthesis

Programsynthesisdealswith theaspectsof thesoftwaredevelopmentprocess
whichcan,at leastin principle,beautomated.Its goalis to mechanicallysyn-
thesizecorrectandefficient computercodefrom declarative specifications.
Althoughit doesnot addresstheproblemof obtaininganaccuratestatement
of therequirementsin thefirst place,it makestheoverall processfasterand
morereliable,asverificationandmaintenancecannow bedoneon thespeci-
ficationratherthanthecode.

Likeany computerizedprocess,programsynthesisrelieson a formal rep-
resentationof theobjectsit hasto dealwith. Researchhasbeenactive in two
areas:the developmentof expressive calculi which supportformal reason-
ing aboutspecificationsandalgorithmsandtheimplementationof deduction
strategieswhichderive programsfrom their specifications.
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106 CHRISTOPHKREITZ

In principle,thesynthesisof programsmustbeexpressiblein somecalcu-
lus with well-known deductive rules.Thusthereis a needfor formal logical
calculi in whichmathematicalspecifications,algorithmicstructures,andrea-
soningabouttheir propertiescanbe properlyrepresented.This hasled to a
revived interestin constructivetype theories(Martin-Löf, 1984;Constable
et al., 1986;Girard et al., 1989;Coquand& Huet, 1988;Nordströmet al.,
1990) and proof developmentsystemswhich can perform the correspond-
ing reasoningstepsinteractively or guidedby proof tactics(seealsochapter
I.3.15).Type theoriesareexpressive enoughto representall the fundamen-
tal conceptsfrom mathematicsandprogrammingquite naturally. The basic
inferencestepsin formal calculi, however, areextremelysmallandway be-
low thelevel of reasoningusedby humansduringprogramdevelopment.To
makeprogramsynthesispracticallyfeasiblethelevel of abstractionin formal
reasoningmustberaised.This researchareastill needsexploration.

Strategiesfor automatedprogramsynthesisoften avoid the formal over-
headof arigorousapproach.Mostof themweredevelopedindependentfrom
theabove calculi. Therearethreebasiccategories.The proofs-as-programs
paradigmunderstandsthe derivation of programas a proof processwhich
implicitly constructsanalgorithm.Strategiesarebasedon standardtheorem
proving techniques,tailoredtowardsconstructive reasoning(Section3.1),and
on mechanismsfor extracting algorithmsfrom proofs. Similarly, transfor-
mationalsynthesisusesgeneralrewriting techniquesin orderto transforma
specificationinto a form that canstraightforwardly be convertedinto a pro-
gram(Section3.2).An analysisof thestructureof algorithmicclassesis the
basisof knowledgebasedprogramsynthesis(Section4). Strategiesderive the
parametersof programschemataandinstantiatethemaccordingly.

1.2. Historyof ProgramSynthesis

The identificationof algorithmswith proofshasbeensuggestedearly in the
historyof constructive mathematics(Kolmogorov, 1932).Consequently, au-
tomatic programsynthesissystemsshowed up shortly after the first theo-
rem provers. Pioneerwork of C. Greenand R. Waldinger (Green,1969;
Waldinger, 1969;Waldinger& Lee,1969)wasfollowedby many approaches
basedon the proofs-as-programsparadigm.Transformationalsynthesiswas
introduceda few yearslater(Manna& Waldinger, 1975).Programsynthesis
wasa very vivid researchareauntil the early 80’s. Someapproacheswere
implementedandtestedsuccessfullyfor a numberof examplesbut noneof
themscaledup very well. With theadventof logic programmingthecorrect-
nessproblemalmostappearedto besolved.Theactivities in theoriginalcore
of thefield droppedandits focusshiftedtowardsefficiency improvements.
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LargescalesynthesisbecamepossibleafterD. Smithbeganto incorporate
a structuralanalysisof algorithmicclassesinto efficient synthesisstrategies
(Smith,1985b;Smith,1987b).TheresultingKIDS system(Smith,1991a)has
comecloseto a commercialbreakthrough.Its successis basedon an effec-
tiveuseof algorithmschemata,designstrategiesandsubsequentoptimization
techniqueswhichcurrentlyhave to beguidedby anexperienceduser.

1.3. Overview of thisChapter

In thischapterwewill describetheprincipalapproachesto programsynthesis
andtherelateddeductive techniques.We will focusmostlyon generalprin-
ciplesandderivation strategiesandomit approacheswhich aretailoredto a
specificapplicationor areonly weakly relatedto thefield of automatedde-
duction.After introducingsomenotationandbasicconceptsin section2 we
shalldiscusstheproofs-as-programsparadigmandtransformationalsynthesis
in Section3. In Section4 we presentknowledgebasedsynthesistechniques
andtheir relationto automateddeduction.Aspectsof programdevelopment
whicharerelatedto programsynthesiswill bediscussedbriefly in Section5.
Weconcludewith a shortoutlineof futuredirections.

1.4. OtherSourcesof Information

Obviously not all approachesto programsynthesiscanbe coveredequally
well in this chapterandsomeresearchareascannotbe discussedat all. A
readerinterestedin a broaderoverview of the field will find additionalin-
formationin surveys like (Balzer, 1985;Goldberg, 1986;Steier& Anderson,
1989;Lowry & McCartney, 1991).Theproceedingsof theIEEEInternational
Conferenceon AutomatedSoftware Engineering(formerly the Knowledge
BasedSoftware EngineeringConference), the International Conferenceon
Mathematicsof ProgramConstruction, theInternationalWorkshopon Logic
Program Synthesisand Transformation, andthe Journalof AutomatedSoft-
wareEngineeringpresentrecentdevelopmentson a regularbasis.

2. PRELIMINARIES AND NOTATION

Programsynthesisis a formal reasoningprocesswhich, in additionto first-
orderlogic, often involvesreasoningaboutcomputablefunctionsandpred-
icatesdescribingtheir properties.Furthermore,type information is crucial
in most modernprogramminglanguagessincethe data type of a variable
determineswhich computationscan be applied to it. In a logical formula
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we will provide a type for eachquantifiedvariableand allow quantifica-
tion over predicatesand functions.We shall use � , � , � , � , � , � ,

�
,

and � for negation,conjunction,disjunction,implication,reverseimplication,
equivalence,universalandexistentialquantifier. Quantifiedvariableswill be
followed by a colon and a type expression.If available, we usestandard
mathematicalnotationfor datatypes,functions,andpredicates.Theformula�
x:IN. � z:ZZ.(z2 � x � x<(z+1)2), for instance,expressesthatevery natural

numberhasanintegersquareroot.
Formalspecificationsandprogramsarethebasicobjectsof reasoningin

programsynthesis.A programmingproblemis characterizedby thedomain
D of thedesiredprogram,its rangeR, aninputconditionI onadmissibleinput
valuesx, andan outputconditionO on feasibleoutputvaluesz. A program
is characterizedby a suchspecificationand a possiblypartial computable
functionbodyfrom D to R. Formally, theseconceptsaredefinedasfollows.

DEFINITION 1. A formalspecificationspecis a4-tuple(D,R,I,O) where
D andR aredatatypes,I is a booleanpredicateon D, andO oneon D 	 R.
A formal program p is a tuple((D,R,I,O),body) where(D,R,I,O) is a
specificationandbody: D 
� Racomputablefunction.

In theliteraturethereis avarietyof formalnotationsfor specificationsand
programs.The domain,range,and input-conditionmay be implicitly con-
tainedin the outputcondition.Specificaspectsof the outputconditionmay
beemphasized.Theabovetupleform representstheessentialinformationthat
is handledduringthesynthesisprocessbut is sometimesdifficult to read.We
will oftenusethefollowing moreconvenientnotation.

FUNCTION f(x:D):R WHERE I � x
 RETURNS z SUCH THAT O � x � z
�� body� f � x

wherebody� f � x� expressesthat the variablex andthe functionname f may
occurfree in body. The latter is a convenientway to expressrecursion.We
will usea functionalprogramminglanguagemixedwith mathematicalnota-
tion to describeaprogrambody.

Theabove notationsuggeststhata programcomputesa singlevaluesat-
isfying the outputcondition O. Often, however, all solutionsof the output
conditionhave to be computed,assumingthat therearefinitely many. This
problemcouldbeexpressedby thespecification

FUNCTION f(x:D):Set(R) WHERE I � x
 RETURNS y SUCH THAT y= � z|O � x � z
��
but weabbreviateit by thefollowing moreelegantnotation

FUNCTION f(x:D):Set(R) WHERE I � x
 RETURNS � z|O � x � z
��
NotethathereO � x � z� is only apartof theoutputcondition.

Anotherkey conceptis thenotionof correctness.A programis correctif
its bodycomputesa feasibleoutputfor eachadmissibleinput.
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DEFINITION 2. A computablefunctionbody:D
� Rsatisfiesa formalspec-
ificationspec=(D,R,I,O) if O � x � body � x��� holdsfor all x � D satisfyingI � x� .
A programp=(spec,body) is correct if its bodysatisfiesits specification.A
formal specificationspec=(D,R,I,O) is satisfiableif thereis a computable
functionbody:D
� Rwhichsatisfiesit.

Thusfrom the viewpoint of deductionprogramsynthesisis the sameas
proving thesatisfiabilityof a specificationandconstructinga programbody
duringtheproof process.

3. SYNTHESIS IN THE SMALL

Originally, approachesto programsynthesiswere developedin the frame-
work of automateddeduction(Green,1969;Manna& Waldinger, 1979;Man-
na & Waldinger, 1980; Bibel, 1980). Their synthesisstrategies were built
on generaltechniquesfrom first-ordertheoremproving andrewriting which
madethemcomparablyeasyto explain. Their fundamentalideaswork very
well for smallprogrammingexamplesandare,at leastin principle,applica-
ble to all kinds of programmingproblems.Essentially, thereare two broad
paradigmsfor programsynthesis:“proofs-as-programs”(Bates& Constable,
1985),and“synthesisby transformations”(Burstall& Darlington,1977).

1. In the proofs-as-programsparadigma specificationis expressedby the
statementthat a realizationof the specificationexists.To synthesizean
algorithm,aconstructiveproofof thisstatementis produced.Becausethe
proof is constructive, it embodiesamethodfor realizingthespecification
which canbe extractedfrom it This paradigmemphasizesthesynthesis
of algorithms(computablefunctions)from declarative specifications.Its
mainissueis correctness.Researchfocusesonthedevelopmentof strong
theoremproversandmechanismsfor extractingalgorithmsfrom proofs.

2. In contrast,synthesisby transformationsderivesthealgorithmfrom the
specificationby forwardreasoning,usuallybasedon rewrite ruleswhich
encodethelogical laws of a particulardomain.A specificationis viewed
asexecutable,thoughinefficient programandthe emphasislies on im-
proving efficiency throughprogramtransformations.This paradigmis
particularlywell-suitedfor thesynthesisof logic programssinceadeclar-
ative formulacanin factbeviewedasexecutableprogramwhich “only”
hasto betransformedinto somerestrictedsyntaxlike Horn logic.

In thefollowing weshallpresentbothapproachesseparatelyanddiscusstheir
principaladvantagesandlimitations.
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3.1. ProofsasPrograms

The idea to useformal proofsas a methodforconstructingprogramsfrom
formal specificationsarosefrom the observation that developinga program
andproving it correctarejust two aspectsof thesameproblem(Floyd, 1967).
While verifying a givenprogramonehasto formalizethesameideaswhich
wereoriginally usedin the constructionof the program.As a consequence,
programverificationessentiallyrepeatsthe entireprogrammingprocessex-
ceptfor a differentdegreeof formality.

To avoid suchdoublework whendesigningsoftware the proofs-as-pro-
gramsparadigmhasfocusedon developing a programand its correctness
proof at the sametime (Green,1969;Manna& Waldinger, 1980).A spec-
ification spec=(D,R,I,O) is representedby a specificationtheoremof the
form

�
x:D. � z:R.(I � x��� O � x � z� ). To synthesizeanalgorithm,a construc-

tive proof of this theoremis generated.In sucha proof eachindividual step
correspondsto astepin acomputation.Thusthecompleteproofcorresponds
to a programsatisfyingthespecificationdescribedby thetheorem.This pro-
gramcanbeextractedfrom theproof in a final step.Thefollowing example
illustratesthemainargumentbehindtheproofs-as-programsparadigm.

EXAMPLE 3. Thetheorem� x:ZZ. � z:ZZ.(x � 0  z2 ! x " x<(z+1)2) expresses
the statementthat for eachnaturalnumberx thereis someinteger z which is the
squarerootof x. A constructiveproof for thisstatementshows thatfor eachx sucha
z canbeconstructed. It embodiesauniversalmethodfor computingz from x, i.e.an
algorithmfor computingintegersquareroots.

This algorithmstronglydependson how the theoremwasproved.Typically one
would proceedby inductiononx, providing 0 assolutionfor thebasecaseandper-
forminga caseanalysisin thestepcase.Thismeansto checkif thepreviousx is the
exactsquareof thepreviousz or not andto provide a new valuefor z accordingly.
Theresultingproof implicitly containsanalgorithmwhich computesz via primitive
recursionandaconditionalin thestepcase.It couldformally beexpressedas

FUNCTION sqrt(x:ZZ):ZZ WHERE x � 0 RETURNS z SUCH THAT z2 ! x " x<(z+1)
� if x=0 then 0 else let z=sqrt(x-1) in if z2=x-1 then z+1 else z

The correspondencebetweenprogramssatisfying a given specification
andproofsof the specificationtheoremcanbe understoodasa specificre-
interpretationof the Curry-Howard Isomorphism(Curry et al., 1958; Tait,
1967)betweenproofsandtermsof anextendedλ-calculus.For instance,con-
structingaproof for auniversallyquantifiedformula

�
x:α.P � x� corresponds

to a functionwhich takesanelementx of thetypeα andreturns(a termcor-
respondingto) aproof for P � x� . Analyzing

�
x:α.P � x� in orderto show P � a# x�

correspondsto applyingsucha function to theelementa. Likewise,a proof
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TableI. Proofs-as-programscorrespondencefor first-orderlogic

Connective Construction Analysis

Atomic Literal Variable$ —
Conjunction Pair Projection
Disjunction Injections Conditional
Implication Functiondeclaration Functionapplication
Negation Functiondeclaration Functionapplication
ExistentialQuantification Pair Projection
UniversalQuantification Functiondeclaration Functionapplication%
Thesameliteral will alwaysbeassociatedwith thesamevariable

for a formula � x:α.P � x� correspondsto a pair(a,pa) wherea is anelement
of α and pa a proof for P � a# x� . A constructive proof for P � Q corresponds
either to a left injection inl(p) or a right injection inr(q), dependingon
whetherP or Q is beingshown. Analyzing a disjunctionleadsto a condi-
tionalwhichexaminestheseinjections.

Table I describesthe correspondencebetweenproofs and programsfor
first-orderlogic. Detailsdependon theindividual proof calculusandthefor-
mal languagein which programsareto be expressed.In sequentor natural
deductioncalculi the correspondencecan be representedstraightforwardly
sinceprogrammingconstructscanbetieddirectly to proof rules.This makes
it easyto definea mechanismfor extractinga programfrom the proof of a
specificationtheoremandto justify theproofs-as-programsprinciple.

THEOREM4. A specificationspec=(D,R,I,O) is satisfiableiff the theo-
rem

�
x:D. � z:R.(I � x��� O � x � z� ) canbeproved(constructively).

Proof. According to table I the proof of a specificationtheoremcorresponds
to a computablefunction pf which on input x & D returnsa pair (z,p) wherez & R
and p is a proof term for I � x
' O � x � z
 . By projecting p away, i.e. by defining
body(x) � first(pf(x)) we get a correct programfor the specification. Con-
versely, if wehaveacomputablefunctionbody: D () Randa termprf corresponding
to a correctnessproof for the program((D,R,I,O),body), thencombiningbody
andprf leadsto aproof of thespecificationtheorem. *

It shouldbenotedthat in a proof of a specificationtheoremonly thepart
that shows how to build z from x needsto be constructive. The verification
of I � x�+� O � x � z� doesnot contribute to the generatedalgorithmandcanbe
performedby non-constructive meansaswell.

Synthesisstrategies basedon the proofs-as-programsprinciple heavily
rely on the availability of theoremproverswhich candealwith a rich vari-
ety of applicationproblems.In principle,any constructive proof methodfor
which an extraction mechanismcan be definedis useful for this purpose.
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Skolemizationand resolution,althoughnot entirely constructive,1 generate
substitutionswhich can be extractedfrom a proof and were usedin early
approaches(Green,1969;Manna& Waldinger, 1975)to programsynthesis.

It hasturnedout thatpurefirst-ordertheoremproving is tooweakfor pro-
gramsynthesisas it cannotgeneratemore thansimplesubstitutionswhich
do not considerthemeaningof atomicpropositions.Reasoningaboutrecur-
sionor loopsplaysa vital part in thedesignof almostany programaswell
as knowledgeaboutarithmeticand other applicationdomains.The former
hasbeenaddressedby extendingtheoremproving by induction techniques
suchasrippling (Bundy, 1989;Bundyet al., 1992)or constructivematching
(Franova,1985).Thelatterrequiresspecializeddecisionproceduressincean
axiomatizationof theapplicationdomainwould requirethousandsof formu-
lasto beconsideredandthusbeextremelyinefficient.

Currentlythereis no integratedtheoremproving systemwhich candeal
with all theseproofstasksequallywell. In spiteof a variety of approaches
andsystemswhichhave beendevelopedover thepast25 yearstheautomatic
synthesesof programsthroughproofshasonly beenableto createsolutions
for relatively small problems.Furthermore,pure proof methodsdo not al-
waysleadto anefficient solution.Inductive proofsof specificationtheorems
asin example3 canonly generateprimitive recursive programswith linear
complexity althoughlogarithmictime is possible.Fasteralgorithmscanonly
becreatedin lessrigorousframeworkswhich allow inductionson theoutput
variableor by explicitly providing thealgorithmstructure(seeSection4.3).

3.2. TransformationalSynthesis

While the proofs-as-programsparadigmprimarily aimsat the derivation of
formally verifiedprograms,efficiency considerationshave beentheoriginal
motivationfor programsynthesisby transformations.Formany programming
problemsit is relatively easyto produceandverify a prototypeimplementa-
tion in a lucid, mathematicalandabstractstyle.Correctness,comprehensibil-
ity, andeasymodificationsaretheadvantagesof suchprograms.But alackof
efficiency makesthemunacceptablefor practicalpurposesandthey canonly
viewedasdetailedspecificationof the“real” program.

Initially, programdevelopmentby transformations(Darlington,1975;Bur-
stall & Darlington,1977)focusedon systematicallytransformingprograms
into moreintricatebut efficient ones.This ideawasadaptedto programsyn-
thesis(Manna& Waldinger, 1975;Darlington,1975;Manna& Waldinger,

1 Matrix-basedtheoremprovershaverecentlybeenextendedto constructivefirst-
order logic (Otten & Kreitz, 1995). The correspondingextraction mechanismis
basedonaconversionof matrixproofsinto sequentproofs(Schmitt& Kreitz, 1995).
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1979)asa techniquefor transformingspecifications, whicharenotnecessar-
ily executable,into expressionswhichcanbehandledby acomputer. In logic
programmingthisdistinctionbetweendeclarativespecificationsandalgorith-
mic programshasalmostdisappeared.Researchin transformationalsynthesis
todayaimsmostly2 at logic programsynthesisandtransformations(Clark&
Sickel, 1977;Hogger, 1981),alsocalled“deductiveprogramsynthesis”.

Approachesto transformationalsynthesisusuallyproceedby step-wisely
rewriting the output-conditionof a specificationinto a logically equivalent
or strongerformula which algorithmically can be viewed as refinementof
thespecification.In a final stepprogramformationrulesareappliedin order
to createprogrammingconstructsfrom thederivation tree.In thecontext of
logic programmingthisstepis almostsuperfluoussincetheresultingformula
only needsa few syntacticaladjustmentsto beunderstoodaslogic program.

Individual approachesvary greatlyasfar asnotationis concernedbut es-
sentiallyproceedasfollows.A specificationspec=(D,R,I,O) is represented
by the formula

�
x:D.

�
z:R.(I � x��� (P(x,z) � O � x � z� )) which definesa

new predicateP as equivalent to the given output condition.The intuition
behindthis is to view O � x � z� asbody of a programwhosenameP is newly
introducedandto derive propertiesof P by forward reasoning. In this setting
theroleof x andz is notyetfixedbut thetransformationprocesswill optimize
O � x � z� with respectto a particulardesignationof input andoutputvariables.
Thegoalof transformingO � x � z� is to createavalid formulaof theform�

x:D.
�

z:R.(I � x��� (P(x,z) � Of � x � z� P� ))
which is algorithmicallysatisfactory. This goalof transformationalsynthesis
cannotbeexpressedwithin thelogical formalismbut only within thederiva-
tion strategy. A typical criterion in logic programsynthesis,for instance,is
that Of � x � z� P� must be a Horn formula and contains,apartfrom recursive
instancesof P, only predicateswhicharealreadyknown to beexecutable.

In orderto transformO � x � z� into Of � x � z� P� conditionalrewrite rules are
applied.Theserulesarebasedon (conditional)equivalencesor implications
which areusedto defineconceptsof someapplicationdomainandto state
theirproperties.In particular, thedefinitionof P itself is consideredascondi-
tionalequivalencewhichcanbefoldedif recursionneedsto beintroduced.

Program formation rules determinehow to convert the result of these
transformationsinto a valid program.Logic programs,for instance,canbe
generatedby simply droppingthe universalquantifiers,the input condition,
andany existentialquantifierin the body Of , by splitting disjunctionsinto
two separateclauseswith thesamehead,andby replacingfunctionsby the

2 Researchon program transformationsis still anactive researcharea.Here,al-
gebraicmethodsaredominatingwhile logical deductionplaysonly a minor role.
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correspondingpredicates.Furthermore,equalitiesandstructuraldecomposi-
tionsin thebodycanbereplacedby modifying theheadof a clausein order
to take strongeradvantageof unification.Theconstructionof functionaland
imperative programsis morecomplex sinceit requiresa formationrule cor-
respondingto eachlogical junctorandonefor recursion.Someof theserules
aresimilar to thealgorithmschematagivenin Sections4.2.1and4.2.2.

As in thecaseof proofs-as-programs,thevalidity of transformationalsyn-
thesisessentiallydependsontheprogramformationmechanism.Therequire-
mentto basethetransformationsonequivalencesor implicationsonly makes
surethat transformingO � x � z� will result in a valid formula.Thecorrectness
of thegeneratedprogramis thenassuredby thefollowing theorem.

THEOREM5. Let spec=(D,R,I,O) be a formal specificationandP bea
predicatedefinedby

�
x:D.

�
z:R.(I � x�,� (P(x,z) � O � x � z� )). If the for-

mula
�
x:D.

�
z:R.(I � x��� (P(x,z) � Of � x � z� P� )) is valid then the pro-

gramextractedfromit satisfiesthespecificationspec.
Proof. (Sketch) In thecaseof logic programs,wherethesemanticsis almostiden-

tical to thedeclarativemeaning,thegeneratedalgorithmis logically a refinementof
theoriginal outputconditionwhosecorrectnessis easyto see.A full proof requires
aninductionaboutthestructureof Of andaprecisedefinitionof theprogramforma-
tion rulesfor eachlogical junctor. *

Researchin transformationalsynthesishasmostly beenconcernedwith
developingefficient rewrite techniquesandheuristicsproducingsatisfactory
practicalresults.Someapproachesusefolding andunfolding a fixed setof
equivalencesor equations(Darlington,1975;Darlington,1981),a modifica-
tion of the Knuth-Bendixcompletionprocedure(Dershowitz, 1985),or re-
finementsaccordingto giventransformationandprogramformation(Manna
& Waldinger, 1977;Manna& Waldinger, 1979)arecloselyrelatedto each
other. TheLOPS-approach(Bibel, 1980)providesa smallsetof AI-oriented
strategieswhichwe shalldescribein thefollowing example.

EXAMPLE 6. In orderto synthesizeanalgorithmcomputingthemaximumm of
a finite setS of integerswe begin by defininga new predicatemax to describean
elementwhich is greateror equalto all otherelementsof S.
� S:Set(ZZ).� m:ZZ.(S (- /0  ( max(S,m) . m & S "/� x & S.x ! m))

In the first stepwe try to guessa solution,assumingthat we will eitherfind one
or provide a way to reducethe problem.Formally, we introducean existentially
quantifiedvariableg andaddg - m 0 g (- m as indicator for a successfulor a failing
guess.To limit thepossibilitiesfor guessingwe introducea domainconditiong & S,
which is takenfrom theoriginalproblemdescription.We addtheseconditionsto the
outputconditionof maxandget
� S:Set(ZZ).� m:ZZ.(S (- /0  
(max(S,m) . � g:ZZ.(g & S " m & S "/� x & S.x ! m " (g - m 0 g (- m))))
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Next, wedistributethedisjunctionovertheinitial outputconditionandintroducetwo
predicatesmax1 andmax2 asabbreviations.They useg asadditionalinput variable
with inputconditiong & S. This transformationresultsin
� S:Set(ZZ).� m:ZZ.(S (- /0  
(max(S,m) . � g:ZZ.(g & S " (max1(S,g,m) 0 max2(S,g,m)))))

� S:Set(ZZ).� g,m:ZZ.(S (- /0 " g & S  (max1(S,g,m) . m & S " g - m "1� x & S.x ! m))
� S:Set(ZZ).� g,m:ZZ.(S (- /0 " g & S  (max2(S,g,m) . m & S " g (- m "1� x & S.x ! m))

Theabovestepsareequivalencepreservingandcanbeexecutedby a strategy called
GUESS-DOMAIN. Beforecontinuingwe analyzethe threesubproblems.The first
oneis solved oncewe have solutionsfor max1 andmax2. The secondhasa trivial
solutionandweonly have to investigatethethird.

The strategy GET-REC tries to introducerecursionby reformulatingthe output
conditionfor max2 into aninstanceof theoutputconditionof max. It retrievesinfor-
mationaboutwell-foundedrecursionson finite setsandattemptsa rewrite towards
S-g, thesetresultingfrom removing g from S. For this purposeit searchesfor lem-
matainvolving S-g (- /0, m & S-g, and � x & S-g.x ! m andrewritestheproblemaccord-
ingly. This leadsto a disjunctionin theinput conditionwhich is split into two cases.
� S:Set(ZZ).� g,m:ZZ.(S - � g �2" g & S  
(max2(S,g,m) . m & S " g (- m "3� x & S.x ! m))

� S:Set(ZZ).� g,m:ZZ.(S-g (- /0 " g & S  
(max2(S,g,m) . m & S-g " g (- m " g ! m "4� x & S-g.x ! m))

Theoutputconditionof thefirst caseprovesto becontradictorysincetheinput con-
dition statesthatS consistsof thesingleelementg. In thesecondwe canfold back
thedefinitionof max, simplify g (- m " g ! m, andget

� S:Set(ZZ).� g,m:ZZ.(S-g (- /0 " g & S  (max2(S,g,m) . max(S-g,m) " g<m))
Now all subproblemsare solved. After removing redundancieswe createa logic
programaccordingto theabove-mentionedformationrulesandget
max(S,M) :- member(G,S), max_aux(S,G,M).
max_aux(S,G,M) :- setminus(S,G,S_G), max(S_G,M), less(G,M),!.
max_aux(S,M,M) :- setless(S,M).

The strategiesGUESS-DOMAINandGET-RECarethe centerof all LOPSderiva-
tions.(Bibel, 1980)describesseveralstrategieswhichsupportthemif morecomplex
examplesshall be solved.Unfortunatelymany of themturnedout to be difficult to
formalizepreciselyandthe LOPSapproach,like many othergoodideas,couldnot
beturnedinto a systemwhich wasableto solvemorethana few smallexamples.

3.3. Discussion

Despitetheir differentorigins thereareno principal differencebetweenthe
proofs-as-programsparadigmand transformationalsynthesis.Transforma-
tions can be simulatedin a proof environmentby using lemmata(i.e. the
cut rule)andproof transformationsif recursionis introduced.Proofrulescan
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be viewed asspecialrewrite rules.In principle, eachderivation strategy in
oneparadigmcanbe convertedinto onefor the other. The real questionis
ratherwhich environmentis moreconvenient for a particularmethod.The
proofs-as-programsparadigmprovidesa clearly definedproof goal and fa-
vors analyticmethodsfrom theoremproving. Dependingon the rigorousity
of the proof systemcorrectnesscan be guaranteedfor all inferences.The
latter is not thecasefor transformationalsynthesissincethe transformation
ruleswhichdealwith domainknowledgeareusuallynotverified.Theadvan-
tageis a smallerformal overheadwhich togetherwith the focuson forward
reasoningmakesthederivationof programsoftensomewhateasier.

Both synthesisparadigms,however, rely on generalreasoningmethods
which operateon the level of elementarylogical inferences.This makesthe
fundamentaltechniquesrelatively easyto explain and implementand was
quitesuccessfulfor solvingsimpleprogrammingproblemslikesortingor the
n-queensproblem.A fully automatedsynthesisof largerproblems,however,
is almostimpossibledueto theexplosionof thesearchspace.Interactionis
alsoverydifficult sincegeneralmethodsfrom automateddeductionhavelittle
to do with theway in which a programmerwould reasonwhendevelopinga
program.Thereforethesesynthesistechniquesdo not scaleup very well.

Themainproblemof generalapproachesto programsynthesisis thatthey
force the synthesissystemto derive an algorithm almostfrom scratchand
to re-invent algorithmic principleswhich are well understoodin computer
science.Solvingcomplex programmingproblems,however, heavily relieson
knowledgeaboutapplicationdomainsandstandardprogrammingtechniques.
Onecanhardlyexpectasynthesissystemto besuccessfulif suchexpertiseis
notalreadyembedded.Morerecentapproachesthereforemakeprogramming
knowledgeexplicit, insteadof hiding it in the codeof their strategies,and
developtheir algorithmdesignstrategieson thebasisof suchknowledge.

4. KNOWLEDGE BASED PROGRAM SYNTHESIS

Knowledgebasedsynthesisstrategiesarosefrom theobservationthatthede-
velopmentof complex algorithmsrequiresa deepunderstandingof funda-
mentalalgorithmicstructures.They aim at a cooperation betweenprogram-
merandmachine.A programmershallguidethederivationprocessby high-
level strategic decisionswhich, like theselectionof anappropriateprogram
structure,requirea deepunderstandingof theproblemandthe intendedso-
lution. Thesynthesissystemwill fill in theformal detailsandensurethecor-
rectnessof thegeneratedalgorithms.
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This meansthatmuchwork will be investedinto thedevelopmentof the
synthesissystemin order to easethe burdenfor the synthesisprocess. The
designof knowledgebasedsynthesissystemsrequiresananalysisof thefun-
damentalstructureof standardalgorithmsandof theaxiomswhichguarantee
their correctness.It also requiresthe developmentof strategies which con-
structalgorithmson thebasisof this analysisandneedonly a few high-level
designdecisions.Sincethe analysisusually leadsto a setof theoremsstat-
ing conditionson theparametersof somewell-structuredalgorithmschema
thestrategieshave to derive valuesfor theseparameterswhich satisfythese
conditions.Thefinal stepconsistsof instantiatingthealgorithmschema.The
resultcanlaterberefinedby programtransformationtechniquesto bemade
moreefficient.Oneadvantageof this techniqueis thatit makesthesynthesis
strategy independentfrom theprogramminglanguagein whichthealgorithm
schemais formulatedandallows to useany programminglanguagewith a
well-definedsemanticsfor thispurpose.

Synthesisstrategies have beendevelopedfor a numberof algorithmic
classes(see(Smith& Lowry, 1990)for a generalexposition).In this section
we will illustratetheprincipleby describinga strategy for thedevelopment
of so-calledglobal searchalgorithmsandpresenta variety of strategies re-
lated to other classesof algorithms.We will also discusshow to integrate
knowledgebasedalgorithmdesignandmethodsfrom automateddeduction.

4.1. SynthesizingGlobalSearch Algorithms

Solvinga problemby enumeratingcandidatesolutionsis a well-known con-
cept in computerscience.Global search is a techniquethat generalizesbi-
nary search,backtracking,andothermethodswhich explore a searchspace
by lookingatwholesetsof possiblesolutionsatonce.Its basicideais to com-
bine enumerationandeliminationprocesses.Usually, global searchinvesti-
gatesthe completesetof output valuesfor a given input. It systematically
enumeratesa searchspace,which mustcontainthis set,andtestsif certain
elementsof thesearchspacesatisfytheoutput-condition.The testis neces-
saryto guaranteecorrectnessbut ratherinefficient if thesearchspaceis much
biggerthanthesetof solutions.Thereforewholeregionsof thesearchspace
arefiltered out during the enumerationprocessif it canbe determinedthat
they cannotcontainoutputvalues.

A carefulanalysisin (Smith,1987b),laterrefinedandformalizedin (Kre-
itz, 1992;Kreitz,1996),hasshown thatthecommonstructureof globalsearch
algorithmscanbeexpressedby thepairof abstractprogramspresentedin Fig-
ure1. TheseprogramscontainplaceholdersD, R, I , andO for aspecification
andseven additionalcomponentsS� J � s0 � sat� split � ext � Φ which arespecific
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FUNCTION f(x:D):Set(R) WHERE I � x
 RETURNS � z|O � x � z
��
� if Φ � x � s0 � x
5
 then fgs(x,s0 � x
 ) else []

FUNCTION fgs(x,s:D 6 S):Set(R) WHERE I � x
7" J � x � s
7" Φ � x � s

RETURNS � z|O � x � z
7" sat� z� s
8�

� let immediate_solutions = filter ( 9 z.O � x � z
 ) (ext � s
 )
and recursive_solutions =

let filtered_subspaces = filter ( 9 t.Φ � x � t 
 ) (split � x � s
 ) in
flatten (map ( 9 t. fgs(x,t)) filtered_subspaces)

in append immediate_solutions recursive_solutions

Figure1. Structureof globalsearchalgorithms

for aglobalsearchalgorithm.Oninputx thisalgorithmstartsinvestigatingan
initial search spaces0 � x� andpassesit throughthefilter Φ whichchecksglob-
ally whetherasearchregionscontainssolutions.Usinganauxiliary function
fgs thealgorithmthenrepeatedlyextracts(ext � s� ) candidatesolutionsfor test-
ing andsplitsa searchspaces into a setsplit � x � s� of subspaceswhich again
arepassedthroughthefilter Φ. Subspaceswhichsurvive filtering containso-
lutionsandareinvestigatedrecursively.

For thesake of efficiency searchspacesarerepresentedby spacedescrip-
tors s � S insteadof setsof values.The fact that a valuez � R belongsto the
searchspacedescribedby s is denotedby sat� z� s� while J � x � s� expressesthat
s is a meaningfulspacedescriptorfor theinput x. Formally, Smustbea data
type. J and Φ must be predicateson D 	 S and sat one on R 	 S. s0:D 
� S,
split:D 	 S
� S, andext:S
�;:=<?> � R� mustbecomputablefunctions.

� x:D. � z:R. � s:S.
1. I @ xA  J @ x � s0 @ xABA
2. I @ xAC" J @ x � sA  � t & split @ x � sA . J @ x � t A
3. I @ xAC" O @ x � zA  sat@ z� s0 @ xABA
4. I @ xAC" J @ x � sAC" O @ x � zAD sat@ z� sAD. � k:IN. � t & splitk @ x � sA . z & ext @ t A
5. I @ xAC" J @ x � sA  Φ @ x � sAFE � z:R.sat@ z� sAD" O @ x � zA
6. I @ xAC" J @ x � sA  � k:IN. splitkΦ @ x � sA = /0

wheresplitΦ G x H sIKJML t N split G x H sIPO Φ G xH t IRQ
and split0Φ G xH sIKJ s, splitk S 1

Φ G x H sIKJUT t N splitkΦ V x W sX splitΦ G xH t I .
Figure2. Axioms of globalsearch

Six requirements,formalizedin Figure 2, ensurethe correctnessof the
globalsearchalgorithms.Theinitial descriptormustbemeaningful(1).Split-
ting mustpreservemeaningfulness(2). All solutionsmustbecontainedin the
initial searchspace(3) andbeextractableaftersplitting finitely many times
(4). Subspacescontainingsolutionsmustpassthefilter (5). Filteredsplitting
musteventuallyterminate(6).
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THEOREM7. If D � R� I � O � S� J � sat� s0 � split � ext, and Φ fulfill the axiomsof
global search thenthepair of programsin Figure 1 is correct.

Proof. (see(Smith,1987b; Kreitz, 1996) for details)Thecorrectnessof f follows
from the correctnessof fgs andaxioms1 and3. The validity of fgs follows from
axioms2, 4, and5. To prove this fact onehasto show by inductionthat the result
of computing fgs @ x � sA is YZ�M� z & ext @ t A\[ O @ x � zA��][ t &^Y j _ i split j

Φ @ x � sA`�a� where i
is the smallestnumberwith splitiΦ @ x � sA - /0, i.e. the numberof stepsuntil fgs @ x � sA
terminates.Terminationandthustotal correctnessof fgs followsfrom axiom6. *

Thusaglobalsearchalgorithmfor agivenspecificationcanbesynthesized
by deriving seven componentsS, J, sat, s0, split, ext, and Φ which satisfy
thesix axiomsandinstantiatingtheabstractprogramsaccordingly. A direct
derivation of globalsearchalgorithms,however, is still a difficult tasksince
Theorem7 doesnotshow how to find theadditionalcomponents.Also, aver-
ificationof theaxioms,particularlyof axioms4 and6,wouldputaheavy load
on thederivation process.It is muchmoremeaningfulto basetheconstruc-
tion of global searchalgorithmson additionalknowledgeaboutalgorithmic
structures.For eachrangetype R, for instance,thereareusuallyonly a few
generalmethodsto enumeratesearchspaces.Eachglobal searchalgorithm
will usean instanceof sucha method.Thereforeit makessenseto storein-
formationaboutgenericenumerationprocessesin a knowledgebaseandto
developtechniquesfor adaptingthemto aparticularprogrammingproblem.

The investigationsin (Smith, 1987b)have shown that standardenumer-
ation structuresfor somerangetype R canbe representedby objectsof the
form �b� DG � R� IG � OG �c� S� J � s0 � sat � split � ext � which satisfytheaxioms1 to 4.
SuchobjectsarecalledGS-theories. A problemreductionmechanismwill
makesurethattheseaxiomsarepreservedwhentheenumerationstructureis
specializedto aspecificationwhichhasthesamerangetype.

Specializinga standardGS-theoryG works as follows. Its specification
specG d � DG � RG � IG � OG � characterizesa generalenumerationmethod fG
which exploresthespaceRG asfar aspossible.Specializationsimply means
to truncatethesearchspacesuchthat superfluouselementswill not be enu-
merated.It is possibleif specG is moregeneralthanthegivenspecification.

DEFINITION 8. A specificationspecG d � DG � RG � IG � OG � generalizes the
specificationspecd � D � R� I � O� if thefollowing conditionholds.

R=RG
� � x:D. � xG:DG.(I � x�e� (IG � xG � � � z:R.(O � x � z�1� OG � xG � z� )))

WealsosaythatspecG canbespecializedto spec.

Thusspecializationrestrictsthe outputof fG to valueswhich satisfythe
strongerconditionO. Furthermore,it allows to adaptthe input x of a spec-
ified problemsincethex is mappedto a valuexG which servesasinput for
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thesearchperformedby fG. Accordingto theproofs-as-programsparadigm
(theorem4) a proof of the generalizationimplicitly containsa substitution
θ:D � DG which mapsx to xG. θ canbeextractedfrom theproof andthenbe
usedfor refining fG into asearchmethodwith inputsfrom D insteadof DG.

COROLLARY 9. If specG d � DG � RG � IG � OG � generalizesthe specification
specd � D � R� I � O� thenthere is a functionθ:D � DG which satisfiesthecon-
dition

�
x:D.(I � x�]� (IG � θ � x�b� � � z:R.(O � x � z�1� OG � θ � x��� z� ))).

Altogetherproblemreductionallows us to createa global searchalgo-
rithm f for specby defining f � x� dgf z � fG � θ � x���'h O � x � z��i . For thesake of
efficiency, themodificationscausedby θ andO aremoved directly into the
componentsof theglobal searchalgorithm.By an index θ asin Jθ or splitθ
we indicatethatθ is appliedto all argumentsexpectinga domainvaluefrom
D, e.g.splitθ � x � s� d split � θ � x�c� s� .

SpecializingpredefinedGS-theoriesallows us to derive six components
of a global searchalgorithmwhich satisfy axioms1 to 4 with little effort.
Similarly, we canavoid having to prove thesixth axiomexplicitly. For each
enumerationstructurethereareonly a few standardmethodswhich ensure
terminationthroughan eliminationprocess.In (Kreitz, 1992;Kreitz, 1996)
it hasbeenshown that thesecan be representedby filters for a GS-theory
G which satisfy axiom 6. Suchfilters are called well-foundedwrt. G and
this propertyis preserved during specializationaswell. Thusspecialization
reducesthe proof burdento checkingthat,after specialization,the selected
filter is necessarywrt. the GS-theory, i.e. that it satisfiesaxiom 5. The pro-
cessof adaptingthesearchspaceto thespecificproblemcanbecompletely
formalizedandexpressedin asingletheorem.

THEOREM10. Let G d ��� DG � R� IG � OG �c� S� J � s0 � sat � split � ext � be a GS-
theorysuch that � DG � R� IG � OG � generalizesspecd � D � R� I � O� . Let θ bethe
substitutionextractedfromthegeneralizationproof.
ThenGθ d ��� D � R� I � O��� S� Jθ � s0θ � sat � splitθ � ext � isa GS-theory. Furthermore
if Φ is a well-foundedfilter wrt. G thenΦθ is well-foundedwrt. Gθ

Proof. Axioms1 to 3 for Gθ canbeshown directlyby combiningthepropertiesof
θ (Corollary9) with theglobalsearchaxioms.Axiom 4 andthewell-foundednessof
Φθ canbeprovedby a straightforwardinductionoverk andthenumberof iterations
of split, againusingthepropertiesof θ andthecorrespondingaxiomsfor G andΦ. *

Adaptingstandardalgorithmicknowledgeto agivenproblemmovesmost
of theproofburdeninto thecreationof theknowledgebaseandkeepsthesyn-
thesisprocessitself comparablyeasy. Informationretrievedfrom theknowl-
edgebasewill provide all thebasiccomponentsandguaranteethataxioms1
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to 4 and6 aresatisfied.Only thespecializationpropertyandthenecessityof
thespecializedfilter – conditionswhicharemucheasierto provethanaxioms
4 and6 – needto bechecked.Theseinsightsled to thefollowing strategy.

STRATEGY 11. Giventhespecification
FUNCTION F(x:D):Set(R) WHERE I � x� RETURNS f z|O � x � z�ji

1. Selecta GS-theoryG= �b� DG � R� IG � OG �c� S� J � s0 � sat � split � ext � for R.
2. Provethat specG= � DG � R� IG � OG � generalizesthespecification.

Derivea substitutionθ : D � DG fromtheproof andspecializeG with θ.
3. Selecta well-foundedfilter Φ for G andspecializeit with θ.
4. Provethatthespecializedfilter isnecessaryfor thespecializedGS-theory.
5. Instantiatetheprogramschemagivenin Figure1.

In steps1 and3 of theabovestrategy, theselectionof theGS-theoryG and
thewell-foundedfilter Φ is mostlyamatterof design.If therearechoices,the
decisionshouldbemadeby ahumanprogrammerratherthanby apredefined
heuristic. In step4 the specializedfilter could be further refinedheuristi-
cally by addingconditionswhich preserve its necessity. In somecasesthis
improves the efficiency of the generatedalgorithm drastically. The global
searchstrategy hasbeensuccessfullyappliedto a numberof programming
problems(Smith, 1987b;Smith, 1991a).In particularit hasbeenusedfor
the synthesisof commercialtransportationschedulingalgorithms(Smith &
Parra,1993;Gomeset al., 1996)which turnedout to bemuchmoreefficient
thanany hand-codedimplementation.

4.2. DesignStrategiesfor OtherAlgorithmicClasses

Schema-basedsynthesisstrategieshave beendevelopedfor a variety of al-
gorithmicclasses.Thecancreategenerate& testalgorithms(Smith,1987a),
staticalgorithmssuchas the formationof conditionals(Smith, 1985a),di-
vide & conqueralgorithms(Smith,1985b),local searchalgorithms(Lowry,
1991),andgeneralproblemreductiongenerators(Smith,1991b).In the fol-
lowing we shallbriefly describethecentralideas,their justification,andthe
correspondingsynthesisstrategies.

StaticAlgorithms
Staticalgorithms,i.e. algorithmswithout loopsor recursion,area meansfor
adaptingalreadyexistingprogramsto similar tasks.Suchalgorithmsareusu-
ally designedduringthesynthesisof complex programmingproblemsbut can
alsocreatedseparately. Thecorrespondingdesignstrategiesoccurbothasin-
dependentmethodandaspartof moresophisticatedsynthesistechniques.
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Operator Match is a reductiontechniquethatsolvesaprogrammingproblem
specd � D � R� I � O� by transformingits inputsinto inputsof aknown problem
speck d � D kl� Rkl� I k�� Okm� andtransformingoutputsof thatproblembackinto its
own rangetype.This techniqueworksif, aftertransformation,theinput con-
dition I is strongerthatI k andtheoutputconditionO is weaker thanOk :�

x:D. � xk :D k . (I � x��� (I k � xk � � � zk :Rk . � z:R.(Ok � xk � zk �1� O � x � z� )))
We saythat specreducesto spec’ if the above conditioncanbe proved. In
thiscase,accordingto theproofs-as-programsparadigm,theproofcontainsa
substitutionθ:D � D k which mapsx to xk anda substitutionσ:D k 	 Rk � D 	 R
whichmaps � xk � zk � to � x � z� . Thusaprogramsatisfyingtheoriginal specifica-
tion canbegeneratedby composingθ, a solutiong for spec’, andσ.

THEOREM12. Let specd � D � R� I � O� andspeck d � D k � Rk � I k � Ok � bespeci-
fications,θ:D � D k , g : D k 
� Rk , and σ:D k 	 Rk � D 	 R. If (1) specreducesto
spec’,(2) θ andσ are substitutionsextractedfromtheproof of (1), and(3) g
satisfiesspec’ thenthefollowingprogramis correct
FUNCTION f(x:D):R WHERE I � x
 RETURNS z SUCH THAT O � x � z

� σ @ θ @ xAb� g @ θ @ xABACA

Specialization, alreadydiscussedin thecontext of globalsearch(seedefini-
tion 8), canbeseenasa variantof operatormatching.Thedifferenceis that
specializationdealswith set-valuedproblemsandrestrictstheoutput.

THEOREM13. Letspecd � D � R� I � O� andspeck d � D kl� Rkl� I k8� Okm� bespecifica-
tions,θ:D � D k , andg:D kn
� Set � Rko� . If (1) spec’generalizesspec,(2) θ is the
substitutionextractedfrom theproof of (1), and(3) g satisfiesthespecifica-
tion FUNCTION G(xp :D p ):Set(Rp ) WHERE I p8� xpq
 RETURNS � zp |Op�� xpo� zpr
8� thenthe
followingprogramis correct
FUNCTION f(x:D):Set(R) WHERE I � x
 RETURNS � z|O � x � z
��
� � z & g @ θ @ xABA\[ O @ x � zA7�

ReasoningbyCasesis a techniquewhichgeneratesconditionalprogramsif a
moredirectapproachto solvinga programmingproblemfails.Theessential
idea (Smith, 1985a)is to split the input into two or more caseswhich are
analyzedseparatelyandthencomposedagaininto acorrectprogram.

THEOREM14. Let specd � D � R� I � O� bea specification,g � h:D 
� R,and p
bea booleanfunctiononD. If (1) g satisfiesthespecification� D � R� I � p � O� 3
and (2) h satisfiesthespecification� D � R� I � � p � O� thenthe following pro-
gramis correct
FUNCTION f(x:D):R WHERE I � x
 RETURNS z SUCH THAT O � x � z

� if p @ xA then g @ xA else h @ xA
3 We useI " p asabbreviationfor apredicatedefinedby @ I " pAs@ xA - I @ xAC" p @ xA .
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There are datatypesD p andRp , predicatesOD on D 6 D p 6 D, Op on D p 6 Rp , andOC

onR 6 Rp 6 R,anda well-foundedorderingrelation t on D such that

1. Directly-solvesatisfiesthespecification
FUNCTION Fp(x:D):R WHERE I � x
=" prim � x
 RETURNS z SUCH THAT O � x � z


2. � x � x1:D. � x2:D p . � z2:Rp . � z1 � z:R.
OD @ x � x2 � x1 Au" Op8@ x2 � z2 A2" O @ x1 � z1 Av" OC @ z2 � z1 � zAw O @ x � zA

3. Decomposesatisfiesthespecification
FUNCTION Fd(x:D):D p 6 D WHERE I � x
x"uy prim � x


RETURNS x2 � x1 SUCH THAT I p8� x2 
7" I � x1 
7" x1 t x " OD � x � x2 � x1 

4. Composesatisfiesthespecification

FUNCTION Fc(z2 � z1:Rp 6 R):R RETURNS z SUCH THAT OC @ z2 � z1 � zA
5. g satisfiesthespecification

FUNCTION FG(x2:D p ):Rp WHERE I p8� x2 
 RETURNS z2 SUCH THAT Op8@ x2 � z2 A
Figure3. Axiomsof divide& conquer

While thejustificationof thismethodis trivial, thedifficulty liesin obtaininga
properpredicatewhichmakesasolutionof theindividual casesfeasible.One
wayto dothis is creatingderivedantecedents(Smith,1982;Smith,1985a)by
trying to find therequirementsfor thevalidity of agivenformula.Thismech-
anismrewritesa formula(e.g.thesatisfiabilityconditionfor a specification)
by applyingdomainlemmatauntil it is provedor somepreconditionsfor its
validity remain.Thesepreconditionsareusedasadditionalinput-condition
for onesubproblem,which now is solved,while their negationyieldsa sec-
ondsubproblem,whichhasto beinvestigatedfurther. Eventually, this results
in acascadeof conditionalswhichsolve theoriginal problem.

Divide& Conquer
Divide & conqueris oneof themostcommontechniquesfor processingre-
cursively defineddatastructures.It solvesa problemby dividing it into sub-
problemswhosesolutionswill becomputed(‘conquered’)independentlyand
composedinto a singlesolutionfor themainproblem.Divide & conqueral-
gorithmsproceedby decomposinganinputvalueinto “smaller” inputs,which
areprocessedrecursively, andpossiblyothervalues,which areprocessedby
someauxiliary algorithm.Theresultingoutputvaluesarecomposedinto an
output for the original problem.Input valueswhich cannotbe decomposed
anymoreareconsideredprimitive andwill be solved directly. Formally, the
commonstructureof divide& conqueralgorithmscanbeexpressedas
FUNCTION f(x:D):R WHERE I � x
 RETURNS z SUCH THAT O � x � z

� if prim � x
 then Directly-solve� x
 else (Composez g 6 f z Decompose) � x


This abstractprogramcontainsplaceholdersprim, Directly-solve, Compose,
g, andDecomposewhich have to be instantiatedto createa concretedivide
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& conqueralgorithm.Theanalysisin (Smith,1985b)hasshown thatfive re-
quirements,formalizedin Figure3, ensurethecorrectnessof this algorithm.
Directly-solvemust computea correctsolution for primitive inputs (1). A
StrongProblemReductionPrinciplemusthold(2) sayingthattheoutputcon-
dition O canberecursively decomposedinto subproblemsOD � OC � Ok , andO.
OD is to be solved by Decomposewhich also “reduces”the input values4

w.r.t. somewell-foundedordering { on D (3) to ensuretheterminationof f .
OC is to besolvedby Compose(4) andOk by theauxiliary functiong (5).

THEOREM15. If D, R,I , O, prim, Directly-solve,Compose,g,andDecom-
posefulfill thefiveaxiomsof divide& conquerthentheprogram
FUNCTION f(x:D):R WHERE I � x
 RETURNS z SUCH THAT O � x � z

� if prim � x
 then Directly-solve� x
 else (Composez g 6 f z Decompose) � x


is correct.
Proof. For primitive input values f computesa correctoutputbecauseof axiom

1. Otherwisef is Composez g 6 f z Decompose. Its partial correctnessis shown by
composingaxioms3,4,and5, theinductionhypothesesfor smallerinputvalues,and
thestrongproblemreductionprinciple. f terminatessince t is well-founded. *

Again, the formal theoremis the foundationof a schema-basedsynthe-
sisstrategy. This strategy hasto derive thefive additionalcomponents,make
surethattheaxiomsaresatisfied,andinstantiatetheprogramschemaaccord-
ingly. Obviously, it cannotfulfill its taskwithoutreferringtoknowledgeabout
applicationdomains.A knowledgebasehasto provide standard decomposi-
tion techniqueson input-domains(e.g.splitting sequencesin two halvesor
into a first elementandthe rest),standard well-foundedorderings(e.g.or-
deringlists accordingto their length),andstandard compositiontechniques
on output-domains(e.g.appendinglists or prependingan elementbeforea
list). Theseinformationssupporta synthesisof divide & conqueralgorithms
accordingto thefollowing strategy.

STRATEGY 16. Giventhespecification
FUNCTION f(x:D):R WHERE I � x� RETURNS z SUCH THAT O � x � z�

1. Select{ andDecompose.
2. Constructtheauxiliary functiong.
3. Verify Decomposeandderivetheinput conditionfor its correctness.

Chooseprim asnegationof theadditionalinput condition.
4. Verify thestrongproblemreductionprincipleandconstructCompose.
5. ConstructDirectly-solve.
6. Instantiatethedivide& conquerschema.

4 If thedomainD p of g is identicalto D thenbothvaluesgeneratedby Decompose
mustbesmallerthantheoriginal inputvalue.Thisallows binaryrecursion.
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In (Smith, 1985b)this strategy is accompaniedby a seriesof heuristics
which help solving the individual steps.Step1, which givesus D k andOD,
will look up theknowledgebase.In step2, which yieldsOkl� I k�� Rk andaxiom
5, g is usuallychosenas f if D k d D andasidentity functionotherwise.This
simplifiesthesynthesisprocesssincetheeffectsof g canalwaysbecaptured
in thefunctionCompose. Step3,whichleadsto axiom3,usesthemechanism
for deriving antecedents(page123) to determinethe requirementsfor the
correctnessof Decompose. An admissibleinput value that doesnot fulfill
theserequirementsmustbeprimitive. In step4 thesamemechanismis used
to generateOC aspreconditionfor Axiom 2.ConstructingComposeis usually
the mostdifficult step.It requiresa new synthesison the basisof axiom 4.
Often Composewill be anotherdivide & conqueralgorithmbut in simpler
caseswecanalsouseoperator match onthebasisof known library programs.
Step5 will usuallytry operator match to satisfyaxiom1.

Thereare several variantsof this strategy. One may proceedin reverse
orderby selectingComposefirst andsuccessively constructingg, { , Decom-
pose, prim, andDirectly-solve. In eitherof thetwo strategiesonemight con-
structComposeor Decomposebeforeconstructingg.

Each of thesestrategies will lead to different algorithmssince the se-
lectedoperatoris usually lesscomplicatedthanthe constructedone.When
appliedto the problemof sorting lists, for instance,strategy 16 eventually
yieldsMergesort, if Decomposesplits lists in halves,andInsertion Sort, if it
splitsinto first elementandrest.If thereversestrategy is used,Quicksort will
begenerated,if Composeappendstwo lists, andSelection Sort, if Compose
prependselementsto lists.Thusselectingthesynthesisstrategy andtheoper-
ationsin its first stepis not justastrategic issue.It is adesigndecisionwhich
shouldbemadeby aprogrammerinteractingwith thesystem.

Localsearch
Local searchis a techniquethat is usedfor dealingwith optimizationprob-
lemslike schedulingor travelling salesmanproblems.It investigatesa setof
possibleoutputvaluesfor a givenspecification.But thefocusis not on find-
ing thembut on selectingthebest, e.g.aschedulethatcanbeexecutedin the
shortestamountof time.Formally, thespecificationis associatedwith a cost
functionon therangeandthegoalis to find a solutionwith minimalcosts.

Sinceoptimizationis oftenNP-complete,Hillclimbing algorithmslike the
simplex algorithmor linear programmingapproximateoptimalsolutionsby
exploring thelocal neighborhoodof someinitial solutionwhich waseasyto
compute.By incrementalvariationsthe elementsof this neighborhoodare
searched.The algorithmsproceedsuntil a local minimumhasbeenfound.
In (Lowry, 1988; Lowry, 1991) the generalstructureof theselocal search
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FUNCTION fopt(x:D):R WHERE I � x
 RETURNS z
SUCH THAT O � x � z
w"/� t:R.O � x � t 
w cost� x � z
 ! cost� x � t 


� fls @ x � f @ xARA
FUNCTION fls(x:D,y:R):R WHERE I � x
=" O � x � y
 RETURNS z
SUCH THAT O � x � z
w"/� t & N � x � z
 .O � x � t 
F cost� x � z
 ! cost� x � t 


� if � t & N � x � y
 .O � x � t 
F cost� x � y
 ! cost� x � t 

then y else fls(x, arb( � t & N � x � y
 | O � x � t 
=" cost� x � y
 >cost� x � t 
�� ))

Figure4. Structureof local searchalgorithms

algorithmshasbeendescribedasa pair of programswhich is presentedin
Figure4. BesidesplaceholdersD, R, I , andO for thebasicspecificationthese
programscontainthreeadditionalcomponents.cost:D 	 R�}| is a function
whichassignsto eachpairof inputsandoutputsacost-valuein someordered
domain � | � � � . It occursboth in the (extended)specificationand the pro-
gram.N:D 	 R�~:=<?> � R� describestheneighborhoodstructureby computing
a setof outputvalueswhich, dependingon the input, areaccessiblefrom a
givenoutput. f :D 
� R computestheinitial solution.

� x:D. � z� t:R.

1. I � x
7" O � x � z
  z & N @ x � zA
2. I � x
7" O � x � z
7" O � x � t 
^ � k:IN. t & Nk

O @ x � zA
3. I � x
7" O � x � z
  � t & N @ x � zA . O � x � t 
^ cost� x � z
 ! cost� x � t 


 � t:R.O � x � t 
' cost� x � z
 ! cost� x � t 

4. f satisfiesthebasespecificationspec- @ D � R� I � OA

whereN0
O G x H zI�JZL zQ andNk S 1

O G x H zIKJUT t N�� t N N V x W zX8� O � x W t � � Nk G xH t I
Figure5. Axioms of local search

Four axioms,listedin Figure5, ensurethecorrectnessof local searchal-
gorithms.The neighborhoodstructuremust be reflexive (1) and connected
w.r.t. thesolutionsof thebasespecification(2): by exploring local neighbor-
hoodsall solutionmustbe reachablefrom eachother. If thealgorithmshall
beexact,localminimamustbeglobalminima(3). Finally f hasto satisfythe
basespecificationwithout theoptimality conditions.The following theorem
hasbeenprovedin (Lowry, 1988).

THEOREM17. If D, R, I , O, cost, N, and f fulfill the four axiomsof local
search thenthepair of programsin Figure 4 is correct.

Theorem17 describestherequirementson local searchalgorithmswhich
computeoptimalsolutions.They aremetby somealgorithmsbut usuallythe
third axiomis droppedto allow suboptimalsolutions.In thiscaselocalsearch
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algorithmscomputelocalminimawhosequalitydependssolelyontheneigh-
borhoodstructure.Local effectswill dominateif theneighborhoodstructure
is too fine-grainedandthealgorithmis likely to computea poorapproxima-
tion of theglobaloptimum.A coarseneighborhoodstructure,however, may
leadto inefficiency sincelargesearchspaceswill beexploredin eachstep.

Findinggoodneighborhoodstructuresis theonly crucialaspectin a deri-
vation of local searchalgorithms.The othercomponentsareeitheralready
given (cost) or easyto determine( f ). As usual, the constructionof local
searchalgorithmsdependson generalknowledge.For a given rangetypeR,
for instance,thereareonly afew fundamentalneighborhoodstructures.These
canberepresentedby formal objects,calledLS-theories, andwill berefined
by specializationandfilters.

Thestrategy for designinglocalsearchalgorithmsis similar to theonefor
globalsearch.We first selecta LS-theoryandspecializeit to thegivenspec-
ification. We thenmodify the neighborhoodstructureby filters which elim-
inateoutputvalueswhich areeitherno solutionsfor the basespecification
(feasibility constraints) or moreexpensive than the currentone (optimality
constraints). Both constraintsroughlycorrespondto thenotionof necessary
filters in global search.If exactnessis required,thena filter for global opti-
malityconstraintscanbeaddedaswell. All filters canbederivedby forward
inference.Finally a solution f for the basespecificationis synthesizedand
theschematicalgorithmis instantiated.A detaileddescriptionof thisstrategy
andapplicationexamplescanbefoundin (Lowry, 1988;Lowry, 1991).

ProblemReductionGenerators
Problemreductiongeneratorsdealwith problemsthat requirea setof indi-
vidual solutionsto becomputedindependentlyby composingseveralpartial
solutions.Typical examplesaredynamicprogrammingandbranch& bound
algorithms.Froma theoreticalpoint of view they canbeseenasgeneraliza-
tion of global searchanddivide & conquer. Structurallythey aresimilar to
divide & conqueralgorithmsexcept for the fact that now a seriesof com-
positionanddecompositionfunctionsareusedandthat theprimitive caseis
containedin someof them.

FUNCTION f(x:D):Set(R) WHERE I � x
 RETURNS � z|O � x � z
��
� Y i � k & IN (Composei z (Fi1 6 .. 6 Fik) z Decomposei) � x


Therequirementsfor correctnessof thisalgorithmgeneralizetheaxioms2 to
5 of divide& conquer(Figure3) andincludeacomplex versionof thestrong
problemreductionprinciple.Thederivationstrategy is similar to theonefor
synthesizingdivide & conqueralgorithmsbut putsa heavier burdenon the
inferencemechanism.A detailedexpositioncanbefoundin (Smith,1991b).
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4.3. Integration into AutomatedDeduction

In animplementationof designstrategiesfor knowledgebasedprogramsyn-
thesis,thesemi-formaldescriptionsleave muchroomfor interpretation.The
KIDS system(Smith, 1991a),which aimsat tools for semi-automaticsoft-
waredevelopment,encodesthesestrategiesdirectly in a high-level program-
ming languagewhich includesa reasoningmechanismbasedon formula
transformations.Many stepsin thesestrategies,however, involve solvingde-
ductiveproblemssuchasextractingsubstitutionsfrom proofsof logicalprop-
erties,verifying programcomponents,or deriving the preconditionsfor the
correctnessof someformula. Standardtechniquesfrom automateddeduc-
tion could be usedif knowledgebasedprogramsynthesiswould take place
in the framework of a proof system.This would alsomake the derivations
safersincethepossibilityof invalid inferences,which is alwayspresentin a
hand-codedsynthesissystem,is ruledoutby theproofenvironment.

Integratingdesignstrategiesinto aproofbasedsystemrequiresavery rig-
orousapproach.Eachstepin a derivation mustbe completelyformal, such
that it canbe controlledby the prover, but remainon the high level of ab-
stractionwhichwe have usedsofar.

Formallyverifiedtheoremsstatingtherequirementsfor thecorrectnessof
anabstractprogramschema(Kreitz, 1996)arethekey for an integrationof
schema-basedsynthesisstrategies into a deductive framework. Thesetheo-
remscanbeappliedashigh-level inferenceruleswhich reducethesynthesis
taskto the taskof proving instancesof theaxioms.The lattercanbesolved
by furthertheoremapplications,knowledgebasequeries,first-ordertheorem
proving, or simpleinductions.Theconceptuallydifficult problem– generat-
ing the algorithmandproving it correct– hasbeensolved onceandfor all
while proving theformal theoremandrequiresonly asinglederivationstep.

Technically, suchan integration of knowledgebasedprogramsynthesis
into proof systemsinvolves a completeformalizationof all the aspectsin-
volvedin thederivationof programs.Standardapplicationdomainsandtheir
laws have to be representedby formal definitions and theoremsin some
logical calculus.Formulatransformationscanthenbe expressedasapplica-
tion of verified lemmata.Next, in order to reasonaboutprogramsassuch,
we mustformalizeconceptslike program, specification, correctnessandre-
latednotions.Conceptslike specialization,operatormatch,GS-theories,fil-
ters etc. needto be formalized.ConcreteGS-theories,filters, etc. have to
be formalizedandverified. Finally, the theoremsunderlyingthe derivation
strategieshave to be statedandproved. This last stepmay requirea lot of
interactionbut remove theproofburdenfrom thesynthesisprocess.

On this basis,strategies for automatedprogramderivation can be pro-
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grammedas proof tacticswhich apply verified theoremsand lemmataand
call standardproofprocedures(seee.g.chapterI.1.5) to checkpropertieslike
specialization,operatormatch,or necessity. It hasbeenshown in (Bibel et
al., 1997,Section4) thatsuchanintegratedapproach,despiteits formalover-
head,canmake programsynthesispractically feasibleeven in the rigorous
settingof proof systems.

4.4. Discussion

Programsynthesisbasedon abstractalgorithmschematarequiresa greater
amountof preparationthanthe techniquesdescribedin Section3. But these
efforts payoff during thesynthesis:both thesynthesisprocessandthegen-
eratedprogramsaremuchmoreefficient. Thesuccessfulsynthesisof trans-
portationschedulingalgorithmsreportedin (Smith& Parra,1993;Gomeset
al., 1996)shows thatknowledgebasedprogramsynthesis,if properlyguided
andsupportedby optimizationtechniques(Section5.2), canproducecom-
merciallycompetetive software.

Furthermore,the schematicapproachto programsynthesiscan also be
usedfor teachingsystematicprogramming.Studentscaninvestigatethe ef-
fects of choosingdifferent algorithmic structuresas solution for the same
problemandgaininsightsinto theconsequencesof their own decisions.The
four sortingalgorithmsresultingfrom differentdesigndecisionsin a divide
& conquersynthesis(cf. Section4.2.2)areagoodexamplefor this (afifth al-
gorithm,Bubble Sort, canbegeneratedvia localsearch).Studyingtheformal
foundationsof thecorrespondingstrategies,on theotherhand,will leadto a
deeperunderstandingof thealgorithmicstructuresandtheirspecificstrengths
andweaknesses.

Thusknowledgebasedsynthesishasseveraladvantagesover approaches
basedentirelyon generalproof or transformationtechniques.Sinceit canbe
representedin bothframeworksit shouldnot beviewedascompetitorbut as
the next stepin the evolution of automatedprogrammingwhich indicatesa
majordirectionfor futureresearch.

5. RELATED TOPICS

In theprevioussectionswe have describedmethodsfor deriving well-struc-
tured algorithmsfrom formal specifications.Thesemethodsrepresentthe
coreof programsynthesis.But systematicprogramdevelopmentalsoinvolves
methodsfor obtainingproperspecificationsandfor transformingthederived
algorithminto efficientprogramcode.Weshallbriefly discussbothsubjects.
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5.1. AcquiringFormal Specifications

Formally specifyinga given programmingproblemis by no meansa trivial
task. It requiresa deepanalysisof the informal requirements,the problem
domain,the environmentin which the programshall be executed,implicit
assumptions,etc.beforeasystemarchitecturecanbedesignedandindividual
modulesandalgorithmscanbespecified.

Over the pasttherehasbeena substantialamountof work on develop-
ing computersupportfor acquiringspecifications(see(Hayes,1987;Jones
& Shaw, 1990; Kelly & Nonnenmann,1991) and (Lowry & Duran,1989,
SectionsB & D)). In particular, computersareusedto visualizea designor
assupportfor a certaindesignmethodology. Formal methodssuchasVDM
(Jones,1990)or OMT (Rumbaughet. al., 1991)provide guidelinesandvi-
sualizationtechniquesfor specifyinglargesoftwaresytemsandarealsoused
for communicatingdesigndecisions.

Nevertheless,acquiringformal specificationsis mostly a designprocess
that involves creativity and designdecisionsin order to balancebetween
conflicting requirements.Although informal reasoningis necessaryto jus-
tify the overall designof the systemthe deductive aspectsarecomparably
small.Computerscanonly serve assupporttool whenmakingdecisionsbut
it will bedifficult to go beyondthis level.

5.2. AlgorithmicOptimizations

Automaticallygeneratedalgorithmsarehardlythemostefficient solutionfor
a given problem.Often a humanprogrammerimmediatelydetectscompo-
nentsthatcanbeoptimized.Programexpressionsmaybesimplifiedor even
completelyeliminatedif their context, particularly the input condition, is
takeninto account.Expressionscontainingconstantsmaybepartially evalu-
ated. Expensive computationsmaybereplacedby iterative updatesof a new
variable.Finally, it may pay off to selecta non-standardimplementationof
certaindatastructures.All thesestepscanberepresentedby programtrans-
formationsor rewrite techniquesandintegratedinto a synthesissystem.The
realissueis, however, to automatethesetransformationssuchthatauseronly
hasto selectanexpressionandaparticulartechniquefor optimizingit.

Simplification transformsa programexpressioninto an equivalent one
which is easierto compute.The transformationsare basedon knowledge
aboutequivalenceswithin someapplicationdomain.Theseequivalencesare
given a directionwhich allows to apply themaslong aspossible.Simplifi-
cationstronglydependson an efficient organizationof the knowledgebase
whichmaycontainthousandsof equivalences.
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Partial evaluation (Bjørner et al., 1988) symbolically evaluatessubex-
pressionswhich containconstantsor other fixed structures.Logically this
correspondsto unfoldingdefinitionsandsimplifying theresult.

Finite differencing (Paige& Koenig,1982)replacesasubexpressionby a
new variablewhich will beupdatedin eachrecursive call of theprogram.It
canresult in a significantspeedupandsupportsparallelcomputationssince
depthis beingreplacedby breadth.

Data TypeRefinement(Blaine & Goldberg, 1991)selectsfrom several
implementationsof anabstractdatatypetheonethatis mostefficient for the
program.It dependsonananalysisof theoperationswhichreferto thesedata
typesandrequiresautomaticconversionsbetweendifferentrepresentations.

The SPECWARE approach(Srinivas & Jüllig, 1995),which implements
conceptsfrom category theory for establishingrelationsbetweenalgebraic
theories,providesanenvironmentin which themodularconstructionof for-
mal specifications,knowledgebasedalgorithmdesignstategies,algorithmic
optimizations,and the constructionof executablecodefrom mathematical
algorithmscan be integrated.A first implementationof suchan integrated
programsynthesissystem,calledPLANWARE, is currentlybeingdeveloped.

6. CONCLUSION

Despiteits long historyprogramsynthesisis still a very active researcharea.
Overtheyearsits focushasshiftedfromthefundamentalquestionsin thefield
of automateddeductionto thepracticalaspectsof systematicprogramdevel-
opment.It appearsthatknowledgebasedprogramsynthesis,coupledwith au-
tomateddeductiontechniques,is themostpromisingapproachsinceit canbe
madetheoreticallysoundandpracticallyusefulat thesametime.Theintegra-
tionof optimizationstrategies,techniquesfor adaptinggenericprograms(like
transportationschedulingalgorithmsor communicationsystems)to specific
applications,andmethodsfor acquiringandstructuringdomainknowledge
is becomingmoreandmoreimportant.Furthermore,generalmethodologies
for creatingefficient andreliable implementationsof synthesissystemsare
animportantresearchissue.

Thereis a commercialinterestin computersystemswhich can rapidly
developefficient andreliablesoftware,whosekey propertiesareguaranteed
but not necessarilyformally verified.Programsynthesissystemshave come
closeto thepoint wherethey canbeusedfor thatpurpose,providedthey are
guidedby programmerswith astrongbackgroundin formal reasoning.
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