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CHRISTOPHKREITZ

PROGRAM SYNTHESIS

1. INTRODUCTION

Sincealmost30 yearssoftware productionhasto facetwo major problems:
the costof non-standardoftware,causedy long developmentimesandthe
constanineedfor maintenanceanda lack of confidencan the reliability of
software.Recentaccidentsik e the crashof KAL’'s 747in August1997or the
failedlaunchof the Ariane 5 rocket in 1996 have partially beenattributedto
softwareproblemsandlimit theextentto which softwareis adoptedn safety-
critical areasBoth problemshave becomeeven worseover the yearssince
they grow with the compleity of behaior that canbe produced.Reliable
softwaredevelopmenttechniqueghereforewould immediatelyfind applica-
tion in developingeconomicallyimportantsoftwaresystems.

Attemptsto elaboratesuchtechniquesave beenundertakn sincethe up-
comingof the softwarecrisis. To a large extentprogramminghasbeeniden-
tified asa reasoningoroceson the basisof knowledgeof variouskinds, an
actiity in which peopletendto make a lot of mistales. Thereforeit is de-
sirableto provide machinesupportfor software developmentandto develop
software engineeringtools which are basedon knowledge processingand
logical deductions.

1.1. TheGenegl Ideaof Program Synthesis

Programsynthesiglealswith theaspect®f thesoftwaredevelopmenprocess
whichcan,atleastin principle,beautomatedits goalis to mechanicallysyn-
thesizecorrectand efficient computercodefrom declaratve specifications.
Althoughit doesnot addresghe problemof obtaininganaccuratestatement
of therequirementsn thefirst place,it makesthe overall procesdasterand
morereliable,asverificationandmaintenanceannow bedoneon the speci-
ficationratherthanthe code.

Like any computerizegrocessprogramsynthesigelieson aformal rep-
resentatiorof the objectsit hasto dealwith. Researcthasbeenactive in two
areas:the developmentof expressie calculi which supportformal reason-
ing aboutspecificationandalgorithmsandthe implementatiorof deduction
stratggieswhich derive programdrom their specifications.
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In principle,the synthesiof programanustbe expressiblen somecalcu-
lus with well-knovn deductve rules. Thusthereis a needfor formal logical
calculiin which mathematicaspecificationsalgorithmicstructuresandrea-
soningabouttheir propertiescanbe properlyrepresentedThis hasled to a
revived interestin constructivetype theories(Martin-L6f, 1984; Constable
etal., 1986;Girard et al., 1989; Coquand& Huet, 1988; Nordstromet al.,
1990) and proof developmentsystemswhich can perform the correspond-
ing reasoningstepsinteractvely or guidedby proof tactics(seealsochapter
[.3.15). Type theoriesare expressie enoughto represengll the fundamen-
tal conceptdrom mathematicsand programmingquite naturally The basic
inferencestepsin formal calculi, however, areextremelysmallandway be-
low thelevel of reasoningusedby humansduring programdevelopment.To
make programsynthesigpracticallyfeasiblethelevel of abstractionn formal
reasoningnustberaised.This researclareastill needsxploration.

Stratgiesfor automatedorogramsynthesisoften avoid the formal over
headof arigorousapproachMost of themweredevelopedindependentrom
the above calculi. Therearethreebasiccateories. The proofs-as-pograms
paradigmunderstandshe derivation of programas a proof processwhich
implicitly constructsaanalgorithm. Stratgliesarebasedon standardheorem
proving techniquestailoredtowardsconstructre reasoningSection3.1),and
on mechanismdor extracting algorithmsfrom proofs. Similarly, transfor
mationalsynthesisisesgeneralrewriting techniquesn orderto transforma
specificationinto a form that canstraightforvardly be corvertedinto a pro-
gram(Section3.2). An analysisof the structureof algorithmicclassess the
basisof knowledg basedprogramsynthesigSectiord). Stratgjiesderve the
parametersf programschematandinstantiatehemaccordingly

1.2. History of Program Synthesis

Theidentificationof algorithmswith proofshasbeensuggestearlyin the
history of constructre mathematicgKolmogorw, 1932).Consequentlyau-
tomatic programsynthesissystemsshaved up shortly after the first theo-
rem provers. Pioneerwork of C. Greenand R. Waldinger (Green,1969;
Waldinger 1969;Waldinger& Lee,1969)wasfollowedby mary approaches
basedon the proofs-as-programgaradigm.Transformationakynthesisvas
introducedafew yearslater(Manna& Waldinger 1975).Programsynthesis
wasa very vivid researchareauntil the early 80’'s. Someapproachesvere
implementedandtestedsuccessfullyfor a numberof examplesbut noneof
themscaledup very well. With the adwentof logic programminghecorrect-
nesgroblemalmostappearedo besolved. Theactvitiesin theoriginal core
of thefield droppedandits focusshiftedtowardsefficiency improvements.
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LargescalesynthesidbecameossibleafterD. Smithbeganto incorporate
a structuralanalysisof algorithmicclassesnto efficient synthesisstratgies
(Smith,1985b;Smith,1987b).TheresultingKIDS system(Smith,1991ahas
comecloseto a commercialbreakthroughlts successs basedon an effec-
tive useof algorithmschematagesignstratgiesandsubsequerdptimization
techniquesvhich currentlyhave to be guidedby anexperiencediser

1.3. Overviav of this Chapter

In thischaptemwe will describeheprincipalapproacheto programsynthesis
andthe relateddeductve techniquesWe will focusmostly on generalprin-
ciplesanddervation stratgliesand omit approachesvhich aretailoredto a
specificapplicationor are only weakly relatedto the field of automatedie-
duction.After introducingsomenotationandbasicconceptsn section2 we
shalldiscusgheproofs-as-progranygaradigmandtransformationasynthesis
in Section3. In Section4 we presenknowledgebasedsynthesigechniques
andtheir relationto automateddeduction. Aspectsof programdevelopment
which arerelatedto programsynthesiwill bediscussedbriefly in Section5.
We concludewith a shortoutline of futuredirections.

1.4. OtherSoucesof Information

Obviously not all approaches$o programsynthesiscan be coveredequally
well in this chapterand someresearchareascannotbe discussedat all. A

readerinterestedn a broaderovervien of the field will find additionalin-

formationin surweyslike (Balzer 1985;Goldbeg, 1986;Steier& Anderson,
1989;Lowry & McCartng, 1991).Theproceedingsf thelEEE International
Conferenceon AutomatedSoftwae Engineering(formerly the Knowledg
BasedSoftwae EngineeringConfeencg, the International Confeenceon

Mathematicof Program Construction the InternationaMorkshopon Logic

Program Synthesisaand Transformationandthe Journalof AutomatedSoft-
ware Engineeringpresentecentdevelopmentn aregularbasis.

2. PRELIMINARIES AND NOTATION

Programsynthesiss a formal reasoningprocesswhich, in additionto first-
orderlogic, often involves reasoningaboutcomputablgunctionsand pred-
icatesdescribingtheir properties.Furthermore type informationis crucial
In most modernprogramminglanguagessince the datatype of a variable
determineswhich computationscan be appliedto it. In a logical formula
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we will provide a type for eachquantifiedvariable and allow quantifica-
tion over predicatesand functions.We shalluse—, A, v, =, <, <, V,

andd for negation,conjunctiondisjunction,implication,reverseimplication,
equwvalence universalandexistentialquantifier Quantifiedvariableswill be
followed by a colon and a type expression.If available, we use standard
mathematicahotationfor datatypes,functions,andpredicatesTheformula
Vx: IN. 3z: Z. (z2<x a x<(z+1)?), for instancegxpresseshatevery natural
numberhasaninteger squareroot.

Formal specificationsand programsare the basicobjectsof reasoningn
programsynthesisA programmingproblemis characterizedby the domain
D of thedesiredorogramjts range R, aninputconditionl onadmissiblanput
valuesx, andan outputcondition O on feasibleoutputvaluesz. A program
Is characterizedy a such specificationand a possibly partial computable
functionbodyfrom D to R. Formally, theseconceptsaredefinedasfollows.

DEFINITION 1. A formalspecificatiorspecis a4-tuple(D, R, I, O) where
D andR aredatatypes,| is a booleanpredicateon D, andO oneon DxR.
A formal programpis atuple((D, R I, O), body where(D,R I, O) isa
specificatiorandbody D4R a computabldunction.

In theliteraturethereis avariety of formal notationgfor specificationand
programs.The domain,range,and input-conditionmay be implicitly con-
tainedin the outputcondition. Specificaspectf the outputconditionmay
beemphasizedlheabore tupleform representtheessentiainformationthat
is handledduringthe synthesigprocesgut is sometimedlifficult to read.We
will oftenusethefollowing moreconvenientnotation.

FUNCTION f(x: D) : R WHERE I[X] RETURNS z SUCH THAT O[x,Z] = bodyjf,X]
wherebody f, x| expresseshatthe variablex andthe functionnamef may
occurfreein body The latteris a corvenientway to expressrecursion.We
will usea functionalprogramminganguagemixed with mathematicahota-
tion to describea programbody.

The above notationsuggestshat a programcomputesa singlevalue sat-
isfying the output condition O. Often, however, all solutionsof the output
conditionhave to be computedassuminghat therearefinitely mary. This
problemcouldbe expressedy the specification

FUNCTI ON f(x: D) : Set (R) WHERE I[x] RETURNSY SUCH THAT y={7 O[x,Z]}
but we abbreiateit by thefollowing moreelegantnotation

FUNCTION f(x: D): Set(R) WHERE I[x] RETURNS {z| O[x,Z}
NotethathereO|x, 7] is only a partof the outputcondition.

Anotherkey conceptis the notion of correctnessA programis correctif
its body computesa feasibleoutputfor eachadmissiblanput.
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DEFINITION 2. A computabldunctionbody:D/ R satisfiesaformal spec-
ificationspec(D, R, I, O) if O(x,body(x)) holdsfor all xe D satisfyingl (x).
A programp=(spec,bodyis correctif its body satisfiedts specification. A
formal specificatiorspec( D, R, I, O) is satisfiableif thereis a computable
functionbody:D/A R which satisfiest.

Thusfrom the viewpoint of deductionprogramsynthesids the sameas
proving the satisfiability of a specificationandconstructinga programbody
duringtheproof process.

3. SYNTHESIS IN THE SMALL

Originally, approacheso programsynthesiswere developedin the frame-
work of automatedieductionGreen,1969;Manna& Waldinger 1979;Man-

na & Waldinger 1980; Bibel, 1980). Their synthesisstratgies were built

on generalktechniquedrom first-ordertheoremproving andrewriting which

madethemcomparablyeasyto explain. Their fundamentaldeaswork very

well for small programmingexamplesandare,at leastin principle, applica-
ble to all kinds of programmingproblems.Essentially thereare two broad
paradigmdor programsynthesis!proofs-as-programs(Bates& Constable,
1985),and"“synthesisby transformations{Burstall& Darlington,1977).

1. In the proofs-as-pograms paradigma specificationis expressedy the
statementhat a realizationof the specificationexists. To synthesizean
algorithm,aconstructve proofof this statementis producedBecauséhe
proofis constructie, it embodiesa methodfor realizingthe specification
which canbe extractedfrom it This paradigmemphasizeshe synthesis
of algorithms(computabldunctions)from declaratre specificationslts
mainissueis correctnessResearcliocusenthedevelopmenbf strong
theoremproversandmechanisméor extractingalgorithmsfrom proofs.

2. In contrast,synthesidy transformationslervesthe algorithmfrom the
specificatiorby forward reasoningusuallybasedon rewrite ruleswhich
encodethelogical laws of a particulardomain.A specifications viewed
as executable thoughinefficient programand the emphasidies on im-
proving efficiengy through programtransformationsThis paradigmis
particularlywell-suitedfor thesynthesi®of logic programssinceadeclar
ative formulacanin factbe viewed asexecutableprogramwhich “only”
hasto betransformednto somerestrictedsyntaxlike Hornlogic.

In thefollowing we shallpresenbothapproacheseparatehanddiscusgheir
principaladwantagesndlimitations.
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3.1. ProofsasPrograms

The ideato useformal proofs as a methodforconstructingprogramsfrom
formal specificationsarosefrom the obsenration that developing a program
andproving it correctarejusttwo aspect®f thesameproblem(Floyd, 1967).
While verifying a given programone hasto formalizethe sameideaswhich
were originally usedin the constructionof the program.As a consequence,
programverificationessentiallyrepeatshe entire programmingprocessex-
ceptfor adifferentdegreeof formality.

To avoid suchdoublework when designingsoftware the proofs-as-pro-
gramsparadigmhas focusedon developing a programand its correctness
proof at the sametime (Green,1969; Manna& Waldinger 1980).A spec-
ification spe&(D, R I, O) is representedby a specificationtheoem of the
form vx: D. 3z R (1]x] = O|x,Z]) . To synthesizeanalgorithm,a construc-
tive proof of this theoremis generatedln sucha proof eachindividual step
correspond$o a stepin acomputationThusthe completeproof corresponds
to a programsatisfyingthe specificatiordescribedy thetheorem.This pro-
gramcanbe extractedfrom the proof in afinal step.The following example
illustratesthe mainargumentbehindthe proofs-as-programgaradigm.

EXAMPLE 3. Thetheoremvx: Z. 3z: Z. (x>0 = z°<x A x<(z+1)?) expresses
the statementhat for eachnaturalnumberx thereis someintegerz which is the
squarerootof x. A constructve prooffor this statemenshows thatfor eachx sucha
z canbeconstructedlt embodies universalmethodfor computingz fromx, i.e.an
algorithmfor computingintegersquareroots.

This algorithmstronglydependon howthe theoremwasproved. Typically one
would proceedby inductionon x, providing 0 assolutionfor the basecaseandper
forming a caseanalysisin the stepcase.This meango checkif the previousx is the
exactsquareof the previousz or not andto provide a new valuefor z accordingly
Theresultingproofimplicitly containsanalgorithmwhich computes via primitive
recursionanda conditionalin the stepcaselt couldformally be expresseds
FUNCTI ON sqrt (x: Z): Z WHERE x>0 RETURNS z SUCH THAT z2<x A x<(z+1)
= if x=0 then 0 else let z=sqrt(x-1) in if z?=x-1 then z+1 el se z

The correspondencéetweenprogramssatisfying a given specification
and proofs of the specificationtheoremcan be understoocas a specificre-
interpretationof the Curry-Howad Isomorphism(Curry et al., 1958; Tait,
1967)betweerproofsandtermsof anextended\-calculus For instancegon-
structinga prooffor auniversallyquantifiedformula¥x: a. P[x] corresponds
to afunctionwhich takesanelemenix of thetypea andreturns(atermcor-
respondingdo) aprooffor P[x]. Analyzingvx: a. P[X] in orderto shav P[a/X]
correspondso applyingsucha functionto the elementa. Likewise, a proof
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Tablel. Proofs-as-programsorrespondencr first-orderlogic

Connective Construction Analysis

Atomic Literal Variable —

Conjunction Pair Projection
Disjunction Injections Conditional
Implication Functiondeclaration| Functionapplication
Negation Functiondeclaration| Functionapplication
ExistentialQuantification| Pair Projection
UniversalQuantification | Functiondeclaration| Functionapplication

* Thesameéiteral will alwaysbeassociatedvith the samevariable

for aformula3x: a. P[x] correspond$o apair( a, p,) whereais anelement
of a and p, a proof for P[a/x]. A constructie proof for PvQ corresponds
eitherto a left injectioni nl ( p) or aright injectioni nr (), dependingon

whetherP or Q is being shavn. Analyzing a disjunctionleadsto a condi-

tionalwhich examinestheseinjections.

Table | describeghe correspondencbetweenproofs and programsfor
first-orderlogic. Detailsdependon theindividual proof calculusandthe for-
mal languagen which programsareto be expressedin sequentbr natural
deductioncalculi the correspondencean be representedtraightforvardly
sinceprogrammingconstructanbetied directly to proofrules. This makes
it easyto definea mechanisnfor extractinga programfrom the proof of a
specificatiortheoremandto justify the proofs-as-programgrinciple.

THEOREMA4. A specificationspec£ D, R, I, O) is satisfiableiff the theo-
rem Vx: D. 3z R (I[x] = O[x,Z]) canbe proved(constructively).

Proof. Accordingto table | the proof of a specificationtheoremcorresponds
to a computablefunction pf which on input xeD returnsa pair (z p) wherezeR
and p is a proof term for |[x] = O[x,Z]. By projecting p away, i.e. by defining
bodyx) =first(pf(x)) we geta correctprogramfor the specification. Con-
versely if we have acomputabldunctionbody. DAR andatermprf corresponding
to a correctnesproof for the program((D, R I, O), body) , thencombiningbody
andprf leadsto a proof of the specificatiortheorem. O

It shouldbe notedthatin a proof of a specificationtheoremonly the part
thatshavs how to build z from x needsto be constructie. The verification
of 1[x] = O[x,z] doesnot contritute to the generatedalgorithmand canbe
performedby non-constructie meansaswell.

Synthesisstratgjies basedon the proofs-as-programgrinciple heavily
rely on the availability of theoremproverswhich candealwith arich vari-
ety of applicationproblems.n principle,ary constructre proof methodfor
which an extraction mechanismcan be definedis useful for this purpose.
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Skolemizationand resolution,althoughnot entirely constructie! generate
substitutionswhich can be extractedfrom a proof and were usedin early
approachefGreen,1969;Manna& Waldinger 1975)to programsynthesis.

It hasturnedoutthatpurefirst-ordertheoremproving is too weakfor pro-
gram synthesisasit cannotgeneratanore than simple substitutionswhich
do not considerthe meaningof atomicpropositionsReasoningboutrecur
sionor loopsplaysa vital partin the designof almostary programaswell
as knowledge aboutarithmeticand other applicationdomains.The former
hasbeenaddressedby extendingtheoremproving by inductiontechniques
suchasrippling (Bundy, 1989;Bundyetal., 1992)or constructivematding
(Franwa, 1985).Thelatterrequiresspecializedlecisionproceduresincean
axiomatizatiorof the applicationdomainwould requirethousand®f formu-
lasto be considerec&ndthusbe extremelyinefficient.

Currentlythereis no integratedtheoremproving systemwhich candeal
with all theseproofstasksequallywell. In spite of a variety of approaches
andsystemswvhich have beendevelopedover the past25 yearsthe automatic
synthese®f programshroughproofshasonly beenableto createsolutions
for relatively small problems.Furthermore pure proof methodsdo not al-
waysleadto anefficient solution.Inductie proofsof specificatiortheorems
asin example3 canonly generatgrimitive recursve programswith linear
compl«ity althoughlogarithmictime is possible Fasteralgorithmscanonly
be createdn lessrigorousframenorks which allow inductionson the output
variableor by explicitly providing thealgorithmstructure(seeSectior4.3).

3.2. TransformationalSynthesis

While the proofs-as-programparadigmprimarily aims at the deriation of
formally verified programs gfficiency considerationiave beenthe original
motivationfor programsynthesidy transformationsg-or mary programming
problemsit is relatively easyto produceandverify a prototypeimplementa-
tion in alucid, mathematicahndabstracstyle. Correctness;omprehensibil-
ity, andeasymodificationsaretheadvantage®f suchprogramsBut alack of
efficieney makesthemunacceptabl&or practicalpurposesandthey canonly
viewed asdetailedspecificatiorof the“real” program.

Initially, programdevelopmenty transformationgDarlington,1975;Bur-
stall & Darlington,1977)focusedon systematicallytransformingprograms
into moreintricatebut efficient ones.This ideawasadaptedo programsyn-
thesis(Manna& Waldinger 1975; Darlington,1975; Manna& Waldinger

1 Matrix-basedheoremprovershave recentlybeenextendedo constructvefirst-
order logic (Otten & Kreitz, 1995). The correspondingextraction mechanismis
baseddnacorversionof matrix proofsinto sequenproofs(Schmitt& Kreitz, 1995).
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1979)asatechniquéor transformingspecificationswhich arenot necessar
ily executablejnto expressionsvhich canbehandledoy acomputerin logic
programminghisdistinctionbetweerdeclaratre specificationandalgorith-
mic programshasalmostdisappearedResearcln transformationasynthesis
todayaimsmostly? atlogic program synthesisindtransformationgClark &
Sickel, 1977;Hogger 1981),alsocalled” deductiveprogram synthesis
Approachedo transformationasynthesisgusuallyproceedoy step-wisely
rewriting the output-conditionof a specificationinto a logically equvalent
or strongerformula which algorithmically can be viewed as refinementof
the specificationln afinal stepprogramformationrulesareappliedin order
to createprogrammingconstructdrom the dervationtree.In the context of
logic programminghis stepis almostsuperfluousincetheresultingformula
only needsafew syntacticaldjustment$o be understoodslogic program.

Individual approachesary greatlyasfar asnotationis concernedut es-
sentiallyproceedasfollows. A specificatiorspe&(D, R, I, O) isrepresented
by the formula Vx: D.Vz R (1[X] = (P(X, 2 < O|x,Z])) which definesa
new predicateP as equivalentto the given output condition. The intuition
behindthis is to view O[x,z] asbody of a programwhosenameP is newly
introducedandto derive propertief P by forward reasoningIn this setting
therole of x andzis notyetfixedbut thetransformatiorproceswill optimize
O[x, Z] with respecto a particulardesignatiorof input andoutputvariables.
Thegoalof transformingOJ[x, Z is to createa valid formulaof theform

Vx:D.Vz R (I[X] = (P(x 2 < O¢[x,zP]))
whichis algorithmicallysatistctory This goalof transformationasynthesis
cannotbe expresseavithin the logical formalismbut only within the derva-
tion strategy. A typical criterionin logic programsynthesisfor instancejs
that O¢[x,z,P] mustbe a Horn formula and contains,apartfrom recursve
instance®f P, only predicatesvhich arealreadyknown to be executable.

In orderto transformQ[x, Z] into O¢[X, z, P] conditionalrewrite rules are
applied.Theserulesarebasedon (conditional)equivalencesor implications
which are usedto defineconceptsof someapplicationdomainandto state
their propertiesin particular thedefinitionof P itself is consideredscondi-
tional equivalencewhich canbefoldedif recursiomneedgo beintroduced.

Program formation rules determinehow to corvert the result of these
transformationsnto a valid program.Logic programsfor instance,canbe
generatedy simply droppingthe universalgquantifiers,the input condition,
andary existential quantifierin the body Os, by splitting disjunctionsinto
two separatelauseswith the samehead,andby replacingfunctionsby the

2 Researclton program transformationss still an active researctarea.Here, al-
gebraicmethodsaredominatingwhile logical deductionplaysonly a minorrole.
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correspondingredicatesFurthermoregequalitiesandstructuraldecomposi-
tionsin thebody canbe replacedoy modifying the headof a clausein order
to take strongeradvantageof unification.The constructiorof functionaland
Imperatve programss morecomple sinceit requiresa formationrule cor
respondingo eachlogical junctorandonefor recursion Someof theserules
aresimilar to thealgorithmschemataivenin Sectionst.2.1and4.2.2.

Asin thecaseof proofs-as-programshevalidity of transformationasyn-
thesisessentiallydepend®ntheprogramformationmechanismTherequire-
mentto basethetransformation®n equvalencesor implicationsonly makes
surethat transformingO|x, z] will resultin avalid formula. The correctness
of thegenerateghrogramis thenassuredy thefollowing theorem.

THEOREMS. LetspecH{ D, R I, O) bea formal specificationrand P be a
predicatedefinedby Vvx: D.Vz R (I[x] = (P(x 2 < O[x,2])) . If the for-
mula Vx D.Vz R (1[X] = (P(x, 2 < 0O¢[x,z P])) is valid thenthe pro-
gramextractedfromit satisfieghe specificatiorspec.

Proof. (Sketdh) In the caseof logic programswherethesemanticés almostiden-
tical to the declaratve meaningthe generatedlgorithmis logically a refinemenbof
the original outputconditionwhosecorrectnesss easyto see.A full proofrequires
aninductionaboutthestructureof O andaprecisedefinitionof theprogramforma-
tion rulesfor eachlogicaljunctor. O

Researchn transformationabynthesishasmostly beenconcernedwith
developingefficient rewrite techniqguesand heuristicsproducingsatistictory
practicalresults.Someapproachesisefolding andunfolding a fixed set of
equvalencesor equationgDarlington,1975; Darlington,1981),a modifica-
tion of the Knuth-Bendixcompletionprocedure(Dershavitz, 1985), or re-
finementsaccordingto giventransformatiorand programformation(Manna
& Waldinger 1977; Manna& Waldinger 1979)are closelyrelatedto each
other The LOPS-approackBibel, 1980)providesa smallsetof Al-oriented
stratgieswhich we shalldescriban thefollowing example.

EXAMPLE 6. In orderto synthesizean algorithmcomputingthe maximumm of
a finite setS of integerswe begin by defininga new predicatemaxto describean
elementwhichis greateror equalto all otherelementsf S.

VS: Set(z).YmzZ. (S#0 = (maXS,nm < meS A VxeS x<n))
In the first stepwe try to guessa solution,assumingthat we will eitherfind one
or provide a way to reducethe problem.Formally, we introducean existentially
guantifiedvariableg andaddg=mv g#masindicatorfor a successfubr a failing
guess.To limit the possibilitiesfor guessingve introducea domainconditiong €S,
whichis takenfrom the original problemdescription We addtheseconditionsto the
outputconditionof maxandget

VS: Set(z).VYm Z. (S£0 =

(maxXSmM < 39:Z.(geS A meS A ¥xeS. x<m A (g=mvg#m)))
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Next, we distributethedisjunctionovertheinitial outputconditionandintroducetwo
predicatesnax andmax asabbreiations.They useg asadditionalinput variable
with input conditiong €S. This transformatiorresultsin

VS: Set(z).Vm zZ. (S#£0 =

(maxS,m <« 39:Z.(geS A (max(S g, m vmax(S g,m))))

VS: Set(z). Vg, m Z. (S#0AgeS = (max(S, g, M < meSAg=mVxeS. x<n))
VS: Set(Z). Vg, m Z. (S£0AgeS = (max(S, g, M < meSAgAMVYXeS. x<m)
Theabove stepsareequivalencepreservingandcanbe executedby a strateyy called
GUESS-DOMAIN Before continuingwe analyzethe threesubproblemsThe first
oneis solved oncewe have solutionsfor max andmax. The secondhasa trivial

solutionandwe only have to investigatethethird.

The stratgly GET-REC triesto introducerecursionby reformulatingthe output
conditionfor max into aninstanceof the outputconditionof max It retrievesinfor-
mationaboutwell-foundedrecursionon finite setsandattemptsa rewrite towards
S- g, the setresultingfrom removing g from S. For this purposet searche$or lem-
matainvolving S- g#0, meS- g, andVx € S- g. x<m andrewritesthe problemaccord-
ingly. Thisleadsto a disjunctionin theinput conditionwhich s split into two cases.

VS: Set(z). Vg, mZ. (S={g} rgeS =

(max(S,g,m < meSaAg#MAVYXeS. x<m)

VS: Set(z).Vg, mZ. (S-g£0AQgeS =

(max(S,g,m < meS-gAg#mag<maVxeS-g.x<m)
Theoutputconditionof thefirst caseprovesto be contradictorysincetheinput con-
dition stateghatS consistsof the singleelementy. In the secondwe canfold back
thedefinitionof max simplify g#ma g<m andget

VS: Set(z). Vg, mZ. (S-g#0 A geS = (max(S, g,m < maxS-g, m Ag<n)
Now all subproblemsare solved. After removing redundanciesve createa logic
programaccordingto theabove-mentionedormationrulesandget

max(S, M .- menber (G S), max_aux(S,GM.

max_aux(S,GM :- setmnus(S,GS G, mx(SGM, less(GM,!.

max_aux(S,M M :- setless(SM.
The stratgies GUESS-DOMAINand GET-REC arethe centerof all LOPSderva-
tions.(Bibel, 1980)describeseveralstratgieswhich supporthemif morecomplex
examplesshall be solved. Unfortunatelymary of themturnedout to be difficult to
formalizepreciselyandthe LOPSapproach|ike mary othergoodideas,could not
beturnedinto a systemwhich wasableto solve morethanafew smallexamples.

3.3. Discussion

Despitetheir differentorigins thereare no principal differencebetweenthe
proofs-as-programparadigmand transformationalkynthesis.Transforma-
tions can be simulatedin a proof ervironmentby using lemmata(i.e. the
cutrule) andprooftransformations recursions introducedProofrulescan
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be viewed as specialrewrite rules.In principle, eachderivation stratgy in
one paradigmcan be corvertedinto onefor the other The real questionis
ratherwhich ervironmentis more corvenientfor a particularmethod.The
proofs-as-programparadigmprovides a clearly definedproof goal andfa-
vors analyticmethodsfrom theoremproving. Dependingon the rigorousity
of the proof systemcorrectnessan be guaranteedor all inferences.The
latter is not the casefor transformationakynthesissincethe transformation
ruleswhich dealwith domainknowledgeareusuallynotverified. Theadwan-
tageis a smallerformal overheadwhich togetherwith the focuson forward
reasoningnakesthedervationof programsoftensomevhateasier

Both synthesisparadigmshowever, rely on generalreasoningmethods
which operateon the level of elementarjtogical inferencesThis makesthe
fundamentakechniquegelatvely easyto explain andimplementand was
quitesuccessfulor solvingsimpleprogrammingproblemdike sortingor the
n-queengroblem.A fully automatedsynthesiof larger problems however,
is almostimpossibledueto the explosionof the searchspace Interactionis
alsoverydifficult sincegeneramethoddrom automatedieductiorhave little
to do with theway in which a programmemould reasonwhendevelopinga
program.Thereforethesesynthesidechniqueslo not scaleup very well.

Themainproblemof generabpproacheto programsynthesiss thatthey
force the synthesissystemto derive an algorithm almostfrom scratchand
to re-invent algorithmic principleswhich are well understoodn computer
scienceSolvingcomplex programmingoroblemshowever, heavily relieson
knowledgeaboutapplicationdomainsandstandargrogrammingechniques.
Onecanhardlyexpecta synthesisystento besuccessfuif suchexpertiseis
notalreadyembeddedViore recentapproachethereforemalke programming
knowledgeexplicit, insteadof hiding it in the codeof their stratgies, and
developtheir algorithmdesignstratgieson the basisof suchknowledge.

4, KNOWLEDGE BASED PROGRAM SYNTHESIS

Knowledgebasedsynthesistratgiesarosefrom the obserationthatthede-
velopmentof comple algorithmsrequiresa deepunderstandingf funda-
mentalalgorithmicstructuresThey aim at a coopeation betweenprogram-
merandmachine A programmeshallguidethe derivation procesdy high-
level stratgjic decisionswhich, like the selectionof an appropriateprogram
structure requirea deepunderstandingf the problemandthe intendedso-
lution. The synthesisystemwill fill in the formal detailsandensurethe cor

rectnes®f thegeneratedlgorithms.
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This meanghat muchwork will be investedinto the developmentof the
synthesissystemin orderto easethe burdenfor the synthesigprocess The
designof knowledgebasedsynthesisystemsequiresananalysisof thefun-
damentaktructureof standardalgorithmsandof theaxiomswhich guarantee
their correctnesslt alsorequiresthe developmentof stratgies which con-
structalgorithmson the basisof this analysisandneedonly afew high-level
designdecisions.Sincethe analysisusually leadsto a setof theoremsstat-
ing conditionson the parameter®f somewell-structuredalgorithmschema
the stratgies have to derive valuesfor theseparametersvhich satisfythese
conditions.Thefinal stepconsistf instantiatingghe algorithmschemaThe
resultcanlater berefinedby programtransformatiortechniquego be made
moreefficient. Oneadwantageof this techniquds thatit makesthe synthesis
stratgy independentrom the programminganguagen whichthealgorithm
schemais formulatedand allows to useany programminglanguagewith a
well-definedsemanticgor this purpose.

Synthesisstratgies have beendevelopedfor a numberof algorithmic
classegsee(Smith& Lowry, 1990)for a generalexposition).In this section
we will illustratethe principle by describinga stratgy for the development
of so-calledglobal searchalgorithmsand presenta variety of stratgiesre-
lated to other classesf algorithms.We will also discusshow to integrate
knowledgebasedalgorithmdesignandmethoddrom automatedaieduction.

4.1. Synthesizingslobal Seach Algorithms

Solvinga problemby enumeratingandidatesolutionsis a well-knowvn con-
ceptin computerscience Global seach is a techniquethat generalizei-
nary searchpacktrackingand other methodswhich explore a searchspace
by looking atwholesetsof possiblesolutionsatonce.lts basicideais to com-
bine enumeratiorand elimination processedJsually, global searchinvesti-
gatesthe completesetof outputvaluesfor a given input. It systematically
enumerates searchspace which mustcontainthis set,andtestsif certain
elementf the searchspacesatisfy the output-condition.The testis neces-
saryto guaranteeorrectnessut ratherinefficientif thesearchspacas much
biggerthanthe setof solutions.Thereforewhole regionsof the searchspace
arefiltered out during the enumeratiorprocessf it canbe determinedhat
they cannotcontainoutputvalues.

A carefulanalysisn (Smith,1987b) laterrefinedandformalizedin (Kre-
itz, 1992;Kreitz, 1996),hasshavn thatthecommonstructureof globalsearch
algorithmscanbeexpressedby thepair of abstracprogramsresentedh Fig-
urel. Theseprogramscontainplaceholder®, R, I, andO for a specification
and seven additionalcomponentsS, J, sp, sat, split, ext, ® which are specific
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FUNCTION f(x: D):Set(R) WHERE I[x] RETURNS {z| O[x,Z]}
= if ®Px,5[X] then fg(Xx so[X]) else []
FUNCTI ON fgs(X, s Dx§:Set(R) WHERE I[x]AJ[X,5AD[X,9]
RETURNS {z| O[x,Z]A safz 9|}
= let imediate_solutions = filter (\z O[x,Z) (ext[s))
and recursive_solutions =
let filtered_subspaces = filter (\t.®[xt]) (split)x,s) in
flatten (map (\t. fgs(x t)) filtered_subspaces)
in append inmedi ate_sol utions recursive_sol utions

Figurel. Structureof globalsearchalgorithms

for aglobalsearchalgorithm.Oninputx thisalgorithmstartsinvestigatingan
initial seach spacesy[x] andpassed throughthefilter @ whichchecksglob-
ally whethera searchregion s containssolutions.Usinganauxiliary function
fys thealgorithmthenrepeatedlyextracts(ext[s]) candidatesolutionsfor test-
ing andsplits a searchspaces into a setsplitx,s| of subspacewhich again
arepassedhroughthefilter ®. Subspacewhich survive filtering containso-
lutionsandareinvestigatedecursvely.

For the sale of efficiency searchspacesrerepresentetly spacedescrip-
tors seSinsteadof setsof values.The factthata value ze R belongsto the
searchspacedescribedy sis denotedby safz, | while J[x, | expresseshat
sis ameaningfulspacedescriptorfor the input x. Formally, Smustbe a data
type.J and ® mustbe predicateson DxS and sat oneon RxS. 5:DAS
splitDxSAS, andext:SASet(R) mustbe computabldunctions.

Vx:D.VzZR. VsS

1. 1(x) = J(X,5(X))

2. 1(X) Ad(x,s) = Vtesplit(x,s). J(x,t)

3. 1(X)A0O(x,2) = saf(z (X))

4. 1(x)AJ(x,9) A0(x,2) = satz,s) < TkiIN.Itesplit(x,s). zeext(t)
5. 1(X) Ad(x,s) = ®(x,9) <« 3TJzR.sat(z;s) rn O(x,2)

6. 1(X)AJ(x,9) = JkIN. split§(x,s) =

wheresplity (x,s) = {tesplit(x,s) | P(x,t)}
and splith(xs) =s, splitsri(x,s) = Uk e spiis (x.9 SPlito (X, )-
Figure2. Axioms of globalsearch

Six requirementsformalizedin Figure 2, ensurethe correctnes®f the
globalsearchalgorithms.Theinitial descriptomustbemeaningful(1). Split-
ting mustpresere meaningfulnesg). All solutionsmustbecontainedn the
initial searchspace(3) andbe extractableafter splitting finitely mary times
(4). Subspacesontainingsolutionsmustpassthefilter (5). Filteredsplitting
musteventuallyterminate(6).
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THEOREMY. If D,R,1,0, S J,sat S, split,ext, and ® fulfill the axiomsof
global search thenthe pair of programsin Figure 1 is correct.

Proof. (see(Smith,1987h Kreitz, 1996 for details)Thecorrectnessf f follows
from the correctnes®f fgs andaxioms1 and3. The validity of fgs follows from
axioms2, 4, and5. To prove this factonehasto shav by inductionthat the result
of computing fgs(x,s) is U{ {zeext(t)|O(x,2)} | te U, splity(x,9)} } wherei
is the smallestnumberwith split,,(x,s) = 0, i.e. the numberof stepsuntil fgs(X, )
terminates.Terminationandthustotal correctnessf fgs followsfrom axiom6. O

Thusaglobalsearchalgorithmfor agivenspecificatiorcanbesynthesized
by derving seven componentsS, J, sat, s, split, ext, and ® which satisfy
the six axiomsandinstantiatingthe abstracfprogramsaccordingly A direct
derwvation of global searchalgorithms,however, is still a difficult tasksince
Theorem7 doesnotshav how to find theadditionalcomponentsAlso, aver-
ification of theaxioms particularlyof axioms4 and6, would putaheary load
on the deriation processlt is muchmore meaningfulto basethe construc-
tion of global searchalgorithmson additionalknonledgeaboutalgorithmic
structuresFor eachrangetype R, for instancethereare usuallyonly a few
generalmethodsto enumeratesearchspacesEachglobal searchalgorithm
will useaninstanceof sucha method.Thereforeit makessenseo storein-
formationaboutgenericenumeratiorprocessefn a knowledgebaseandto
developtechniquedor adaptingthemto a particularprogrammingoroblem.

The investigationdgn (Smith, 1987b)have shavn that standardenumer
ation structuredor somerangetype R canbe representedby objectsof the
form ((Dg, R 1g,06), S,J,%, s&, split,ext) which satisfythe axioms1 to 4.
Suchobjectsare called GS-theoriesA problemreductionmechanismwill
make surethattheseaxiomsarepresered whenthe enumeratiorstructureis
specializedo a specificationwhich hasthe samerangetype.

Specializinga standardGS-theoryG works asfollows. Its specification
speg = (Dg,Rg,l,0c) characterizes generalenumeratiormethod fg
which exploresthe spaceRg asfar aspossible Specializatiorsimply means
to truncatethe searchspacesuchthat superfluouslementswill not be enu-
meratedlIt is possiblef speg is moregenerathanthe givenspecification.

DEFINITION 8. A specificationspeg = (Dg,Rg,lc,0c) genenlizesthe
specificatiorspec= (D, R,1,0) if thefollowing conditionholds.
R=Rg A ¥x:D.3xg:Dg.(1(X) = (Ic(Xs) A YZR.(O(X,2) = Oc(Xg, 2))))
We alsosaythatspeg canbespecializedo spec
Thusspecializatiorrestrictsthe outputof fg to valueswhich satisfythe

strongercondition O. Furthermorejt allows to adaptthe input x of a spec-
ified problemsincethe x is mappedo a valuexg which senesasinput for



120 CHRISTOPHKREITZ

the searchperformedby fs. Accordingto the proofs-as-programgaradigm
(theorem4) a proof of the generalizationmplicitly containsa substitution
08:D—Dg which mapsx to Xg. 8 canbe extractedfrom the proof andthenbe
usedfor refining fg into a searchmethodwith inputsfrom D insteadof Dg.

COROLLARY 9. If speg = (Dg,Rg,lc,Oc) genenlizesthe specification
spec= (D,R,I,0) thenthere is a function8:D —D¢ which satisfieghe con-
dition ¥x:D.(I(x) = (Ic(8(x)) A YZR.(O(X,2) = Og(6(X), 2)))).

Altogetherproblemreductionallows us to createa global searchalgo-
rithm f for specby defining f(x) = {ze fc(0(x)) |O(x,2)}. For thesale of
efficiengy, the modificationscausedoy 6 and O aremoved directly into the
component®f the global searchalgorithm.By anindex 8 asin Jg or splitg
we indicatethat®0 is appliedto all algumentsexpectinga domainvaluefrom
D, e.g.splity(x,s) = split(6(x), s).

SpecializingpredefinedGS-theoriesallows us to derive six components
of a global searchalgorithmwhich satisfy axioms1 to 4 with little effort.
Similarly, we canavoid having to prove the sixth axiom explicitly. For each
enumeratiorstructurethereare only a few standardmethodswhich ensure
terminationthroughan elimination processin (Kreitz, 1992; Kreitz, 1996)
it hasbeenshavn that thesecan be representedy filters for a GS-theory
G which satisfy axiom 6. Suchfilters are called well-foundedwrt. G and
this propertyis presered during specializatioraswell. Thusspecialization
reduceghe proof burdento checkingthat, after specializationthe selected
filter is necessarywrt. the GS-theoryi.e. thatit satisfiesaxiom5. The pro-
cessof adaptingthe searchspaceto the specificproblemcanbe completely
formalizedandexpressedn asingletheorem.

THEOREM10. Let G = ((Dg,R,l,0c), S J,%,sd,split,ext) be a GS-
theorysud that (Dg, R I, Og) genenlizesspec= (D,R,1,0). Let8 bethe
substitutionextractedfromthe genealization proof.
ThenGg = ((D,R,1,0), S J, Sog, S&, Splitg, ext) isa GS-theoryFurthermoe
if ® is awell-foundedilter wrt. G then®g is well-foundedwrt. Gg

Proof. Axioms 1 to 3 for Gg canbeshaown directly by combiningthe propertieof
0 (Corollary9) with theglobal searchaxioms.Axiom 4 andthewell-foundednessf
@y canbeprovedby a straightforvardinductionover k andthe numberof iterations
of split, againusingthe propertieof 8 andthecorrespondingxiomsfor G and®. O

Adaptingstandardalgorithmicknowledgeto a given problemmovesmost
of theproofburdeninto thecreationof theknowledgebaseandkeepshesyn-
thesisprocesstself comparablyeasy Informationretrieved from the knowl-
edgebasewill provide all thebasiccomponentandguaranteg¢hataxiomsl
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to 4 and6 aresatisfied Only the specializatiompropertyandthe necessityof
thespecializedilter — conditionswhicharemucheasietto prove thanaxioms
4 and6 — needto bechecled. Thesensightsled to thefollowing strateyy.

STRATEGY 11. Giventhespecification
FUNCTION F(x: D): Set(R) WHERE I[x] RETURNS {z| O[x,Z] }
1. Selecta GS-theoryG=((Dg, R, ls,0c), S,J, %, s&, split,ext) for R.
2. Provethatspeg=(Dg, R |g,0c) generlizesthe specification.
Derivea substitution® : D—Dg fromthe proof and specializeG with 6.
3. Selecta well-foundedilter ® for G andspecializat with 6.
4. Provethatthespecializedilter is necessaryor thespecializedsS-theory
5. Instantiatethe program schemagivenin Figure 1.

In stepsl and3 of theabove stratgy, theselectiorof the GS-theoryG and
thewell-foundedfilter ® is mostlyamatterof designlf therearechoicesthe
decisionshouldbemadeby a humanprogrammeratherthanby a predefined
heuristic.In step4 the specializedfilter could be further refined heuristi-
cally by addingconditionswhich presere its necessityln somecaseshis
improves the efficiengy of the generatedalgorithm drastically The global
searchstratgy hasbeensuccessfullyappliedto a numberof programming
problems(Smith, 1987b; Smith, 1991a).In particularit hasbeenusedfor
the synthesisof commercialtransportatiorschedulingalgorithms(Smith &
Parra,1993;Gomesetal., 1996)which turnedoutto be muchmoreefficient
thanary hand-codedmplementation.

4.2. DesignStratagiesfor OtherAlgorithmic Classes

Schema-basesynthesisstratgies have beendevelopedfor a variety of al-

gorithmicclassesThe cancreategenerate& testalgorithms(Smith,1987a),
static algorithmssuchas the formation of conditionals(Smith, 1985a),di-

vide & conqueralgorithms(Smith, 1985b),local searchalgorithms(Lowry,

1991),andgeneralproblemreductiongeneratorgSmith, 1991b).In the fol-

lowing we shall briefly describethe centralideas,their justification,andthe
correspondingynthesistratgjies.

StaticAlgorithms

Staticalgorithms,i.e. algorithmswithout loopsor recursionarea meangor
adaptingalreadyexisting programdo similar tasks.Suchalgorithmsareusu-
ally designedluringthesynthesiof comple« programmingoroblemsbut can
alsocreatedseparatelyThe correspondinglesignstratgiesoccurbothasin-
dependeniethodandaspartof moresophisticatedynthesigechniques.
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Opeiator Match is areductiontechniquehatsolvesa programmingproblem
spec= (D,R I, 0) by transformingdts inputsinto inputsof a known problem
spe¢ = (D',R,I’,0) andtransformingoutputsof thatproblembackinto its
own rangetype. This techniqueworksif, aftertransformationtheinputcon-
dition | is strongerthatl’ andthe outputconditionO is wealer thanO':
Vx:D.3IX:D". (I(x) = (I'(X) A VZ:R.3zR.(O'(X,Z) = O(x,2))))
We saythat specreducedo spec’if the abore conditioncanbe proved. In
thiscaseaccordingo theproofs-as-programsaradigmthe proofcontainsa
substitutiond:D—D’ which mapsx to X anda substitutiono:D’ xR —D xR
whichmaps(X,Z) to (x,2). Thusa programsatisfyingthe original specifica-
tion canbegeneratedby composingd, a solutiong for spec; ando.

THEOREM12. Letspec= (D,R,1,0) andspe¢= (D',R,I’,0) be speci-
fications,0:D—D’, g: D'AR, ando:D'xR—DxR. If (1) specreduceso
spec’,(2) 6 and o are substitutionsxtractedfromthe proof of (1), and (3) g
satisfiesspec’ thenthefollowing programis correct

FUNCTI ON f(x: D): R WHERE I[x] RETURNS z SUCH THAT O[x,7]

= 0(8(x), 9(6(x)))

Specializationalreadydiscussedn the contet of global search(seedefini-
tion 8), canbe seenasa variantof operatoratching.The differenceis that
specializatiordealswith set-\aluedproblemsandrestrictsthe output.

THEOREM13. Letspee=(D,R,l,0) andspe¢=(D’,R,l’,0') bespecifica-
tions,0:D—D’', andg:D’' ASet(R). If (1) spec’generlizesspec(2) 6 is the
substitutionextractedfrom the proof of (1), and (3) g satisfieshe specifica-
tion FUNCTI ON G(X: D’): Set (R) WHERE I’[x] RETURNS {Z| O'[¥,Z]} thenthe
following programis correct

FUNCTION f(x: D): Set(R) WHERE I[x] RETURNS {z| O[x,Z]}

= {zeg(8(x))|O(x,2)}

Reasoningpy Casess atechniquewnhich generatesonditionalprogramsf a

moredirectapproacho solvinga programmingproblemfails. The essential
idea (Smith, 1985a)is to split the input into two or more caseswhich are

analyzedseparatelyandthencomposedgaininto a correctprogram.

THEOREM14. Letspec= (D,R,I,0) bea specificationg,h:DAR, and p
bea booleanfunctiononD. If (1) g satisfieghespecificationD,R, | A p,0)3
and (2) h satisfiesthe specification(D,R,1 A—p,0) thenthe following pro-
gramis correct

FUNCTI ON f(x: D): R WHERE I[X] RETURNS z SUCH THAT O[x,7]
= if p(x) then g(x) else h(x)

3 We usel A p asabbreviationfor apredicatedefinedoy (I A p)(x) = 1 (X) A p(X).
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There are datatypesD’ and R, predicatesOp on DxD’'xD, O’ onD’'xR/, and O¢c
onRxR xR, anda well-foundedrderingrelation = on D sud that
1. Directly-solvesatisfieghe specification
FUNCTI ON Fp(x: D) : R WHERE I[X] A prim[x] RETURNS z SUCH THAT Q[x,Z]
2. VX, x1:D.Vx2:D'.Vz:R. V7, ZR.
Op(X,%2,X1) A O (X2,22) A O(x1,21) A Oc(z2,21,2) = O(Xx,2)
3. Decompossaatisfieghe specification
FUNCTI ON Fy(x: D): D'xD WHERE 1[x] A =prim[x]
RETURNS Xp,x1 SUCH THAT 1'[x2] Al[X1] A X1 = X AOp[X,X2,X1]
4. Composesatisfieghe specification
FUNCTI ON Fe(22,z1: R xR): R RETURNS z SUCH THAT Oc(22,z1,2)
5. g satisfieghe specification
FUNCTI ON Fg(x2: D'): R WHERE 1’[x2] RETURNS 2z, SUCH THAT O'(x2,2)

Figure3. Axiomsof divide & conquer

While thejustificationof thismethods trivial, thedifficulty liesin obtaininga

properpredicatevhich makesa solutionof theindividual casegeasible One
wayto dothisis creatingderivedantecedentéSmith,1982;Smith,1985a)y

trying to find therequirementsgor thevalidity of agivenformula. Thismech-
anismrewrites a formula (e.g.the satisfiabilityconditionfor a specification)
by applyingdomainlemmatauntil it is proved or somepreconditiondor its

validity remain. Thesepreconditionsare usedas additionalinput-condition
for onesubproblemwhich now is solved, while their negationyields a sec-
ondsubproblemyhich hasto beinvestigatedurther Eventually this results
in acascadef conditionalswhich solve the original problem.

Divide & Conquer
Divide & conqueris one of the mostcommontechniquedor processinge-
cursiely defineddatastructureslt solvesa problemby dividing it into sub-
problemsw~vhosesolutionswill becomputed‘conquered’)independenthand
composednto a singlesolutionfor the main problem.Divide & conqueral-
gorithmsproceedy decomposingninputvalueinto “smaller” inputs,which
areprocessedecursvely, andpossiblyothervalues,which areprocessedby
someauxiliary algorithm.The resultingoutputvaluesare composednto an
outputfor the original problem.Input valueswhich cannotbe decomposed
anymoreare consideredrimitive andwill be solved directly. Formally, the
commonstructureof divide & conqueralgorithmscanbe expresseds

FUNCTI ON f(x: D): R WHERE I[x] RETURNS z SUCH THAT QJx,Z]

= if primx] then Directly-solvéx] el se (Compose gxf oDecomposgx]
This abstracfprogramcontainsplaceholdergrim, Directly-solve Compose
g, andDecomposevhich have to be instantiatedo createa concretedivide
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& conqueralgorithm.Theanalysisin (Smith,1985b)hasshavn thatfive re-
guirementsformalizedin Figure 3, ensurethe correctnes®sf this algorithm.
Directly-solvemust computea correctsolution for primitive inputs (1). A
StiongProblemReductiorPrinciple musthold (2) sayingthattheoutputcon-
dition O canberecursvely decomposethto subproblem®p, Oc, 0, andO.
Op is to be solved by Decomposevhich also “reduces”the input value$
w.r.t. somewell-foundedordering> on D (3) to ensureheterminationof f.
Oc is to besolved by Composd€4) andQO’ by the auxiliary functiong (5).

THEOREM15. If D, R,I, O, prim, Directly-solveComposeg, andDecom-
posefulfill thefiveaxiomsof divide & conquerthenthe program

FUNCTION f(x: D): R WHERE I[x] RETURNS z SUCH THAT OJ[x,Z]

= if prim[x] then Directly-solvéx] el se (Compose gx f o Decomposgx]
IS correct.

Proof. For primitive input valuesf computesa correctoutputbecausef axiom

1. Otherwisef is Compose gx f o Decomposelts partial correctnesss shovn by
composingaxioms3, 4, and5, theinductionhypothesesor smallerinputvaluesand
thestrongproblemreductionprinciple. f terminatesinces> is well-founded. O

Again, the formal theoremis the foundationof a schema-basesynthe-
sisstratgy. This stratgy hasto derve thefive additionalcomponentsmalke
surethattheaxiomsaresatisfied andinstantiateéhe programschemaaccord-
ingly. Obviously, it cannoffulfill its taskwithoutreferringto knovledgeabout
applicationdomains A knowvledgebasehasto provide standad decomposi-
tion techniqueson input-domainge.g. splitting sequences two halvesor
into a first elementandthe rest),standad well-foundedorderings(e.g. or-
deringlists accordingto their length),andstandad compositiontechniques
on output-domainge.g. appendindists or prependingan elementbeforea
list). Theseinformationssupporta synthesiof divide & conqueralgorithms
accordingto thefollowing strateyy.

STRATEGY 16. Giventhespecification
FUNCTI ON f(x: D): R WHERE I[x] RETURNS z SUCH THAT OIx, 7
1. Select- and Decompose.
2. Constructthe auxiliary functiong.
3. \erify Decompos@ndderivetheinput conditionfor its correctness.
Chooseprim as nggation of the additionalinput condition.
4. \erify the strong problemreductionprinciple and constructCompose.
5. ConstructDirectly-solve.
6. Instantiatethedivide& conquerschema.

4 If thedomainD’ of g is identicalto D thenbothvaluesgeneratedhy Decompose
mustbe smallerthanthe original input value.This allows binaryrecursion.



PROGRAM SYNTHESIS 125

In (Smith, 1985b)this strategy is accompaniedy a seriesof heuristics
which help solving the individual steps.Step1, which givesus D’ and Op,
will look up theknowledgebaselIn step2, whichyieldsO',1’,R andaxiom
5, g is usuallychosemas f if D'=D andasidentity function otherwise This
simplifiesthe synthesigrocessincethe effectsof g canalwaysbe captured
in thefunctionComposeStep3, whichleadsto axiom3, useshemechanism
for derving antecedentgpage123) to determinethe requirementdor the
correctnes®f DecomposeAn admissibleinput value that doesnot fulfill
theserequirementsnustbe primitive. In step4 the samemechanisms used
to generat@®¢ aspreconditiorfor Axiom 2. ConstructingComposes usually
the mostdifficult step.It requiresa new synthesison the basisof axiom4.
Often Composewill be anotherdivide & conqueralgorithmbut in simpler
casesve canalsouseopeiator matd onthebasisof known library programs.
Step5 will usuallytry opelator matd to satisfyaxiom1.

Thereare several variantsof this stratgy. One may proceedin reverse
orderby selectingComposdirst andsuccessiely constructingg, =, Decom-
pose prim, andDirectly-solveln eitherof thetwo stratgiesonemight con-
structComposer Decompos®eforeconstructingg.

Each of thesestratgies will lead to different algorithmssince the se-
lectedoperatoris usually lesscomplicatedthanthe constructecbne. When
appliedto the problemof sortinglists, for instance stratgy 16 eventually
yields Mergesort, if Decomposeaplitslists in halves,andInsertion Sort, if it
splitsinto first elementandrest.If thereversestratgy is used,Quicksort will
be generatedif Composeappendgwo lists, andSelection Sort, if Compose
prependlementso lists. Thusselectinghe synthesistratgy andtheoper
ationsin its first stepis notjustastratgic issue.lt is adesigndecisionwhich
shouldbe madeby a programmeinteractingwith the system.

Localseach
Local searchis a techniquethatis usedfor dealingwith optimizationprob-
lemslike schedulingor travelling salesmarproblems.t investigatesa setof
possibleoutputvaluesfor a given specificationBut the focusis not on find-
ing thembut on selectinghe best e.g.a schedulghatcanbe executedn the
shortestamountof time. Formally, the specifications associatedavith a cost
functionontherangeandthegoalis to find a solutionwith minimal costs.
Sinceoptimizationis oftenNP-completeHillclimbing algorithmslike the
simplex algorithmor linear programmingapproximateoptimal solutionsby
exploring thelocal neighborhoodf someinitial solutionwhich waseasyto
compute.By incrementalvariationsthe elementsof this neighborhoodare
searchedThe algorithmsproceedsuntil a local minimumhasbeenfound.
In (Lowry, 1988;Lowry, 1991)the generalstructureof theselocal search



126 CHRISTOPHKREITZ

FUNCTI ON fopt(x: D): R WHERE I[x] RETURNS z
SUCH THAT O[x,Z] A Vt: R O[x,t] = cos{x,z]<cosixt]
= fis(x, f(X))
FUNCTION fis(x: D,y: R): R WHERE 1[x] A O[x,y] RETURNS z
SUCH THAT O[x,Z] A VteN[x,Z. O[x,t] = cosfx,z<cos{x,t]
= if VteN[xy. O[x,t] = cos{x,y]<cosix,t]
then y else fig(x arb({teN[x,y] | O[x,t] A cos{x,y]>cos{x,t]}))

Figure4. Structureof local searchalgorithms

algorithmshasbeendescribedas a pair of programswhich is presentedn

Figure4. Besideglaceholder®, R, I, andO for thebasicspecificatiorthese
programscontainthreeadditionalcomponentscostD xR— % _ is a function
which assigngo eachpair of inputsandoutputsa cost-valuan someordered
domain (R, <). It occursbhothin the (extended)specificationand the pro-

gram.N:DxR—Set(R) describeghe neighborhoodstructureby computing
a setof outputvalueswhich, dependingon the input, areaccessibldrom a
givenoutput. f:D-AR computegheinitial solution.

vx: D. Vzt:R

1. 1[X]rO[X,Z] = zeN(x,2)

2. 1[XA0[x,ZA0[x,t] = Tk:IN.teN§(x,2)

3. 1[X]An0[x,Z] = VteN(x,2). O[x,t] = cosfx,z<cosf{x,t]

= Vt:R O[x,t] = cos{x,z]<cos{xt]
4. f satisfieghebasespecificatiorspec= (D,R,1,0)

whereN3(x,2) = {z} andN§(x,2) = U, ¢ (teNxa) o NG )

Figure5. Axioms of local search

Four axioms,listedin Figure5, ensurethe correctnes®sf local searchal-
gorithms. The neighborhoodstructuremust be reflexive (1) and connected
w.r.t. the solutionsof the basespecification2): by exploring local neighbor
hoodsall solutionmustbe reachabldrom eachother If the algorithmshall
beexact,localminimamustbeglobalminima(3). Finally f hasto satisfythe
basespecificationwithout the optimality conditions.The following theorem
hasbeenprovedin (Lowry, 1988).

THEOREM17. If D, R, 1, O, cost N, and f fulfill the four axiomsof local
seach thenthe pair of programsin Figure 4 is correct.

Theoreml7 describesherequirement®n local searchalgorithmswhich
computeoptimal solutions.They aremetby somealgorithmsbut usuallythe
third axiomis droppedo allow suboptimakolutions.n thiscasdocalsearch
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algorithmscomputdocal minimawhosequality dependsolelyontheneigh-
borhoodstructure Local effectswill dominateif the neighborhoodstructure
Is too fine-grainedandthe algorithmis likely to computea poorapproxima-
tion of the global optimum.A coarseneighborhoodstructure however, may
leadto inefficiengy sincelarge searclhspacesvill be exploredin eachstep.

Findinggoodneighborhoodtructuress theonly crucialaspecin aderi-
vation of local searchalgorithms.The other componentsre either already
given (cos) or easyto determine(f). As usual,the constructionof local
searchalgorithmsdepend®n generalknowledge.For a givenrangetype R,
for instancethereareonly afew fundamentaheighborhoodtructuresThese
canberepresentethy formal objects,calledLS-theoriesandwill berefined
by specializatiorandfilters.

Thestratgy for designingocal searchalgorithmsis similarto theonefor
globalsearchWe first selecta LS-theoryandspecializat to the given spec-
ification. We thenmodify the neighborhoodstructureby filters which elim-
inate output valueswhich are either no solutionsfor the basespecification
(feasibility constaintg or more expensve thanthe currentone (optimality
constaintg). Both constraintgoughly correspondo the notion of necessary
filters in global searchlf exactnesss required,thenafilter for global opti-
mality constaints canbe addedaswell. All filters canbedervedby forward
inference.Finally a solution f for the basespecificationis synthesizedand
theschemati@algorithmis instantiatedA detaileddescriptionof this stratgy
andapplicationexamplescanbefoundin (Lowry, 1988;Lowry, 1991).

ProblemReductionGeneators
Problemreductiongeneratorsieal with problemsthatrequirea setof indi-
vidual solutionsto be computedndependentlyoy composingsereral partial
solutions.Typical examplesaredynamicprogrammingandbranch& bound
algorithms.Fromatheoreticalpoint of view they canbe seenasgeneraliza-
tion of global searchanddivide & conquer Structurallythey aresimilar to
divide & conqueralgorithmsexceptfor the fact that now a seriesof com-
positionanddecompositiorfunctionsare usedandthatthe primitive caseis
containedn someof them.

FUNCTION f(x: D):Set(R) WHERE I[x] RETURNS {z| O[x,Z}

= UixeIN (Composgo (F;x..xF,) o Decomposg[x

Therequirements$or correctnessf this algorithmgeneralizéhe axioms2 to
5 of divide & conquer(Figure3) andincludea comple versionof the strong
problemreductionprinciple. The dervation stratgy is similar to the onefor
synthesizingdivide & conqueralgorithmsbut putsa heavier burdenon the
inferencemechanismA detailedexpositioncanbefoundin (Smith,1991b).
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4.3. Integrationinto Automatededuction

In animplementatiorof designstratgiesfor knovledgebasedorogramsyn-
thesis the semi-formaldescriptiondeave muchroomfor interpretationThe
KIDS system(Smith, 1991a),which aimsat tools for semi-automaticsoft-
waredevelopmentencodeshesestratgiesdirectly in a high-level program-
ming languagewhich includesa reasoningmechanismbasedon formula
transformationsMany stepsin thesestratgjies,however, involve solvingde-
ductve problemssuchasextractingsubstitutiongrom proofsof logical prop-
erties,verifying programcomponentsor derving the preconditiondor the
correctnes®f someformula. Standardtechniquesrom automateddeduc-
tion could be usedif knowvledgebasedprogramsynthesisvould take place
in the framework of a proof system.This would also make the dervations
safersincethe possibility of invalid inferenceswhich is alwayspresenin a
hand-codedynthesisystemjs ruledout by the proof ervironment.

Integratingdesignstratgiesinto a proofbasedsystenrequiresaveryrig-
orousapproachEachstepin a derivation mustbe completelyformal, such
thatit canbe controlledby the prover, but remainon the high level of ab-
stractionwhich we have usedsofar.

Formally verifiedtheoremsstatingtherequirementgor the correctnessf
anabstractprogramschemaKreitz, 1996)arethe key for anintegration of
schema-baseslynthesisstratgies into a deductve framewvork. Thesetheo-
remscanbe appliedashigh-level inferenceruleswhich reducethe synthesis
taskto thetaskof proving instancef the axioms.The latter canbe solved
by furthertheoremapplicationsknowvledgebasequeriesfirst-ordertheorem
proving, or simpleinductions.The conceptuallydifficult problem— generat-
ing the algorithmand proving it correct— hasbeensolved onceandfor all
while proving the formal theoremandrequiresonly a singlederivation step.

Technically suchan integration of knowledge basedprogramsynthesis
into proof systemsnvolves a completeformalizationof all the aspectan-
volvedin thedervationof programsStandardcapplicationdomainsandtheir
laws have to be representedy formal definitions and theoremsin some
logical calculus.Formulatransformation€anthenbe expressedasapplica-
tion of verified lemmata.Next, in orderto reasonaboutprogramsas such,
we mustformalize conceptdik e program, specificationcorrectnessandre-
latednotions.Conceptdik e specializationpperatormatch,GS-theoriesfil-
ters etc. needto be formalized. ConcreteGS-theoriesfilters, etc. have to
be formalizedand verified. Finally, the theoremsunderlyingthe derivation
stratgjies have to be statedand proved. This last stepmay requirea lot of
interactionbut remove the proof burdenfrom the synthesigprocess.

On this basis, stratgjies for automatedprogramderiation can be pro-



PROGRAM SYNTHESIS 129

grammedas proof tacticswhich apply verified theoremsand lemmataand
call standargroof proceduregseee.g.chapten.1.5)to checkpropertiedike
specializationpperatormatch,or necessitylt hasbeenshavn in (Bibel et
al., 1997,Sectiord) thatsuchanintegratedapproachgdespitats formal over
head,canmake programsynthesigpractically feasibleeven in the rigorous
settingof proof systems.

4.4. Discussion

Programsynthesishasedon abstractalgorithm schemataequiresa greater
amountof preparatiorthanthe techniquesiescribedn Section3. But these
efforts pay off duringthe synthesisboththe synthesigprocessandthe gen-
eratedprogramsare muchmoreefficient. The successfusynthesisof trans-
portationschedulingalgorithmsreportedn (Smith& Parra,1993; Gomeset
al., 1996)shavs thatknowledgebasedorogramsynthesisif properlyguided
and supportedoy optimizationtechniqueqSection5.2), can producecom-
merciallycompetette software.

Furthermore the schematicapproachto programsynthesiscan also be
usedfor teachingsystematigorogramming . Studentscan investigatethe ef-
fects of choosingdifferent algorithmic structuresas solution for the same
problemandgaininsightsinto the consequencesf their own decisionsThe
four sortingalgorithmsresultingfrom differentdesigndecisionsin a divide
& conquesynthesigcf. Sectiord.2.2)areagoodexamplefor this (afifth al-
gorithm,Bubble Sort, canbegeneratedia local search)Studyingtheformal
foundationsof the correspondingstratgies,on the otherhand,will leadto a
deepenunderstandingf thealgorithmicstructuresandtheir specificstrengths
andweaknesses.

Thusknowledgebasedsynthesishasseveral advantagesver approaches
basedentirely on generalproof or transformatiortechniquesSinceit canbe
representech bothframewvorksit shouldnot be viewed ascompetitorbut as
the next stepin the evolution of automatedgorogrammingwhich indicatesa
majordirectionfor futureresearch.

5. RELATED TOPICS

In the previous sectionswe have describedmethodsfor deriving well-struc-
tured algorithmsfrom formal specifications Thesemethodsrepresenthe
coreof programsynthesisBut systematiprogramdevelopmentlsoinvolves
methoddor obtainingproperspecificationandfor transformingthe derved
algorithminto efficient programcode.We shallbriefly discussothsubjects.
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5.1. AcquiringFormal Specifications

Formally specifyinga given programmingproblemis by no meansa trivial
task.It requiresa deepanalysisof the informal requirementsthe problem
domain,the ervironmentin which the programshall be executed,implicit
assumptionsgtc.beforea systemarchitecturecanbedesignedndindividual
modulesandalgorithmscanbe specified.

Over the pasttherehasbeena substantiamountof work on develop-
ing computersupportfor acquiringspecificationysee(Hayes,1987; Jones
& Shaw, 1990; Kelly & Nonnenmann1991)and (Lowry & Duran, 1989,
SectionsB & D)). In particular computersareusedto visualizea designor
assupportfor a certaindesignmethodologyFormal methodsuchasVDM
(Jones,1990)or OMT (Rumbaugtet. al., 1991) provide guidelinesand vi-
sualizationtechniquegor specifyinglarge softwaresytemsandarealsoused
for communicatinglesigndecisions.

Neverthelessacquiringformal specificationss mostly a designprocess
that involves creatvity and designdecisionsin order to balancebetween
conflicting requirementsAlthough informal reasonings necessaryo jus-
tify the overall designof the systemthe deductve aspectsare comparably
small. Computerscanonly sene assupporttool whenmakingdecisionsbut
it will bedifficult to go beyondthis level.

5.2. AlgorithmicOptimizations

Automaticallygeneratedlgorithmsarehardly the mostefficient solutionfor
a given problem.Often a humanprogrammelimmediatelydetectscompo-
nentsthatcanbe optimized.Programexpressionsnay be simplifiedor even
completelyeliminatedif their contet, particularly the input condition, is
takeninto accountExpressiongontainingconstantsnay be partially evalu-
ated Expensve computationgnay bereplacedoy iteratve updatef anew
variable.Finally, it may pay off to selecta non-standardmplementatiorof
certaindatastructuresAll thesestepscanberepresentetby programtrans-
formationsor rewrite tedhniquesandintegratedinto a synthesisystem.The
realissueis, however, to automatehesetransformationsuchthata useronly
hasto selectanexpressioranda particulartechniquefor optimizingit.

Simplificationtransformsa programexpressioninto an equvalent one
which is easierto compute.The transformationsare basedon knowledge
aboutequivalenceswithin someapplicationdomain.Theseequvalencesare
given a directionwhich allows to apply themaslong aspossible.Simplifi-
cation strongly dependon an efficient organizationof the knowledgebase
which may containthousandsf equvalences.
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Partial evaluation (Bjgrner et al., 1988) symbolically evaluatessube-
pressionswhich contain constantsor other fixed structures.Logically this
correspondso unfoldingdefinitionsandsimplifying theresult.

Finite differencing (Paige& Koenig,1982)replacesasubepressiorby a
new variablewhich will be updatedn eachrecursve call of the program.it
canresultin a significantspeedumnd supportsparallelcomputationssince
depthis beingreplacedoy breadth.

Data Type Refinement(Blaine & Goldbeg, 1991) selectsfrom several
implementation®f anabstractatatypethe onethatis mostefficient for the
programlt depend®nananalysisof theoperationsvhichreferto thesedata
typesandrequiresautomaticcorversionsbetweendifferentrepresentations.

The SPECWARE approach(Srinivas & Jullig, 1995), which implements
conceptdrom cateyory theoryfor establishingelationsbetweenalgebraic
theories providesan ervironmentin which the modularconstructiorof for-
mal specificationsknowledgebasedalgorithmdesignstatgies, algorithmic
optimizations,and the constructionof executablecode from mathematical
algorithmscan be integrated.A first implementationof suchan integrated
programsynthesisystemcalled PLANWARE, is currentlybeingdeveloped.

6. CONCLUSION

Despiteits long history programsynthesiss still avery active researclarea.
Overtheyearsts focushasshiftedfrom thefundamentatjuestionsn thefield
of automatedleductionto the practicalaspect®f systematiqgrogramdevel-
opmentlt appearshatknovledgebasedorogramsynthesiscoupledwith au-
tomateddeductiontechniquesis themostpromisingapproaclsinceit canbe
madetheoreticallysoundandpracticallyusefulatthesametime. Theintegra-
tion of optimizationstratgies,techniquegor adaptinggenerigprogramglike
transportatiorschedulingalgorithmsor communicatiorsystems)}o specific
applicationsand methodsfor acquiringand structuringdomainknowledge
Is becomingmoreandmoreimportant.Furthermoregeneralimethodologies
for creatingefficient andreliable implementation®f synthesissystemsare
animportantresearchssue.

Thereis a commercialinterestin computersystemswhich can rapidly
develop efficient andreliable software,whosekey propertiesareguaranteed
but not necessarilyformally verified. Programsynthesisystemshave come
closeto the pointwherethey canbe usedfor thatpurposeprovidedthey are
guidedby programmersvith a strongbackgroundn formal reasoning.
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