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Abstract. Skepticismis oneof themostimportantsemanticintuitions in artifi-
cial intelligence.The semanticsformalizing skepticalreasoningin (disjunctive)
logic programmingis usuallynamedwell-foundedsemantics. However, theissue
of definingandcomputingthewell-foundedsemanticsfor disjunctive programs
anddatabaseshasproved to be far morecomplex anddifficult thanfor normal
logic programs.The argumentation-basedsemanticsWFDS is amongthe most
promisingproposalsthatattemptsto definea naturalwell-foundedsemanticsfor
disjunctive programs.In thispaper, we proposea top-down procedurefor WFDS
calledD-SLSResolution,whichnaturallyextendstheGlobalSLS-resolutionand
SLI-resolution.Weprove thatD-SLSResolutionis soundandcompletewith re-
spectto WFDS. Thisresultin turnprovidesafurtheryetmorepowerful argument
in favor of theWFDS.

1 Intr oduction

Disjunctive logic programming(DLP) hasgainedwideacceptanceasanimportanttool
for knowledgerepresentation.Onecritical reasonis that DLP is moreexpressive and
naturalto usethannormal(i.e. non-disjunctive)logic programming.Theadditionalex-
pressive power allows directencodingsof a greatnumberof applicationdomainsinto
logic programs.However, theissueof definingandcomputingsemanticsfor disjunctive
programsanddatabaseshasprovedto be far morecomplex anddifficult thanfor nor-
mal logic programs.The skepticismandcredulismaretwo major semanticintuitions
for knowledgerepresentation.A skeptical reasonerdoesnot infer any conclusionin
uncertaintyconditionswhile a credulousreasonertriesto give conclusionsasmuchas
possible.Therefore,a skepticalreasonerusuallygetmorefeasibleconclusions.In nor-
mal logic programming,thesetwo oppositesemanticintuitionsaresuitablycapturedby
the well-foundedsemantics[11] andthe stablesemantics[6], respectively. Therehas
alreadybeena widely acceptedstablesemanticsfor disjunctive programs[9]. To date,
thereis nowidely acceptedwell-foundedsemanticsfor DLP andnoconsensushasbeen
reachedaboutwhat constitutesan intendedsemanticsfor skepticalreasoningin DLP.
Basedon a comparativestudyof somerecentapproachesto definingwell-foundedse-
manticsfor disjunctiveprogramsin [2,9,5,7,12], it hasbeenprovedin [13] thatthese
approachesbecomeequivalentwhensome“minor” modificationsaremadeon them.�
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Specifically, thereexistsa semantics(i. e.WFDS
�
) for well-foundedreasoningin DLP

which can be equivalently characterizedby argumentation,programtransformations
andunfoundedsets.

In the samestyle as the D-WFS definedin [1,2], a bottom-upcomputationpro-
curehasalsobeenprovided in [13]. In this paper, we investigatethe problemof top-
down computationfor disjunctive well-foundedsemantics.Specifically, we proposea
top-down procedurefor disjunctivewell-foundedsemanticscalledD-SLS Resolution,
which naturallyextendsthe GlobalSLS-resolutionandSLI-resolution.We prove that
D-SLS Resolutionis soundandcompletewith respectto WFDS

�
.

Sincelogic programmingis essentiallygoal-oriented,the existenceof an elegant
top-down procedureis surelya significantfeaturefor queryansweringunderany se-
mantics.Ourresultsin turnprovidefurtheryetmorepowerful argumentsin favor of the
semanticsWFDS

�
.

Thepaperis organizedasfollows.In thenext sectionwe briefly recallrelateddefi-
nitionsin logic programmingandspecifyour notations.In Section3 we give theargu-
mentativedefinitionof thesemanticsWFDS

�
. Thenin Section4 wepresenttheD-SLS

Resolutionprocedure.Our procedureis not only a combinationof Ross’s GlobalSLS-
resolutionandSLI-resolution,it alsoelegantly incorporatesthe intuition of resolving
defaultnegationwith disjunctiveinformation.To illustrateourresolutionprocedureand
its relationto someothersemanticintuitions, two examplesaregiven in Section5. In
Section6 we statethesoundnessandcompletenessof D-SLS Resolutionwith respect
to WFDS

�
. Finally, in Section7 weconcludethepaper.

2 Preliminaries

We assumethe existenceof an arbitrary, but fixed propositionallanguage,generated
from a selectedsetof propositionalsymbols(atoms).An expression(disjunction,for-
mula, rule, or setof rules,etc) with variablesis understoodasan abbreviation for the
setof all its groundedinstances.If

�
is anexpression,������	�
� ���

denotesthesetof all
atomsappearingin

�
.

A general disjunctivelogic program (simply, disjunctiveprogram) � is definedas
a finite setof rulesof theform:

����������������������� �!�#"�$�$�$%"&�('�"�) �#� �('*�!�+"�$�$�$�"�) �#� �-,�$ (1)

Here, .0/213/547658 and �(9 ’s areatomsfor :<;>= "�$�$�$%" . . Thesymbols‘ � ’ and‘ .@?+4 ’
denote(non-classical)disjunctionanddefault negation,respectively.

A literal is eitheran atom � or its default negation ) �#� � while ) �#� � is calleda
negativeliteral.

Theinformal meaningof rule (1) is that“if � � �A� "�$�$�$%"&� ' aretrueand� 'B�!� "�$�$�$�"&� ,
are all not provable,then one of C � � "�$�$�$�"D� �FE is true”. For example, 	HGI&JK�MLN#J�O � �P J�QRGI&JK�MLN#J�O � � ��.S:�QRGIT�&LN#J�O � "�) �#�U�KVW�&LN#J�O �

means,informally, that if LN#J�O is an
animalandit is notprovablethat LN#J�O is abnormal,then LN#J�O is eithermaleor female.

If 47;X= , rule (1) is saidto benormal. � is a normalprogram if eachrule of � is
normal.



If .Y;Z1 , rule (1) is saidto bepositive. � is a positivedisjunctiveprogram if each
rule of � is positive.

If 4<;21 , rule (1) is saidto benegative. � is a negativedisjunctiveprogram if each
rule of � is negative.

As usual, []\ is the Herbrandbaseof disjunctive program � (i. e. the set of all
groundatomsin � ). A positive(negative) disjunctionis a disjunctionof atoms(neg-
ative literals) in � . A pure disjunctionis eithera positive oneor a negative one.The
disjunctivebaseof � is ^]_U\`;a^]_ �\�b ^c_ed\ wherê]_ �\ is thesetof all positivedis-
junctionsin � and ^c_ d\ is thesetof all negativedisjunctionsin � . If f and gh;if � fAj
aretwo disjunctions,thenwe say f is a sub-disjunctionof g .

A modelstateof disjunctiveprogram� is asubsetof ^c_ \ . Usually, awell-founded
semanticsfor disjunctivelogic programsis definedasamappingsuchthateachdisjunc-
tiveprogram� is assigneda modelstate.

For simplicity, wealsoexpressaruleof form (1) as k �ml � " .@?+4 $ l3n , wherek is a
disjunctionof atomsin [ \ , l � a finite subsetof [ \ denotinga conjunctionof atoms,
and .@?+4 $ len ;oC ) ���qpYr@pts l3n E for lenvu [ \ denotinga conjunctionof negative
literals.

3 Skeptical Ar gumentation

As illustratedin [12], argumentationcanbeusedto definea unifying semanticframe-
work for DLP. In this section,we first briefly recall thewell-foundedextensionseman-
ticsWFDSin [12] andgivea minormodificationWFDS

�
of WFDS.

The basicideaof the argumentation-basedapproachfor DLP is to translateeach
disjunctivelogic programinto anargumentframework wx\Y;zyD� " ^]_ d\ "&{ \�| . Here,an
assumptionof � is anegativedisjunctionof � , andahypothesisis asetof assumptions;{ \ is anattackrelationamongthehypotheses.An admissiblehypothesis} is onethat
canattackeveryhypothesiswhich attacksit.

Theintuitivemeaningof anassumption) �#��G ���~�����F��) ����G� is that G ���������F� G�
cannot beprovedfrom thedisjunctiveprogram.

Givena hypothesis} of disjunctive program� , similar to the GL-transformation
[6], we caneasilyreduce� into anotherdisjunctiveprogramwithout defaultnegation.

Definition 1. Let } be a hypothesisof disjunctiveprogram � , then the reductof �
with respectto } is thedisjunctiveprogram

� �� ;2C�� � [>r there is a rule of form � � [ "�) �#� $ � in � s.t. ) �#� $���u } E $
Basedon Definition 1, we will first introducea specialresolution �S\ which re-

solvesdefault-negationliterals with a disjunctionandcanbe intuitively illustratedby
thefollowing principle:

If there is an agent who holdsthe assumptions) �#�UV �#"�$�$�$�"�) ���cV�� and can infer
thedisjunctiveinformation V ���t������� V%� � V�� �!���t�����#� V , , thentheagentshouldbe
ableto infer V�� �!���h������� V , .

Thefollowing definitionpreciselyformulatesthis principlein thesettingof DLP.



Definition 2. Let } bea hypothesisof disjunctiveprogram � and f�st�~[ �\ . If there
exists gis���[ �\ and ) �#�]V � "�$�$�$�"�) ����V � s�} such that g�;�f � V � �Y������� V � and� �� �ig . Then } is said to be a supportinghypothesisfor f , denoted}H� \ f . Here� is the classical inference; � �� is considered as a classical logic theorywhile g is
consideredasa formulain classicallogic.

Theconsequencesetof } consistsof all positivedisjunctionsthataresupportedby} : � � ) 
 \ �M} � ;5C+f�r#fYsR�~[ �\ " }H� \ f E $
For example,if ��;�C�G � V ����"�) �����-� ��� E and }m;�C ) �#��V "�) ���U� E , then}�� \ G .
Thetaskof defininga semanticsfor a disjunctive logic program� is to determine

the statethatcanrepresentthe intendedmeaningof � . Herewe first specifythe neg-
ative informationin thesemanticsandthenderive thepositive part.To derive suitable
hypothesesfor a givendisjunctive program,someconstraintswill be requiredto filter
out unintuitivehypotheses.

Definition 3. Let } and }ej betwohypothesesof disjunctiveprogram � . If at leastone
of thefollowing two conditionsholds:

1. there exists g�; ) ����V ���t�����+�t) ���<V���sh}ej " Q�6�8 " such that }H��\�V 9 , for all:�;�= "�$�$�$%" Q ; or
2. thereexist ) ����V � "�$�$�$�"�) ����V � s�} j " Q�6�8 , such that }H� \ V � �h������� V � ,

thenwesay } attacks}ej , anddenoted} { \ }ej .
Intuitively, } { \ }ej meansthat } causesa directcontradictionwith }ej andthe

contradictionmaycomefrom oneof theabovetwo cases.

Example1.

G � V � ��x� � "�) ���AG "�) �#��V� �
J ��) ���AJ

Let }ej(;2C ) ��� � E and }�;5C ) �#��G "�) �#��V E , then } { \ }ej .
Thenext definitionspecifieswhatis anacceptablehypothesis.

Definition 4. Let } be a hypothesisof disjunctiveprogram � . An assumptiong�s�~[ d\ is admissiblewith respectto } if } { \ }ej holdsfor anyhypothesis}ej of � such
that }�j { \ C�g E .

Denote  \ �&} � ;�C�f�s��~[ d\ r#f is admissiblewith respectto } E .

For any disjunctive program � ,  U\ is a monotonicoperator: } u }ej implies  \ �&} � u   \ �&}ej � for any two hypotheses} and }�j of � . Thus,   \ hasthe least
fixpoint ¡ P&¢ �D  \ �

. Since [ \ is finite in this paper, thefixpoint canbeobtainedin finite
stepsby iterating   \ from theemptyset.Thatis, ¡ P&¢ �D  \ � ;£ �¤\ �M¥ �

where  ¤ �A�\ �M¥ � ; �¤\ �&¥ �
.



Definition 5. Thewell-foundeddisjunctive hypothesisWFDH�D� �
of disjunctivepro-

gram � is definedastheleastfixpointof theoperator   \ . Thatis, WFDH�D� � ;�  \h¦§ .
Thewell-foundedextensionsemanticsWFDSfor � is definedas the modelstate

WFDS�D� � ; WFDH�D� � b
� � ) 
�\x� WFDH�&� �T�

.

By theabovedefinition,WFDS�D� �
is uniquelydeterminedby WFDH �D� �

.
For theprogram� in Example1, WFDS�D� � ;�C�G � V " � "�) ��� ��"�) ���AG �¨) ����V E . To

comparewith differentsemantics,  \ canbemodifiedby defining

  \ �M} � ;5C�g`sv^c_�d\ r ) ���Ap is admissiblew.r.t. } for someliteral ) ����p in g E $
Parallel to thedefinitionof WFDS, we cangeta new well-foundedsemanticsdenoted
WFDS

�
for disjunctive programs,which is a modificationof WFDS.For instance,let� be the programgiven in Example1, thenWFDS

� �D� � ;©C�G � V " � "�) �#� � E . Now) �#��G ��) �#��V is no longerin WFDS
� �D� �

.
We canprovethatWFDSis no lessstrongthanWFDS

�
in thefollowing sense.

Proposition1. For anydisjunctiveprogram � and f�s��~[ \ , if f�s WFDS
� �D� �

, thenfYs WFDS�D� �
.

As we have seenabove, theconverseof this propositionis not true in general.Specif-
ically, WFDS allows morenegative disjunctionsto be inferred.However, this is not a
big differenceasthefollowing resultsshow. In fact,exceptfor thisdifference,thesetwo
semanticscoincide.

Proposition2. Let } be an admissiblehypothesisof disjunctiveprogram � . If gªs�~[ d\ but is not a literal, then

1. a hypothesisf is admissiblew.r.t. } iff it is admissiblew.r.t. }Z«0C�g E .
2. for anypositivedisjunction � , ��s � ?+.¬1 \ �M} �

iff ��s � ?+.¬1 \ �M}Z«0C�g E �
.

An interestingresultis theequivalenceof WFDSandWFDS
�
.

Theorem1. Let � bea disjunctiveprogram.Then

1. ) ��� � s WFDS
� �D� �

iff ) �#� � s WFDS�D� �
for anyatom� .

2. fYs WFDS
� �D� �

iff f�s WFDS�D� �
for anypositivedisjunction f .

This theoremconvincesthat thedifferenceof WFDS
�

from WFDSis only in that
they derivedifferentsetsof truenegativedisjunctions.

4 D-SLS Resolution

In this section,we will definea top-down procedure,called D-SLS Resolution,for
disjunctive well-foundedsemantics.This procedurecombinestheideaof GlobalSLS-
resolutionin [10] with a linearresolutionprocedure.Thelinearresolutionis a general-
izationof theSLI-resolutionpresentedin [8]. Onekey partin ourprocedureis theincor-
porationof resolvingdefaultnegationwith disjunctiveinformationinto SLS-resolution.



D-SLS Resolutionwill bebasedon thenotionof D-SLS tree, which in turn depends
on thenotionof positivetrees. In thenext section,we prove thatD-SLS Resolutionis
soundandcompletewith respectto thedisjunctivewell-foundedsemanticsWFDSand
WFDS

�
.

To achieve completenessof D-SLS Resolution,we adopttheso-calledpositivistic
computationrule, thatis, wealwaysselectpositive literalsaheadof negativeones.

A goal  is of the form � � �+"�$�$�$%" �3® "°¯ V �+"�$�$�$%"±¯ V�� " .@?+4 ���+"�$�$�$�" .@?+4 �%, , where
each � 9 is a positive disjunction;all V 9 and � 9 areatoms.To distinguishfrom default
literals,weshallsaythat I is aclassicliteral if I¬; � or I@; ¯(� .

In our resolution-likeprocedure,givena rule ��² k �©l � " .@?+4 $ l3n , we transform� into a goal O³4%� � � ²´�µ¯ k "Fl � " .@?+4 $ l3n andcall it the goal transformationof � ,
where ¯ k�;5C ¯(� r � svk E .

Sinceourresolutionis to resolveliteralsin bothheadsandbodiesof rules,thistrans-
formationallows a unifying andsimpleapproachto definingresolution-likeprocedure
for disjunctive logic programsaswe shallsee.

Thespecialgoal � is calledanemptygoal. Theemptygoal � is alsowrittenasthe
familiar symbol ¶ . A non-emptygoal of form �·¯ k " .@?+4 $ l is saidto be a negative
goal.

Given a disjunctive program � , set O4%�&� � ;oC�O³4%� � � ²a� s£� E . The traditional
goalresolutioncanbegeneralizedasfollows.

DisjunctiveGoal Resolution(DGR) If  ²`� V � �z�����¬� V ® "  � and  j ²`�¯ V � "�$�$�$�"°¯ V ' "  n are two goalswith 1�¸�N , then the DGR-resolventof  withqj on selecteddisjunction V � ��������� V ® is thegoal �  � "  n .

It shouldbenotedthatresolutionruleDGRincorporatesseveralresolutionrulesinclud-
ing Goal resolution, AncestorresolutionandBodyliteral resolution[8, 15]. Sincewe
allow positivedisjunctionsin goalsandtheresolutionrule,DGR is morepowerful than
theabovementionedthreeresolutionrulesasthefollowing exampleshows.

Example2. Let � bethefollowing disjunctiveprogram:

G � V ����¹) ���AG "�) �#��V
Then � canbetransformedinto thefollowing set O4%�&� �

of goals:

�m¯ G "±¯ V�m¯���"�) ����G "�) ����V
Then the DGR-resolvent of  ²º�»� with the secondgoal is � ) �#�¨G "�) ���¨V ,

which canbeobtainedby theordinarygoalresolution;however, theDGR-resolventof
goal � G � V with thefirst goal is ¶ , which cannot beobtainedby any of thosethree
resolutionrules.

Definition 6. Let � bea disjunctiveprogramand  a goal. A positivetree ¼ �½ for 
is definedasfollows:

1. Theroot of ¼ �½ is  .



2. For each node qj ²�¾¯ kej "D�!"Fl j� " .@?+4 $ l jn , andeach goal  9 in O³4%�D� �
, if qj9 is the

DGR-resolventof qj with  9 on � and qj9 is differentfromall nodesin thebranch
of  j , then  j hasa child  j9 .
A nodelabeled �¹¯(� � "�$�$�$�"°¯(� , " .@?+4 � ,��!� "�$�$�$%" .@?+4 � � �DQm/i.Y/�8 �

is calledan
activenode.

Thus,anactivenodeis eithertheemptygoalor anegativegoal.For anegativegoal,
its success/failure hasto be decidedin subsequentstages.Now we definethe D-SLS
treefor agoalin termsof positive trees.

Definition 7. (D-SLS Tree) Let � bea disjunctivelogic programand  a goal.The
D-SLS tree ¿ ½ for  is a treewhosenodesare of two types:negationnodesand tree
nodes. Treenodesareactuallypositivetreesfor intermediategoals.Thenodesof ¿ ½ is
definedinductivelyasfollows:

1. Theroot of ¿ ½ is thepositivetree ¼ �½ for thegoal  .
2. For any treenode ¼ �À of ¿ ½ , Thechildren of ¼ �À are negation nodes,onecorre-

spondingto each activeleafof ¼ �À (therewill bea negationnodecorrespondingto
an emptyactiveleaf).

3. Let Á be a negation node correspondingto the active leaf � Â where Â ;C�.@?+4�p � "�$�$�$�" .@?+4�p ,(E and .Ã/m8 . Á is denotedÄY� � Â �
. Then,if .Ã6Å8 , Á

hasonechild which is thepositivetree ¼ �Æ*ÇFÈ-É�É�É ÈÊÆ�Ë .

Wedistinguishthreetypesof leavesin a D-SLS tree(successfulnodes, failednodes
and intermediatenodes) according to the following rules.Successfuland failed nodes
alsohaveanassociatedlevel.

1 For negationnode Á ,
(a) if the child of a negation node Á is a successfultreenode, thenwe say Á is

failed. Thelevel is thelevelof its successfulchild.
(b) if thechild of a negationnode Á is a failed treenode, or if Á hasno children,

thenwesay Á is successful.Thelevelof Á is thelevelof thechild of Á (if Á has
no children,thelevelof Á is 8 ).

2 For treenode¼ ,
(a) if everychild of a treenode¼ is a failed negationnode, or if ¼ is a leaf of ¿ ½

(i. e. ¼ hasnoactiveleaves)thenwesay ¼ is failed. ¼ hasthelevel = if ¼ is a
leaf; thelevel of ¼ is ÌUÍi= if themaximumlevel of levelsof thechildrenof ¼
is Ì .

(b) if somechild of a treenode ¼ is a successfulnegation node, thenwe say ¼
is successful.A non-root treenode ¼ haslevel ÌeÍ2= if the minimumlevel of
all its successfulchildrenis Ì . Theroot treenodemayhaveseveral associated
levels,onefor each successfulchild; thelevelof theroot treenodewith respect
to such a successfulchild is onemore thanthelevelof thechild.

3 We saya nodeis well determinedif it is either successfulor failed. Otherwise, we
saythenodeis indeterminate.



Let Î be an active leaf of a tree node in ¿ ½ . We may say that Î is successful
(resp.failed or indeterminate)if the correspondingnegationnodeis successful(resp.
failedor indeterminate).We mayalsosaythat thegoal  is successful(resp.failedor
indeterminate)if ¼ �½ is successful(resp.failedor indeterminate).Comparedto Global
SLS-resolutionfor normallogic programs,D-SLS Resolutionhasthefollowing major
features:

1. theunderlyingreasoningmechanismfor D-SLSResolutionis ageneralizationof
SLI-resolutionwhile theunderlyingreasoningmechanismfor SLS-resolutionis SLD-
resolution;

2.eachnegationnodehasjustonechild in D-SLSResolutionwhile anegationnode
may have several childrenin Global SLS-resolutionbecausedisjunctionsareallowed
now. Thismakesa simplerform of D-SLS Resolution.

To guaranteetheterminationof D-SLS Resolution,wealsoassumethateverynode
is notrepeated.Thatis,wheneverarepeatednodein D-SLStreeis found,theextending
of thetreewill bestopped.

5 Examples

Let uslook at someillustratingexamples.

Example3. Considerthefollowing disjunctiveprogram� :

G � V �Å�#"�) �#���J �¹) ���AG "�) �#��VJ �¹) ���AG " O���
G �¹) ��� �

It canbeverifiedthat ) �#��JUs WFDS
� �D� �

andthus ) ����JUs WFDS�&� �
.

Now let usseehow ) ����J is inferredby D-SLS Resolution.

First, � is transformedinto O³4%�D� �
whichconsistsof thefollowing goals:

 �7²³�m¯ G "±¯ V "F�#"�) ���A� n ²³�m¯ J "�) �#��G "�) �#��VqÏ ²³�m¯ J "�) �#��G " OcÐ ²³�m¯��
qÑ ²³�m¯ G "�) �#� �

In fact,wehave thefollowing D-SLS tree ¿¬Ò�Ó for � J :



¼ �ÒUÓ

Ä � � �Ô) �#��G "�) �#��V �

¼ �ÒUÕ ÈÊÖ

Ä n � �¹) ����� � Ä Ï � �Ô) �#� � �
× × ×

ØØØ

¼ �Ò�Ù ¼ �ÒUÚ
Thepositive tree ¼ �Ò�Ó for � J is asfollows:

� J

�¹) �#��G "�) ����V �¹) �#��G " O
× × ×
 n ØØØ

 Ï

Thepositive tree ¼ �Ò�Õ ÈÊÖ is:

� G � V

�Å�#"�) ���A� �Ô) ��� �
× × ×
 � ØØØ

 Ñ

�¹) �#���
 Ð

Thepositive tree ¼ �Ò�Ù consistsof only theroot node � � .
Thepositive tree ¼ �Ò�Ú is

�Å�

�
cÐ



By Definition7,¼ �Ò�Ù is a leaf of ¿¬Ò�Ó�Û¼ �Ò�Ù is a failedtreenode ÛÄ n is a successfulnegationnode(no matterwhat Ä Ï is) Û
thetreenode¼ �ÒUÕ ÈÊÖ is successfulÛÄ � is a failednode(and Ä � is theonly negationchild of ¼ �ÒUÓ ) Û¼ �Ò�Ó is a failed(root) node Û
thegoal � J is failed.

To guaranteetheterminationof D-SLS Resolution,we alsoassumethatevery nodeis
not repeated.Thatis, whenevera repeatednodein D-SLS treeis found,theextending
of the treewill be stopped.For example,if we replacethe last rule G �Ü) �#� � in the
above examplewith the rule G �µ) �#��G "�) �#��V , then Ä Ï ;�Ä � andthus Ä Ï andits
children(if any) will bedeletedfrom ¿ ÒUÓ .

It shouldbe notedthat D-SLS Resolutionis different from the SLIN-resolution
[14]. We demonstratethisby thefollowing example.

Example4. Let � consistof two rules:

G � V ����¹) ���AG "�) �#��V
Although ) ��� � s WFDS

� �&� �
, � is indeterminatewith respectto the SLIN-

resolution.This meansthat SLIN-resolutionis not completefor the disjunctive well-
foundedsemanticsWFDS

�
. However, D-SLS tree ¿¬ÒUÚ for thegoal �Ý� is failed (to

save space,the tree is figured in one line becauseeachof its internal nodeshasthe
uniquechild):

¼ �Ò�Ú —- Ä � � �Ô) �#��G "�) ����V � —- ¼ �ÒUÕ ÈÊÖ —- Ä n � � �
—- ¼ �Ò

Here, ¼ �Ò hastheuniquenode � ; ¼ �ÒUÚ and ¼ �ÒUÕ ÈÊÖ areasfollows,respectively:

�Å�

��) �#��G "�) �#��V
 n

� G � V

�
 �

It is easyto seethat ¼ �Ò�Õ is an indeterminatenodeof the D-SLS treefor thegoal� G .

It shouldbenotedthat,in D-SLStree,anactivenodecontainingclassicnegativeliterals
cannotbeignored1. Thatis, theremaybenegationnodehaving classicnegativeliterals
aschild in D-SLS tree.Considerthefollowing program:

V � I �¹) ��� �
I ���¨�

1 Thisquestionis proposedby onereferee.



TheD-SLS tree ¿¬Ò Ö for thegoal � V is asfollows:

¼ �Ò Ö —- ÄY� �m¯ I "�) �#� � �
—- ¼ �ÒcÞ ÈWß .

It canbeverifiedthatthegoal � V is failed.

6 Soundnessand Completenessof D-SL S Resolution

In this section,we addressthesoundnessandcompletenessof D-SLS Resolution.We
first show thatD-SLSResolutionissoundandcompletew.r.t. theargumentativeseman-
tics WFDS. Then,by Theorem1, we get the soundnessandcompletenessof D-SLS
Resolutionw.r.t. WFDS

�
. Althoughwe allow a goalto havea verygeneralform in our

D-SLS Resolution,eachgoal  consideredin this sectionactuallyhasoneof thetwo
forms: either � G � ��$�$�$Ê� G ® or � G � "�$�$�$%" G ® "±¯ V � "�$�$�$�"°¯ V � "�) �#� � � "�$�$�$%"�) ��� � , ,
whereall G 9 , V 9 and � 9 areatoms.Thus,from now onwe will alwaysmeaneitherof the
above form whena goal is mentioned.Thedetailedproofsof resultsin this sectionare
not difficult but tedious,thuswe omit themhere.

Theorem2. (Soundnessof D-SLS Resolutionw.r.t. WFDS)
Let � bea disjunctivelogic program.Then

1. If goal  ²³� p � "�$�$�$%" p , is failed, then .@?+4�p � ��������� .@?+4�p , s WFDS�D� �
.

2. If goal  ²³� p ���h������� p , is successful,then p ���h������� p , s WFDS�&� �
.

To proveTheorem2, we needonly to show thefollowing lemma.

Lemma 1. Let � bea disjunctivelogic program.Then

1. If goal  ²³� p � "�$�$�$%" p , is failed, then .@?+4�p � ��������� .@?+4�p , s WFDH�&� �
.

2. If goal  ²³� p ���h������� p , is successful,thenWFDH�&� � ��\`p ���h������� p , .

Sketch of Proof It sufficesto prove the following two propositionshold by using
simultaneousinductionon thelevel IF�D¿ ½ �

of D-SLS tree ¿ ½ :

S1 .@?+4�p � ��������� .@?+4�p , s�à¨¤\ �M¥ �
if thegoal  ²� p � "�$�$�$�" p , is failedand IT�&¿ ½ � ;Ì¨/a= ;

S2 à ¤\ �&¥ � ��\tp ����������� p , if thegoal  ²� p ����������� p , is successfuland IT�&¿ ½ � ;Ì¨/�8 .

Theorem3. (Completenessof D-SLS Resolutionw.r.t. WFDS)
Let � bea disjunctivelogic program.Then

1. If p � �������+� p , s WFDS�&� �
, thenthegoal � p � �h������� p , is successful.

2. If .@?+4�p ����������� .@?+4�p , s WFDS�D� �
, thenthegoal  ²á� p ��"�$�$�$%" p , is failed.

This theoremfollowsdirectly from thenext lemma.

Lemma 2. Let � bea disjunctivelogic programand  a goalof � . Then

1. If WFDH�D� � � \ p � �h������� p , , thenthegoal  ²� p � �h������� p , is successful.
2. If .@?+4�p � ��������� .@?+4�p , s WFDH�&� �

, thenthegoal  ²� p � "�$�$�$�" p , is failed.



Sketch of Proof It is enoughto show thatbothof thefollowing C1 andC2 hold by
usingsimultaneousinductionon thelevel IT�D¿ ½ � ;iÌ :

C1 For Ì0/�= , if à¨¤ d � �&¥ � ��\ap �´�Y�����K� p , , thenthe goal  ²�� p �´�������� p , is
successfulandits level is Ì .

C2 For Ìh/�= , if .@?+4xp � �`������� .@?+4xp , s�à¨¤\ �&¥ �
, thenthegoal  ²S� p � "�$�$�$�" p , is

failedandits level is no morethan ÌqÍi= .
By the definition of WFDS

�
, for any atoms p � "�$�$�$�" p , , ) �#�Up � �0�����W�0) ���Up , s

WFDS
� �&� �

if andonly if p 9 s WFDS
� �D� �

for somep 9 . Thus,thefollowing two theo-
remsfollowsdirectly from Theorem1 andthetwo theoremsabove.

Theorem4. (Soundnessof D-SLS Resolutionw.r.t. WFDS
�
)

Let � bea disjunctivelogic program.Then

1. If goal  ²³� p 9 is failed for somep 9 , then .@?+4�p ���h������� .@?+4Ap , s WFDS
� �D� �

.
2. If goal  ²³� p � �h������� p , is successful,then p � �h������� p , s WFDS

� �D� �
.

Theorem5. (Completenessof D-SLS Resolutionw.r.t. WFDS
�
)

Let � bea disjunctivelogic program.Then

1. If p ���������+� p , s WFDS
� �D� �

, thenthegoal � p ���v�����+� p , is successful.
2. If .@?+4�p � ��������� .@?+4Ap , s WFDS

� �D� �
, thenthegoal  ²á� p 9 is failed for somep 9 .

7 Conclusion

The main contribution of this paperis that we have proposeda top-down procedure
D-SLS Resolutionfor disjunctive well-foundedsemantics.This resolution-likeproce-
dureextendsboththeGlobalSLS-resolution[10] andSLI-resolution[8]. Weprovethat
D-SLS Resolutionis soundandcompletewith respectto thedisjunctivewell-founded
semanticsWFDSandWFDS

�
. Weknow thattheGlobalSLS-resolutionis aclassicpro-

cedurefor thewell-foundedsemanticsof normallogic programswhile SLI-resolution
is themostimportantprocedurefor positive disjunctive programs.D-SLS Resolution
is actuallyanovel characterizationfor WFDS

�
andthusprovidesafurtheryetpowerful

argumentin favor of thesemanticsWFDS
�
. On theotherhand,theresultsin this paper

pave a promisingway to implementtheWFDS
�

by employing someexisting theorem
provers.Althoughthispointhasbeenmadeclearfor BrassandDix’sD-WFSin [3], no
top-down procedureis providedfor their semantics.

It is worthnotingthatD-SLS Resolutionin thecurrentform is notefficientyet.We
arecurrentlyworkingonmoreefficientalgorithmfor D-SLS Resolutionby employing
sometechniquessuchasthetablingmethod[4].
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