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Abstract. Nestedlogic programshave recentlybeenintroducedin orderto al-
low for arbitrarily nestedformulasin theheadsandthebodiesof logic program
rulesunderthe answersetssemantics.Previous resultsshow that nestedlogic
programscanbetransformedinto standard(unnested)disjunctive logic programs
in anelementaryway, applyingthe negation-as-failure operatorto body literals
only. This is of greatpracticalrelevancesinceit allowsusto evaluatenestedlogic
programsby meansof off-the-shelfdisjunctive logic programmingsystems,like
DLV. However, it turnsout that this straightforward transformationresultsin an
exponentialblow-up in theworst-case,despitethefact thatcomplexity resultsin-
dicatethatthereis apolynomialtranslationamongbothformalisms.In thispaper,
wetakeup thischallengeandprovide apolynomialtranslationof logic programs
with nestedexpressionsinto disjunctive logic programs.Moreover, weshow that
this translationis modularand(strongly)faithful. Wehave implementedboththe
straightforwardaswell asour advancedtransformation;the resultingcompiler
servesasa front-endto DLVandis publicly availableon theWeb.

1 Intr oduction

Lifschitz, Tang, and Turner [24] recentlyextendedthe answerset semantics[12] to
a classof logic programsin which arbitrarily nestedformulas,formed from literals
usingnegationasfailure,conjunction,anddisjunction,constitutetheheadsandbodies
of rules.Theseso-callednestedlogic programsgeneralisethe well-known classesof
normal, generalised, extended, and disjunctivelogic programs, respectively. Despite
their syntacticallymuchmorerestrictedformat, the latter classesarewell recognised
�
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asimportanttoolsfor knowledgerepresentationandreasoning.This is reflectedby the
fact that several practically relevant applicationshave beendevelopedrecentlyusing
thesetypesof programs(cf., e.g., [22,3,11,16]), which in turn is largely fosteredby
theavailability of efficient solversfor theanswersetsemantics,mostnotablyDLV [8,
9] andSmodels [27].

In this paper, we areinterestedin utilising thesehighly performantsolversfor in-
terpretingnestedlogic programs.We addressthis problemby providing a translation
of nestedlogic programsinto disjunctive logic programs.In contrastto previouswork,
our translationis guaranteedto bepolynomial in time andspace,assuggestedby re-
latedcomplexity results[32]. Morespecifically, weprovideatranslation,	 , from nested
logic programsinto disjunctive logic programspossessingthefollowing properties:

– 	 mapsnestedlogic programsover analphabet

 � into disjunctive logic programs

overanalphabet

 � , where


 ��� 
 � ;
– thesizeof 	�
���� is polynomialin thesizeof � ;
– 	 is faithful, i.e., for eachprogram� over alphabet


 � , thereis a one-to-onecor-
respondencebetweentheanswersetsof � andsetsof form ��� 
 � , where � is an
answersetof 	�
���� ; and

– 	 is modular, i.e., 	�
�������������	�
�������	�
������ , for eachprogram�! "��� .
Moreover, wehave implementedtranslation	 , servingasa front-endfor thelogic pro-
grammingsystemDLV.

The constructionof 	 relieson the introductionof new labels, abbreviating sub-
formulaoccurrences.This techniqueis derivedfrom structure-preservingnormalform
translations[36,33], frequentlyemployedin thecontext of automateddeduction(cf. [1]
for anoverview). Weusehereamethodadaptedfrom astructure-preservingtranslation
for intuitionistic logic asdescribedin [26].

Regardingthefaithfulnessof 	 , weactuallyprovideasomewhatstrongercondition,
referredto as strong faithfulness, expressingthat, for any programs� and ��� over
alphabet


 � , thereis a one-to-onecorrespondencebetweentheanswersetsof �#�!���
andsetsof form ��� 
 � , where � is ananswersetof 	�
����$�%��� . Thisconditionmeans
that we canadd to a given program � any nestedprogram ��� andstill recover the
answersetsof thecombinedprogram���!��� from 	�
������!��� ; in particular, for any
nestedlogic program � , we may chooseto translate,in a semantics-preservingway,
onlyanarbitraryprogrampart �'& � � andleavetheremainingpart ��()�'& unchanged.
For instance,if �'& is alreadyadisjunctive logic program,wedonotneedto translateit
againinto another(equivalent)disjunctive logic program.Strongfaithfulnessis closely
relatedto theconceptof strongequivalence[23] (seebelow).

In orderto have a sufficiently generalsettingfor our purposes,we baseour investi-
gationonequilibriumlogic [28], ageneralisationof theanswersetsemanticsfor nested
logic programs.Equilibrium logic is a form of minimal-modelreasoningin the logic
of here-and-there, which is intermediatebetweenclassicallogic andintuitionistic logic
(thelogic of here-and-thereis alsoknownasGödel’sthree-valuedlogic in view of [14]).
As shown in [28,29,23], logic programscanbeviewedasa specialclassof formulas
in the logic of here-and-theresuchthat,for eachprogram� , theanswersetsof � are
givenby theequilibriummodelsof � , wherethelatter � is viewedasasetof formulas
in thelogic of here-and-there.



The problemof implementingnestedlogic programshasalreadybeenaddressed
in [32], where(linear-time constructible)encodingsof thebasicreasoningtasksasso-
ciatedwith this languageinto quantifiedBooleanformulasaredescribed.Theseencod-
ingsprovide a straightforwardimplementationfor nestedlogic programsby appealto
off-the-shelfsolversfor quantifiedBooleanformulas(like, e.g.,thesystemsproposed
in [4,10,13,20,21,34]).Besidestheencodingsinto quantifiedBooleanformulas,afur-
therresultof [32] is thatnestedlogic programspossessthesameworst-casecomplexity
asdisjunctivelogicprograms,i.e.,themainreasoningtasksassociatedwith nestedlogic
programslie at thesecondlevel of thepolynomialhierarchy. Fromthis resultit follows
that nestedlogic programscanin turn be efficiently reducedto disjunctive logic pro-
grams.Hence,givensuchareduction,solversfor thelatterkindsof programs,like, e.g.,
DLV or Smodels , canbeusedto computetheanswersetsof nestedlogic programs.
Themaingoalof thispaperis to constructa reductionof this type.

Althoughresultsby Lifschitz, Tang,andTurner[24] (togetherwith transformation
rulesgiven in [19]) provide a methodto translatenestedlogic programsinto disjunc-
tive ones,that approachsuffers from the drawbackof an exponentialblow-up of the
resultingdisjunctive logic programsin theworst case.This is dueto the fact that this
translationreliesondistributivity lawsyieldinganexponentialincreaseof programsize
whenever thegivenprogramcontainsruleswhoseheadsarein disjunctivenormalform
or whosebodiesarein conjunctivenormalform, andtherespectiveexpressionsarenot
simple disjunctionsor conjunctionsof literals. Our translation,on the other hand,is
alwayspolynomialin thesizeof its input program.

Finally, we mentionthatstructure-preservingnormalform translationsin the logic
of here-and-thereare also studied,yet in much more generalsettings,by Baazand
Fermüller [2] aswell asby Hähnle[15]; there,whole classesof finite-valuedGödel
logics areinvestigated.Unfortunately, thesenormal form translationsarenot suitable
for our purposes,becausethey do not enjoy the particularform of programsrequired
here.

2 Preliminaries

We dealwith propositionallanguagesandusethe logical symbols * , + , , , - , . , and/ to constructformulasin thestandardway. Wewrite 021 to denotealanguageoveran
alphabet



of propositionalvariablesor atoms. Formulasaredenotedby Greeklower-

caseletters(possiblywith subscripts).As usual,literals areformulasof form 3 or ,�3 ,
where 3 is somevariableor oneof *' 4+ .

Besidesthesemanticalconceptsintroducedbelow, wealsomakeuseof theseman-
tics of classicalpropositionallogic. By a 
 classical� interpretation, � , we understand
a setof variables.Informally, a variable 3 is true under � if f 3657� . The truth value
of a formula 8 underinterpretation� , in the senseof classicalpropositionallogic, is
determinedin theusualway.

2.1 Logic Programs

The centralobjectsof our investigationare logic programswith nestedexpressions,
introducedby Lifschitz et al. [24]. Thesekinds of programsgeneralisenormal logic



programsby allowing bodiesandheadsof rulesto containarbitraryBooleanformulas.
For reasonsof simplicity, we deal hereonly with languagescontainingone kind of
negation,however, correspondingto defaultnegation.Theextensionto thegeneralcase
wherestrongnegation is alsopermittedis straightforwardandproceedsin the usual
way.

We startwith somebasicnotation.A formula whosesententialconnectivescom-
priseonly . , - , or , is calledanexpression. A rule, 9 , is anorderedpair of form

: 
�9)�<;>=%
�9)�" 
where =%
�9)� and

: 
�9)� areexpressions.=%
�9)� is called the bodyof 9 and
: 
�9)� is the

headof 9 . We saythat 9 is a generaliseddisjunctiverule if =%
�9)� is a conjunctionof
literalsand

: 
�9)� is a disjunctionof literals; 9 is adisjunctiverule if f it is a generalised
disjunctive rule containingno negatedatomin its head;finally, if 9 is a rule containing
nonegationatall, then 9 is calledbasic. A nestedlogic program, or simplya program,
� , is a finite setof rules. � is a generaliseddisjunctivelogic program if f it contains
only generaliseddisjunctive rules.Likewise, � is a disjunctivelogic program if f �
containsonly disjunctive rules,and � is basicif f eachrule in � is basic.We saythat
� is a programover alphabet



if f all atomsoccurringin � arefrom



. The setof

all atomsoccurringin program� is denotedby ?)@)AB
���� . We use C�D$E�1 to denotethe
classof all nestedlogic programsover alphabet



; furthermore,F�D$E<1 standsfor the

subclassof C�D$E�1 containingall disjunctivelogicprogramsover



; and G2F�D$E�1 is the
classof all generaliseddisjunctive logic programsover



. Furtherclassesof programs

areintroducedin Section4.
In whatfollows,we associateto eachrule 9 a correspondingformula H9I��=%
�9)� /: 
�9)� and,accordingly, to eachprogram� a correspondingsetof formulas H�J�LKMH9�N

9'5���O .
Let � be a basicprogramover



and � � 
 a (classical)interpretation.We say

that � is amodelof � if f it is amodelof theassociatedset H� of formulas.Furthermore,
givenan (arbitrary)program � over



, the reduct, ��P , of � with respectto � is the

basicprogramobtainedfrom � by replacingevery occurrenceof anexpression,�Q in
� which is not in the scopeof any othernegationby + if Q is true under � , andby
* otherwise.� is ananswerset(or stablemodel) of � if f it is a minimal model(with
respectto set inclusion)of the reduct ��P . The collectionof all answersetsof � is
denotedby R�S�1�
���� .

Two logic programs,� � and � � , areequivalentif f they possessthesameanswer
sets.Following Lifschitz etal. [23], wecall � � and � � stronglyequivalentif f, for every
program� , � � �!� and � � ��� areequivalent.

2.2 Equilibrium Logic

Equilibriumlogic is anapproachto nonmonotonicreasoningthatgeneralisestheanswer
setsemanticsfor logic programs.We usethis particularformalism becauseit offers
a convenientlogical languagefor dealingwith logic programsunderthe answerset
semantics.It is definedin termsof the logic of here-and-there,which is intermediate
betweenclassicallogicandintuitionisticlogic.Equilibriumlogicwasintroducedin [28]



andfurtherinvestigatedin [29]; proof theoreticstudiesof thelogic canbefoundin [31,
30].

Generallyspeaking,the logic of here-and-thereis an importanttool for analysing
variouspropertiesof logic programs.For instance,asshown in [23], the problemof
checkingwhethertwo logic programsarestronglyequivalentcanbeexpressedin terms
of thelogic of here-and-there(cf. Proposition2 below).

Thesemanticsof thelogic of here-and-thereis definedby meansof two worlds,
:

and T , called“here” and“there”. It is assumedthat thereis a total order, U , defined
betweentheseworlds suchthat U is reflexive and

: UJT . As in ordinary Kripke
semanticsfor intuitionistic logic, we canimaginethat in eachworld a setof atomsis
verifiedandthat,onceverified“here”, anatomremainsverified“there”.

Formally,by anHT-interpretation, V , weunderstandanorderedpair W��YXI "��Z�[ of sets
of atomssuchthat �YX � ��Z . We saythat V is anHT-interpretationover



if ��Z � 
 .

The set of all HT-interpretationsover



is denotedby \]C�^_1 . An HT-interpretation
W��YXI "��Z�[ is total if �YX6����Z .

The truth value, `YaM
�bI "8$� , of a formula 8 at a world bc5dK :  "T�O in an HT-
interpretationVe�fW��YXI "��Z�[ is recursively definedasfollows:

1. if 8���* , then `YaM
�bI "8$�2�fg ;
2. if 8���+ , then `YaM
�bI "8$�2�6h ;
3. if 8��63 is anatom,then `YaM
�bI "8$���Lg if 3%5��Yi , otherwisèYaM
�bI "8$����h ;
4. if 86�#,�Q , then `YaM
�bI "8����jg if, for every world k with b�Ulk , `YaM
�k$ "Q<���#h ,

otherwisèYaM
�bI "8$����h ;
5. if 8l�m
�8 � .n8 � � , then `YaM
�bI "8$���og if `YaM
�bI "8 � ���og and `YaM
�bI "8 � �!�pg ,

otherwisèYaM
�bI "8$����h ;
6. if 8��f
�8 � -�8 � � , then `YaM
�bI "8$�2�fg if `Yaq
�bI "8 � ���Lg or `YaM
�bI "8 � ���fg , otherwise
`Yaq
�bI "8����6h ;

7. if 8r�c
�8 � / 8 � � , then `YaM
�bI "8$�s�tg if for every world k with buUok ,
`Yaq
�k$ "8 � �2�6h or `Yaq
�k$ "8 � ���fg , otherwisèYaM
�bI "8$�2�6h .
We saythat 8 is true under V in b if f `YaM
�bI "8$�%�>g , otherwise8 is falseunder

V in b . An HT-interpretationVL�rW��YXI "��Z�[ satisfies8 , or V is an HT-modelof 8 , if f
`YaM
 :  "8�����g . If 8 is true underany HT-interpretation,then 8 is valid in the logic of
here-and-there, or simplyHT-valid.

Let v bea setof formulas.An HT-interpretationV is anHT-modelof v if f V is an
HT-modelof eachelementof v . We saythat V is anHT-modelof a program � if f V is
anHT-modelof H�r�7K)=%
�9)� / : 
�9)��N)9'5���O .

Two setsof formulasareequivalentin thelogicof here-and-there, orHT-equivalent,
if f they possessthesameHT-models.Two formulas,8 and Q , areHT-equivalentif f the
setsK)8$O and K)Q_O areHT-equivalent.

It is easilyseenthatany HT-valid formulais valid in classicallogic,but theconverse
doesnot alwayshold. For instance,wx-f,qw and ,�,qw / w arevalid in classicallogic
but not in thelogic of here-and-thereasthepair W�yB 4K4wqOz[ is not anHT-modelfor either
of theseformulas.

Equilibrium logic canbe seenasa particulartypeof reasoningwith minimal HT-
models.Formally, anequilibriummodelof aformula 8 is atotalHT-interpretationW��{ "�B[



suchthat(i) W��{ "�B[ is anHT-modelof 8 , and(ii) for everypropersubset| of � , W}|{ "�B[ is
notanHT-modelof 8 .

The following resultestablishesthecloseconnectionbetweenequilibriummodels
andanswersets,showing that answersetsare actuallya specialcaseof equilibrium
models:

Proposition 1 ([28,23]). For anyprogram � , � is an answersetof � iff W��{ "�B[ is an
equilibriummodelof H� .

Moreover, HT-equivalencewasshown to capturethenotion of strongequivalence
betweenlogic programs:

Proposition 2 ([23]). Let � � and � � be programs,and let H�%~���K)=%
�9)� / : 
�9)�!N
9�57�%~�O , for �I�dg) "� . Then, � � and � � are strongly equivalentiff H� � and H� � are
equivalentin thelogic of here-and-there.

Recently, deJonghandHendriks[5] have extendedProposition2 by showing that
for nestedprogramsstrongequivalenceis characterisedpreciselyby equivalencein all
intermediatelogics lying betweenhere-and-there(upperbound)andthe logic KC of
weakexcludedmiddle (lower bound)which is axiomatisedby intuitionistic logic to-
getherwith the schema,��x-s,�,�� . Also, in [32] a (polynomial-timeconstructible)
translationis given which reducesthe problemof decidingwhethertwo nestedpro-
gramsarestronglyequivalentinto thevalidity problemof classicalpropositionallogic
(asimilarresultwasindependentlyshown in [25] for disjunctiveprograms).As aconse-
quence,checkingwhethertwo programsarestronglyequivalenthasco-NPcomplexity.

We requirethe following additionalconcepts.By an HT-literal, � , we understand
a formula of form 3 , ,�3 , or ,�,�3 , where 3 is a propositionalatom or oneof * , + .
Furthermore,a formula is in here-and-there negational normal form, or HT-NNF, if
it is madeup of HT-literals, conjunctionsand disjunctions.Likewise, we say that a
program is in HT-NNF if f all headsandbodiesof rulesin theprogramarein HT-NNF.

Following [24], every expression8 caneffectively be transformedinto anexpres-
sion Q in HT-NNF possessingthesameHT-modelsas 8 . In fact,wehave thefollowing
property:

Proposition 3. Everyexpression8 is HT-equivalentto anexpressioǹq
�8$� in HT-NNF,
where `q
�8$� is constructiblein polynomialtimefrom 8 , satisfyingthefollowing condi-
tions,for each expression�_ "Q :

1. `q
��2����� , if � is an HT-literal;
2. `q
},�,�,��2���7`q
},��2� ;
3. `q
��!�_Q_�2��`q
��2�M�<`q
�Q_� , for �I5�Kz.2 4-�O ;
4. `q
},2
��7.�Q_�]�2��`q
},��2�I-�`q
},�Q_� ;
5. `q
},2
��7-�Q_�]�2��`q
},��2�I.�`q
},�Q_� .

3 Faithful Translations

Next, weintroducethegeneralrequirementsweimposeonourdesiredtranslationfrom
nestedlogic programsinto disjunctive logic programs.Thefollowing definitionis cen-
tral:



Definition 1. Let

 � and


 � betwo alphabetssuch that

 �'� 
 � , and,for �<�#g) "� ,

let v$~ � C�D$E�12� be a classof nestedlogic programsclosedunderunions.1 Then,a
function �%�Bv � / v � is

1. polynomial iff, for all programs �c5lv � , the time required to compute�q
���� is
polynomialin thesizeof � ;

2. faithful iff, for all programs�>5�v � ,
R�S�12�Y
����2��K)��� 
 � N)��5�R�S�1��Y
��q
����]�]O��

3. stronglyfaithful iff, for all programs�>5�v � andall programs � � 5�C�D$E�12� ,
R�S�12�Y
��#��� � ���7K)��� 
 � NY�%5�R�S�1��)
��q
����$�!� � �]O�� and

4. modulariff, for all programs� �  "� � 5�v � ,
�q
�� � ��� � ���6�q
�� � �M�%�q
�� � �"�

In view of the requirementthat

 ��� 
 � , the generalfunctionsconsideredhere

may introducenew atoms.Clearly, if thegiven function is polynomial,thenumberof
newly introducedatomsis alsopolynomial.Faithfulnessguaranteesthatwecanrecover
thestablemodelsof theinputprogramfrom thetranslatedprogram.Strongfaithfulness,
ontheotherhand,statesthatwecanaddto agivenprogram� anynestedlogicprogram
��� andstill retain,up to theoriginal language,thesemanticsof thecombinedprogram
�#�!� � from �q
������!� � . Finally, modularityenforcesthatwe cantranslateprograms
rule by rule.

It is quite obvious thatany stronglyfaithful function is alsofaithful. Furthermore,
strongfaithfulnessof function � impliesthat,for a givenprogram� , we cantranslate
anyprogrampart �'& of � whilst leaving the remainingpart ��(��'& unchanged,and
determinethe semanticsof � from �q
��'&z���e
��j(��'&z� . As well, for any function of
form ���MC�D$E�1 / C�D$E�1 , strongfaithfulnessof � is equivalentto theconditionthat
� and �q
���� arestronglyequivalent,for any �o56C�D$E�1 . Hence,strongfaithfulness
generalisesstrongequivalence.

Following [18,19], wesaythata function � asin Definition1 is PFM, or that � is a
PFM-function, if f it is polynomial,faithful, andmodular. Analogously, wecall � PSM,
or aPSM-function, if f it is polynomial,stronglyfaithful, andmodular.

It is easyto seethatthecompositionof two PFM-functionsis againaPFM-function;
andlikewisefor PSM-functions.Furthermore,sinceany PSM-functionis alsoPFM, in
the following we focuson PSM-functions.In fact, in the next section,we constructa
function 	7�_C�D$E�12� / F�D$E�1�� (where


 � is a suitableextensionof

 � ) which is

PSM.
Next, we discusssomesufficient conditionsguaranteeingthat certainclassesof

functionsarestronglyfaithful. Westartwith thefollowing concept.

Definition 2. Let �s��C�D$E�12� / C�D$E�1�� be a functionsuch that

 �!� 
 � , and let

\]C�^212� betheclassof all HT-interpretationsover

 ~M
����Lg) "��� .

1 A class� of setsis closedunderunionsproviding ���}����� implies ���'���%� .



Then,thefunction �����{\]C�^212����C�D$E�12� / \]C�^_1�� is calleda � -associatedHT-
embeddingiff, for each HT-interpretation V7�nW��YXI "��Z�[ over


 � , each �m5sC�D$E�12� ,
andeach b75�K :  "T�O , |{i!� 
 � ���Yi and |{i�( 
 ��� ?)@)AB
��q
����]� , where ���z
�V< "���2�
W}|{XI 4|BZ�[ .

Furthermore, for any � � \]C�^_12� andany �m5sC�D$E�12� , wedefine ���z
}�' "�����
K)���z
�V< "����N"Vx5��IO .

Intuitively, a � -associatedHT-embeddingtransformsHT-interpretationsover thein-
putalphabet


 � of � into HT-interpretationsover theoutputalphabet

 � of � suchthat

the truth valuesof the atomsin

 � areretained.The following definition strengthens

thesekindsof mappings:

Definition 3. Let � beasin Definition2, and let ��� bea � -associatedHT-embedding.
Wesaythat ��� is a � -associatedHT-homomorphismif, for any V< �V2�M5�\]C�^212� andany
�j5�C�D$E�12� , thefollowing conditionshold:

1. V is an HT-modelof � iff ���z
�V< "��� is an HT-modelof �q
���� ;
2. V is total iff ���z
�V< "��� is total;
3. if Vr�mW��YXI "��Z�[ and V � �mW�� �X  "� �Z [ are HT-modelsof � , then �YXJ�>� �X and
��Z��6���Z holdspreciselyif |{X���|��X and |BZ���|��Z , for ���z
�V< "���2�7W}|{XI 4|BZ�[ and
���z
�V2�� "�����fW}|��X  4|��Z [ ; and

4. an HT-interpretation � over ?)@)AB
��q
����]� is an HT-modelof �q
���� only if ��5
���z
}\]C�^212�Y "��� .
Roughlyspeaking,� -associatedHT-homomorphismsretaintherelevantproperties

of HT-interpretationsfor being equilibrium modelswith respectto transformation� .
More specifically, thefirst threeconditionstakesemanticalandset-theoreticalproper-
ties into account,respectively, whilst the last oneexpressesa specific“closurecondi-
tion”. The inclusionof the latter requirementis explainedby observationthat thefirst
threeconditionsalonearenot sufficient to excludethe possibility that theremay ex-
ist someequilibrium model V of � suchthat ���z
�V< "��� is not an equilibrium model
of �q
���� . Thereasonfor this is that theset ���z
}\]C�^_12�Y "��� , comprisingthe imagesof
all HT-interpretationsover


 � under ��� with respectto program � , does,in general,
notcoverall HT-interpretationsover ?)@)AB
��q
����]� . Hence,for ageneral� -associatedHT-
embedding���z
]�� ���� , theremayexist someHT-modelof �q
���� which is not includedin
���z
}\]C�^_12�Y "��� preventing ���z
�V< "��� from beinganequilibriummodelof �q
���� albeit
V is anequilibriummodelof � . Theadditionof thelastconditionin Definition3, how-
ever, excludesthis possibility, ensuringthatall relevantHT-interpretationsrequiredfor
checkingwhether ���z
�V< "��� is an equilibrium modelof �q
���� are indeedconsidered.
Thefollowing resultcanbeshown:

Lemma 1. For any function �e�$C�D$E�12� / C�D$E�1�� with

 �%� 
 � , if there is some

� -associatedHT-homomorphism,then � is faithful.

Fromthis,weobtainthefollowing property:

Theorem1. Under thecircumstancesof Lemma1, if � is modularand there is some
� -associatedHT-homomorphism,then � is stronglyfaithful.

We makeuseof the last result for showing that the translationfrom nestedlogic
programsinto disjunctive logic programs,asdiscussednext, is PSM.



4 Main Construction

In thissection,weshow how logic programswith nestedexpressionscanbeefficiently
mappedto disjunctive logic programs,preservingthesemanticsof therespective pro-
grams.Althoughresultsby Lifschitz et al. [24] alreadyprovide a reductionof nested
logic programsinto disjunctive ones(by employingadditionaltransformationstepsas
given in [19]), that methodis exponentialin the worst case.This is due to the fact
that the transformationrelieson distributive laws, yielding anexponentialincreaseof
programsizewhenever the givenprogramcontainsruleswhoseheadsarein disjunc-
tive normalform or whosebodiesarein conjunctive normalform, andthe respective
expressionsarenotsimpledisjunctionsor conjunctionsof HT-literals.

To avoid suchan exponentialblow-up, our techniqueis basedon the introduction
of new atoms,called labels, abbreviating subformulaoccurrences.This methodis de-
rivedfrom structure-preservingnormalform translations[36,33], whicharefrequently
appliedin the context of automatedreasoning(cf., e.g.,[2, 15] for generalinvestiga-
tionsaboutstructure-preservingnormalform translationin finite-valuedGödel logics,
and[6, 7] for proof-theoreticalissuesof suchtranslationsfor classicalandintuitionistic
logic). In contrastto theoremproving applications,wherethemainfocusis to provide
translationswhich aresatisfiability(or, alternatively, validity) equivalent,herewe are
interestedin somewhatstrongerequivalenceproperties,viz. in thereconstructionof the
answersetsof theoriginal programsfrom the translatedones,which involvesalsoan
adequatehandlingof additionalminimality criteria.

Theoverall structureof our translationcanbedescribedasfollows.Givena nested
logic program� , we performthefollowing steps:

1. For each9'5�� , transform
: 
�9)� and =%
�9)� into HT-NNF;

2. translatethe programinto a programcontainingonly ruleswith conjunctionsof
HT-literalsin their bodiesanddisjunctionsof HT-literalsin theirheads;

3. eliminatedoublenegationsin bodiesandheads;and
4. transformthe resultingprograminto a disjunctive logic program,i.e., makeall

headsnegationfree.

Steps1 and3 arerealisedby usingpropertiesof logic programsasdescribedin [24];
Step2 representsthecentralpartof our construction;andStep4 exploits a procedure
dueto Janhunen[19].

In what follows, for any alphabet



, we definethe following new anddisjoint al-
phabets:

– aset

'� �7K)�_ �N)8�5!021�O of labels;and

– aset ¡
 �7K w�N4w�5 
 O of atomsrepresentingnegatedatoms.

Furthermore,C�D$E'¢Y¢}£1 is theclassof all nestedlogic programsover



whicharein
HT-NNF, and G2F�D$E�¤Y¥1 is theclassof all programsover



which aredefinedlike gen-

eralisedlogic programs,exceptthatHT-literalsmayoccurin rulesinsteadof ordinary
literals.

Weassumethatfor eachof theaboveconstructionstages,Step� is realizedby acor-
respondingfunction 	q~}
]��� ( �_�#g) ������Y ]¦ ). Theoverall transformationis thendescribed



by the composedfunction 	L�r	B§'�I	 � �I	 � �I	 � , which is a mappingfrom the set
C�D$E�1 of all programsover



into the set F�D$E�12¨ of all disjunctive logic program

over

�© � 
 � 
'� �j¡
 . Morespecifically,

	 � �BC�D$E�1 / C�D$E'¢Y¢}£1
translatesany nestedlogic programover



into a nestedprogramin HT-NNF. Transla-

tion
	 � ��C�D$E�¢Y¢}£1 / G2F�D$E�¤Y¥12ªz1�«

takestheseprogramsandtransformstheirrulesintosimpleronesasdescribedbyStep2,
introducingnew labels.Theserulesarethenfed into mapping

	 � �$G2F�D$E ¤Y¥12ªz1�« / G2F�D$E�12ªz1�«q 
yielding generaliseddisjunctive logic programs.Finally,

	B§I��G2F�D$E<12ªz1�« / F�D$E�1 ¨
outputsstandarddisjunctive logic programs.

As arguedin thefollowing,eachof thesefunctionsis PSM;hence,theoverall func-
tion 	��6	B§<�_	 � �_	 � �_	 � is PSMaswell.

Wecontinuewith thetechnicaldetails,startingwith 	 � .
For thefirst step,we usetheprocedurèq
]��� from Proposition3 to transformheads

andbodiesof rulesinto HT-NNF.

Definition 4. Thefunction 	 � �BC�D$E�1 / C�D$E'¢Y¢}£1 is definedbysetting

	 � 
����2�7Kz`q
 : 
�9)�]�<;d`q
�=%
�9)�]��N)9I5���O� 
for any �j5�C�D$E�1 .

Since,for eachexpression8 , `q
�8$� is constructiblein polynomialtimeand 8 is HT-
equivalentto `q
�8$� (cf. Proposition3), thefollowing resultis immediate:

Lemma 2. Thetranslation 	 � is PSM.

Thesecondstepis realisedasfollows:

Definition 5. Thefunction 	 � ��C�D$E�¢Y¢}£1 / G2F�D$E�¤Y¥12ªz1�« is definedbysetting,for any

�j5�C�D$E'¢Y¢}£1 ,
	 � 
����2��K)� X<¬�­}® ;>�_¯ ¬�­}® N)9I5���O��%°�
����" 

where °�
���� is constructedasfollows:

1. for each HT-literal � occurringin � , addthetwo rules

�_±$;j� and ��;>�_±��
2. for each expression8!�f
�8 � .�8 � � occurringin � , addthethreerules

�_ %;>�_ )��.��_ Y�) c�_ )��;>�_ { c�_ Y��;>�_ {� and



3. for each expression8!�f
�8 � -�8 � � occurringin � , addthethreerules

�_ )��-��_ Y��;>�_ { c�_ �;>�_ )�Y c�_ %;>�_ Y�)�
Thisdefinitionis basicallyanadaptionof astructure-preservingnormalform trans-

lation for intuitionistic logic, asdescribedin [26].
It is quite obvious that 	 � is modularand,for each �c5fC�D$E'¢Y¢}£1 , we have that

	 � 
���� is constructiblein polynomialtime.In orderto show that 	 � is stronglyfaithful,
wedefineasuitableHT-homomorphismasfollows.

Sublemma1 Let 	 � be the translation definedabove,and let 	 ©� �6C�D$E�1 /
C�D$E�12ªz1�« resultfrom 	 � by setting 	 ©� 
����<�f	 � 
���� if �J5eC�D$E'¢Y¢}£1 and 	 ©� 
����<�
� if �j5�C�D$E�1�(<C�D$E'¢Y¢}£1 .

Then,thefunction ��² ¨� �B\]C�^_16��C�D$E�1 / \]C�^_12ªz1�« , definedas

��² ¨� 
�V< "���2�fW��YXs�!³qXI
�V< "���" "��Z��!³{Z2
�V< "���][" 
is a 	 ©� -associatedHT-homomorphism,where

³qi2
�V< "���2��K)�_ %5 
'� ��?)@)AB
�	 ©� 
����]��Nz`YaM
�bI "8$���LgYO
if �c5LC�D$E�¢Y¢}£1 , and ³qi2
�V< "�����ry otherwise,for any b>5LK :  "T�O and any HT-
interpretation Vs�7W��YXI "��Z�[ over



.

Hence,accordingto Theorem1, 	 ©� is strongly faithful. As a consequence,	 � is
stronglyfaithful aswell. Thus,thefollowing holds:

Lemma 3. Thefunction 	 � is PSM.

For Step ´ , we usea methoddue to Lifschitz et al. [24] for eliminating double
negationsin headsandbodiesof rules.The correspondingfunction 	 � is definedas
follows:

Definition 6. Let 	 � ��G2F�D$E�¤Y¥12ªz1�« / G2F�D$E<12ªz1�« be the functionobtainedby re-
placing,for each givenprogram �j56G2F�D$E�¤Y¥12ªz1�« , each rule 9'5�� of form

86-�,�,qw!;>Q by 8�;>QL.�,qwM 
aswell aseach rule of form

8�;>Qf.7,�,�µ by 8x-�,�µ�;jQ< 
where 8 and Q are expressionsand wM "µ'5 
 .

As shown in [24], performingreplacementsof the above type resultsin programs
whicharestronglyequivalentto theoriginalprograms.In fact,it is easyto seethatsuch
replacementsyield transformedprogramswhich are strongly faithful to the original
ones.Sincethesetransformationsareclearlymodularandconstructiblein polynomial
time,we obtainthat 	 � is PSM.



Lemma 4. Thefunction 	 � is PSM.

Finally, we eliminateremainingnegationspossiblyoccurringin theheadsof rules.
To this end,we employa proceduredueto Janhunen[19] (for an alternative method,
cf. [17]).

Definition 7. Let 	B§��<G2F�D$E�12ªz1�« / F�D$E 12ªz1�«�ª�¶1 be the functiondefinedby set-
ting, for anyprogram �j56G2F�D$E�12ªz1�« ,
	B§�
����2�o¡�n�!Kz+f;J
�we. wq�" w!;d,qw�N),qw occursin theheadof somerule in ��O� 

where ¡� resultsfrom � by replacingeach occurrenceof a literal ,qw in theheadof a
rule in � by w .

Janhunenshowed that replacementsof the above kind lead to a transformation
which is PFM.As a matterof fact,sincehis notionof faithfulnessis somewhatstricter
thanours,theresultsin [19] actuallyimply that

R�S�12ªz1�«q
��#��� � ����K)����
 
 � 
'� �<N)�%5�R�S 12ªz1�«zª�¶1 
�	B§�
����$��� � �]O� 
for any �! "���<5lG2F�D$E�12ªz1�« . However, we needa strongerconditionhere,viz. that
the above equationholds for any �c5rG2F�D$E<12ªz1�« andany ����5LC�D$E�12ªz1�« . We
show this by appealto Theorem1.

Sublemma2 Let 	B§ be the translationdefinedabove,and let 	 ©§ �'C�D$E�12ªz1�« /
C�D$E 12ªz1�«�ª'¶1 result from 	B§ by setting 	 ©§ 
������j	B§z
���� if �c5rG2F�D$E�12ªz1�« and
	 ©§ 
����2��� if �j5�C�D$E�12ªz1�«'(�G2F�D$E<12ªz1�« .

Then,thefunction ��² ¨· �B\]C�^_12ªz1�«���C�D$E�12ªz1�« / \]C�^ 12ªz1�«�ª'¶1 , definedas

��² ¨· 
�V< "���2�fW��YXs��¸$
�V< "���" "��Z���¸$
�V< "���][" 
is a 	 ©§ -associatedHT-homomorphism,where

¸$
�V< "���2��K w N ,qw occursin theheadof somerule in � and ws¹5���Z�O
if ��5>G2F�D$E�12ªz1�« , and ¸$
�V< "�����dy otherwise,for any HT-interpretation Vr�
W��YXI "��Z�[ over


 � 
'� .
Observe that, in contrastto thedefinitionof function ��² ¨� from Sublemma1, here

thesamesetof newly introducedatomsis addedto bothworlds.As before,we obtain
that 	 ©§ is stronglyfaithful, andhencethat 	B§ is stronglyfaithful aswell.

Lemma 5. Thefunction 	B§ is PSM.

Summarising,we obtainour mainresult,which is asfollows:

Theorem2. Let 	 �  ������Y "	B§ bethe functionsdefinedabove. Then,thecomposedfunc-
tion 	n�J	B§��'	 � �'	 � �'	 � , mappingnestedlogic programsover alphabet



into

disjunctivelogic programsoveralphabet

 � 
'� �r¡
 , is polynomial,stronglyfaithful,

andmodular.



Sincestrongfaithfulnessimpliesfaithfulness,we getthefollowing corollary:

Corollary 1. For anynestedlogic program � over



, theanswersetsof � are in a
one-to-onecorrespondenceto the answersetsof 	�
���� , determinedby the following
equation:

R�S�1�
����2��K)��� 
 N)��5�R�S�1 ¨ 
�	�
����]�]O� 
where


 © � 
 � 
'� � ¡
 .

We concludewith a remarkconcerningtheconstructionof function 	 � . As pointed
out previously, this mappingis basedon a structure-preservingnormal form transla-
tion for intuitionistic logic, asdescribedin [26]. Besidestheparticulartypeof transla-
tion usedhere,therearealsoother, slightly improvedstructure-preservingnormalform
translationsin whichfewerrulesareintroduced,dependingonthepolarityof thecorre-
spondingsubformulaoccurrences.However, althoughsuchoptimisedmethodswork in
monotoniclogics,they arenotsufficientin thepresentsetting.For instance,in apossible
variantof translation	 � basedon thepolarityof subformulaoccurrences,insteadof in-
troducingall threerulesfor anexpression8 of form 
�8 � .�8 � � , only �_ %;j�_ )��.%�_ Y� is
usedif 8 occursin thebodyof somerule,or both �_ )��;>�_  and �_ Y��;>�_  areusedif
8 occursin theheadof somerule,andanalogousmanipulationsareperformedfor atoms
anddisjunctions.Applying suchanencodingto �>�LK4w�;x�<µ%;x�<9�-f
�wx.�µz��;>O
over


 &��7K4wM "µ� "9)O yieldsa translatedprogrampossessingtwo answersets,say v � and
v � , suchthat v � � 
 &���K4wM "µzO and v � � 
 &���K4wM "µ� "9)O , althoughonly K4wM "µzO is an
answersetof � .

5 Conclusion

We have developeda translationof logic programswith nestedexpressionsinto dis-
junctive logic programs.We have proven that our translationis polynomial,strongly
faithful, andmodular. This allows usto utilise off-the-shelfdisjunctive logic program-
mingsystemsfor interpretingnestedlogic programs.In fact,wehave implementedour
translationas a front end for the systemDLV [8,9]. The correspondingcompiler is
implementedin Prologandcanbedownloadedfrom theWebat URL

http://www.cs.uni-potsdam.de/ º t orsten/nl p.

Our techniqueis basedon theintroductionof new atoms,abbreviating subformula
occurrences.This methodhas its roots in structure-preservingnormal form transla-
tions [36,33], which arefrequentlyusedin automateddeduction.In contrastto theo-
remproving applications,however, wherethemainfocusis to providesatisfiability(or,
alternatively, validity) preservingtranslations,we are concernedwith much stronger
equivalenceproperties,involving additionalminimality criteria,sinceour goalis to re-
constructtheanswersetsof theoriginalprogramsfrom thetranslatedones.

With the particular labeling techniqueemployedhere,our translationavoids the
risk of an exponentialblow-up in the worst-case,asfacedby a previousapproachof
Lifschitz et al. [24] dueto theusageof distributivity laws. However, this is not to say
that our translationis alwaysthe betterchoice.As in classicaltheoremproving, it is



rathera matterof experimentalstudiesunderwhich circumstanceswhich approachis
the more appropriateone.To this end, besidesthe implementationof our structural
translation,we have alsoimplementedthedistributive translationinto disjunctive logic
programsin order to conductexperimentalresults.Theseexperimentsaresubjectto
currentresearch.

Also, we have introducedtheconceptof strong faithfulness, asa generalisationof
(standard)faithfulnessandstrongequivalence.Thisallowsus,for instance,to translate,
in asemantics-preservingway, arbitraryprogrampartsandleavetheremainingprogram
unaffected.
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