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Abstract. Nestedlogic programshave recentlybeenintroducedin orderto al-
low for arbitrarily nestedformulasin the headsandthe bodiesof logic program
rulesunderthe answersetssemanticsPrevious resultsshav that nestedlogic
programganbetransformednto standarqunnestedjlisjunctive logic programs
in an elementaryway, applyingthe negation-as-failee operatorto body literals
only. Thisis of greatpracticalrelevancesinceit allows usto evaluatenestedogic
programsby meansof off-the-shelfdisjunctive logic programmingsystemslike
DLV. However, it turnsout thatthis straightforvard transformatiorresultsin an
exponentiablow-up in theworst-casegespitehefactthatcompleity resultsin-
dicatethatthereis apolynomialtranslatioramongbothformalisms.n this paper
we takeup this challengeandprovide a polynomialtranslationof logic programs
with nestedexpressionsnto disjunctive logic programsMoreover, we shav that
thistranslations modularand(strongly)faithful. We have implementedoththe
straightforwardaswell asour adwancedtransformationthe resultingcompiler
senesasafront-endto DLV andis publicly availableon the Weh

1 Intr oduction

Lifschitz, Tang, and Turner [24] recently extendedthe answerset semanticq12] to
a classof logic programsin which arbitrarily nestedformulas,formed from literals
usingnegationasfailure, conjunction,anddisjunction,constitutethe headsandbodies
of rules. Theseso-callednestedogic programsgeneralisghe well-known classesf
normal, genealised extended and disjunctivelogic programs respectiely. Despite
their syntacticallymuch more restrictedformat, the latter classesare well recognised
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asimportanttoolsfor knowledgerepresentatioandreasoningThisis reflectedby the
fact that several practically relevant applicationshave beendevelopedrecentlyusing
thesetypesof programs(cf., e.g., [22,3,11,16]), whichin turnis largely fosteredby
the availability of efficient solversfor the answersetsemanticsmostnotablyDLV [8,
9] andSmodels [27].

In this paper we areinterestedn utilising thesehighly performantsolversfor in-
terpretingnestedogic programs We addresghis problemby providing a translation
of nestedogic programsnto disjunctive logic programsln contrasto previouswork,
our translationis guaranteedo be polynomialin time and space assuggestedy re-
latedcompleity resultq32]. More specifically we provideatranslationg, from nested
logic programsnto disjunctive logic programsossessinghefollowing properties:

— o mapsnestedogic programsover analphabet4; into disjunctive logic programs
overanalphabetd,, where A, C Ajy;

— thesizeof o(II) is polynomialin thesizeof II;

— o isfaithful, i.e., for eachprogramiII over alphabet4,, thereis a one-to-onecor-
respondencbetweerthe answersetsof 11 andsetsof form I N Ay, where! is an
answersetof ¢(171); and

— oismodulari.e.,o(II UIl') = o(II) U o(II'), for eachprogramII, II’.

Moreover, we have implementedranslations, servingasa front-endfor thelogic pro-
grammingsystemDLV.

The constructionof & relieson the introductionof new labels abbreiating sub-
formulaoccurrencesThis techniquds derivedfrom structue-preservingnormalform
translationd36, 33], frequentlyemployedn thecontext of automatedieduction(cf. [1]
for anoverview). We useherea methodadaptedrom a structure-preservingganslation
for intuitionistic logic asdescribedn [26].

Regardingthefaithfulnessof o, we actuallyprovide asomeavhatstrongercondition,
referredto as strong faithfulness expressingthat, for ary programsiZ and II’ over
alphabetA,, thereis a one-to-onecorrespondencketweerthe answersetsof 17 U 11’
andsetsof form I N A, wherel is ananswersetof o (II') U II'. Thisconditionmeans
that we canaddto a given programIl any nestedprogram /I’ andstill recover the
answersetsof the combinedprogramII U II’ from o (II) U II'; in particular for ary
nestedogic programII, we may chooseto translatejn a semantics-preservingay,
only anarbitraryprogrampart I1, C II andleavetheremainingpartiI\ I, unchanged.
For instancejf II; is alreadya disjunctive logic programwe do not needto translatat
againinto anotherequialent)disjunctive logic program.Strongfaithfulnesss closely
relatedto theconceptof strongequivalencd23] (seebelaw).

In orderto have a sufficiently generakettingfor our purposeswe baseour investi-
gationonequilibriumlogic [28], ageneralisationf theanswersetsemanticgor nested
logic programs Equilibrium logic is a form of minimal-modelreasoningn the logic
of here-and-thee, whichis intermediatébetweerclassicalogic andintuitionistic logic
(thelogic of here-and-theris alsoknown asGodel'sthree-valuedogicin view of [14]).
As shawvn in [28,29,23], logic programscanbe viewed asa specialclassof formulas
in thelogic of here-and-thersuchthat,for eachprogram!I, the answersetsof /I are
givenby theequilibriummodelsof 17, wherethelatter I7 is viewedasa setof formulas
in thelogic of here-and-there.



The problemof implementingnestediogic programshasalreadybeenaddressed
in [32], where(lineartime constructible)encodingsof the basicreasoningasksasso-
ciatedwith this languagento quantifiedBooleanformulasaredescribedThesesncod-
ings provide a straightforwardmplementatiorfor nestedogic programsby appealo
off-the-shelfsolversfor quantifiedBooleanformulas(like, e.g.,the systemsroposed
in[4,10,13,20,21,34]). Besidegheencodingsnto quantifiedBooleanformulas,afur-
therresultof [32] is thatnestedogic programgossesthe sameworst-caseomplity
asdisjunctivelogic programsi.e.,themainreasoningasksassociateavith nestedogic
programdie atthe secondevel of the polynomialhierarchy Fromthisresultit follows
that nestedogic programscanin turn be efficiently reducedto disjunctive logic pro-
gramsHence givensuchareduction solversfor thelatterkindsof programslike, e.g.,
DLV or Smodels , canbe usedto computethe answersetsof nestedogic programs.
Themaingoalof this paperis to constructa reductionof this type.

Althoughresultsby Lifschitz, Tang,and Turner[24] (togethemwith transformation
rulesgivenin [19]) provide a methodto translatenestedogic programsinto disjunc-
tive ones,that approactsuffers from the dravback of an exponentialblow-up of the
resultingdisjunctive logic programsn the worst case.This is dueto the fact thatthis
translatiorrelieson distributivity lawsyielding anexponentialincreasef programsize
whenererthe givenprogramcontainsuleswhoseheadsarein disjunctive normalform
or whosebodiesarein conjunctive normalform, andtherespectie expressionsrenot
simple disjunctionsor conjunctionsof literals. Our translation,on the other hand,is
alwayspolynomialin the sizeof its input program.

Finally, we mentionthatstructure-preservingormalform translationsn thelogic
of here-and-therare also studied,yet in much more generalsettings,by Baazand
Fermiller [2] aswell asby Hahnle[15]; there,whole classef finite-valuedGodel
logics areinvestigatedUnfortunately thesenormal form translationsare not suitable
for our purposesbecauseahey do not enjoy the particularform of programsrequired
here.

2 Preliminaries

We dealwith propositionallanguagesndusethelogical symbolsT, L, -, Vv, A, and
— to construcformulasin thestandardvay. We write £ 4 to denotealanguageveran
alphabetA of propositionalvariablesor atoms Formulasaredenotedy Greeklower-
caseletters(possiblywith subscripts)As usual literals areformulasof form v or —w,
wherev is somevariableor oneof T, L.

Besideghe semanticatonceptsntroducedbelow, we alsomakeuseof theseman-
tics of classicalpropositionallogic. By a (classica) interpretation I, we understand
a setof variables.Informally, a variablev is true under! iff v € I. Thetruth value
of a formula ¢ underinterpretation/, in the senseof classicalpropositionallogic, is
determinedn theusualway.

2.1 Logic Programs

The centralobjectsof our investigationare logic programswith nestedexpressions,
introducedby Lifschitz et al. [24]. Thesekinds of programsgeneralisenormallogic



programsby allowing bodiesandheadsof rulesto containarbitraryBooleanformulas.
For reasonsof simplicity, we deal hereonly with languagescontainingone kind of
negation,however, correspondingo defaultnegation. The extensionto thegenerakase
wherestrongnegationis also permittedis straightforwardand proceedsn the usual
way.

We startwith somebasicnotation.A formulawhosesententialconnectves com-
priseonly A, Vv, or — is calledanexpression A rule, r, is anorderedpair of form

H(r) « B(r).

whereB(r) and H(r) areexpressionsB(r) is calledthe bodyof r and H(r) is the
headof . We saythatr is a genenliseddisjunctiverule if B(r) is a conjunctionof
literalsand H (r) is adisjunctionof literals; r is adisjunctiverule iff it is a generalised
disjunctive rule containingno negatedatomin its head;finally, if r is arule containing
no negationatall, thenr is calledbasic A nestedogic program, or simply a program,
11, is afinite setof rules. IT is a generliseddisjunctivelogic programiff it contains
only generalisedlisjunctive rules. Likewise, II is a disjunctivelogic program iff IT
containsonly disjunctive rules,and II is basiciff eachrule in II is basic.We saythat
IT is a programover alphabetA iff all atomsoccurringin II arefrom A. The setof
all atomsoccurringin program!{ is denotedoy var(II). WeuseNLP 4 to denotethe
classof all nestedogic programsover alphabetA; furthermore,DLP 4 standgor the
subclas®f NLP 4 containingall disjunctive logic programsver A; andGDLP 4 isthe
classof all generalisedlisjunctive logic programsover A. Furtherclasse®f programs
areintroducedn Sectior4.

In whatfollows, we associatéo eachrule r acorrespondindormular = B(r) —
H(r) and,accordinglyto eachprogramII acorrespondingetof formulasil = {r |
re I}

Let II be abasicprogramover A andl C A a (classical)interpretationWe say
thatI is amodelof I7 iff it is amodelof theassociatedetlI of formulas.Furthermore,
givenan (arbitrary) programII over A, thereduct IT*, of IT with respecto I is the
basicprogramobtainedfrom II by replacingevery occurrenceof anexpression-i in
IT which is notin the scopeof ary othernegationby L if ¢ is trueunder, andby
T otherwise.l is ananswerset(or stablemode) of II iff it is a minimal model(with
respectto setinclusion) of the reductII’. The collectionof all answersetsof IT is
denotedoy AS 4(II).

Two logic programs /I, and Il,, areequivalentiff they possesshe sameanswer
setsFollowing Lifschitz etal. [23], we call IT; andIl, stronglyequivaleniff, for every
programlI, I1; U II andII, U II areequialent.

2.2 Equilibrium Logic

Equilibriumlogic is anapproacho nonmonotoniceasoninghatgeneralisetheanswer
setsemanticdor logic programs.We usethis particularformalism becauset offers
a corvenientlogical languagefor dealingwith logic programsunderthe answerset
semanticslt is definedin termsof the logic of here-and-therayhich is intermediate
betweerclassicalogic andintuitionisticlogic. Equilibriumlogic wasintroducedn [28]



andfurtherinvestigatedn [29]; prooftheoreticstudiesof thelogic canbefoundin [31,
30].

Generallyspeakingthe logic of here-and-therés animportanttool for analysing
various propertiesof logic programs.For instance as shown in [23], the problemof
checkingwhethertwo logic programsarestronglyequivalentcanbeexpressedn terms
of thelogic of here-and-therécf. Proposition2 below).

Thesemantic®f thelogic of here-and-theres definedby meansof two worlds, H
andT, called“here” and“there”. It is assumedhat thereis atotal order <, defined
betweentheseworlds suchthat < is reflexive and H < T. As in ordinary Kripke
semanticdor intuitionistic logic, we canimaginethatin eachworld a setof atomsis
verifiedandthat,onceverified“here”, anatomremainsverified “there”.

Formally, by anHT-interpretation Z, we understan@norderedpair (157, I) of sets
of atomssuchthat Iy C Ip. We saythatZ is an HT-interpretationover A if I C A.
The setof all HT-interpretationsover A is denotedby INT 4. An HT-interpretation
<IH, IT> is total if Iy = Ip.

The truth value, vz(w, ¢), of a formula ¢ ataworld w € {H,T} in an HT-
interpretatiornZ = (I, IT) is recursiely definedasfollows:

if =T, thenvg(w, ) =1;

if = L, thenvz(w, ) =0;

if = visanatom,thenvz(w,¢) = 1if v € I, otherwisevz(w, @) = 0;

if ¢ = =, thenvz(w,d) = 1 if, for every world v with w < w, vz(u,?) = 0,

otherwisevz(w, ¢) = 0;

5.0f ¢ = (¢1 A ¢2), thenvg(w,¢) = 11if vr(w,¢1) = 1 andvg(w,d2) = 1,
otherwisevz(w, ¢) = 0;

6. if o = (&1 V ¢2), thenvz(w,dp) = 1if vz(w,d1) = L orvg(w, d2) = 1, otherwise
vr(w, ) = 0;

7.if ¢ = (¢1 — ¢2), thenvr(w,¢) = 1 if for every world v with w < w,

vr(u,¢1) = 0 orvz(u,¢2) = 1, otherwisevz(w, ¢) = 0.

pPODdDE

We saythat ¢ is true underZ in w iff vz(w,¢) = 1, otherwise¢ is false under
Z in w. An HT-interpretationZ = (Iy, I7) satisfiesp, or Z is an HT-modelof ¢, iff
vr(H,®) = 1. If ¢ istrueunderary HT-interpretationthen¢ is valid in the logic of
here-and-thee, or simply HT-valid.

Let S beasetof formulas.An HT-interpretationZ is anHT-modelof S iff Z is an
HT-modelof eachelemenif S. We saythatZ is anHT-modelof aprogram IT iff Z is
anHT-modelof IT = {B(r) — H(r) | r € IT}.

Two setsof formulasareequivalenin thelogic of here-and-thee, or HT-equivalent
iff they possesshesameHT-models.Two formulas,$ and’, areHT-equivalentiff the
sets{¢} and{¢ } areHT-equialent.

It is easilyseerthatary HT-valid formulais validin classicalogic, butthecorverse
doesnot alwayshold. For instancep v —p and——-p — p arevalid in classicalogic
but notin thelogic of here-and-therasthe pair ((), {p}) is notanHT-modelfor either
of theseformulas.

Equilibrium logic canbe seenasa particulartype of reasoningwith minimal HT-
models Formally, anequilibriummodelof aformula¢ is atotal HT-interpretation(1, I)



suchthat(i) (I, I) isanHT-modelof ¢, and(ii) for every propersubset/ of I, (.J, I} is
notanHT-modelof ¢.

The following resultestablisheshe closeconnectionbetweenequilibrium models
and answersets,showving that answersetsare actually a specialcaseof equilibrium
models:

Proposition1 ([28,23]). For anyprogram 7, I is an answersetof II iff (1, ) is an
equilibriummodelof II.

Moreover, HT-equivalencewasshavn to capturethe notion of strongequivalence
betweenrogic programs:

Proposition 2 ([23]). Let IT, and IT, be programs,andlet I; = {B(r) — H(r) |
r € II;},fori = 1,2. Then, I, and I1, are strongly equivalentiff 11, and II, are
equivalentin thelogic of here-and-thee.

Recently de JonghandHendriks[5] have extendedProposition2 by shaving that
for nestedorogramsstrongequialenceis characteriseg@reciselyby equivalencein all
intermediatdogics lying betweenhere-and-theré¢upperbound)andthe logic KC of
weak excludedmiddle (lower bound)which is axiomatisedoy intuitionistic logic to-
getherwith the schema—y vV =—. Also, in [32] a (polynomial-timeconstructible)
translationis given which reducesthe problemof decidingwhethertwo nestedpro-
gramsarestronglyequialentinto the validity problemof classicalpropositionalogic
(asimilarresultwasindependenthghovnin [25] for disjunctive programs)As aconse-
gquencecheckingwhethertwo programsarestronglyequivalenthasco-NPcompleity.

We requirethe following additionalconceptsBy an HT-literal, {, we understand
a formula of form v, —v, or =—wv, wherev is a propositionalatomor oneof T, L.
Furthermorea formulais in here-and-thee negational normal form, or HT-NNF, if
it is madeup of HT-literals, conjunctionsand disjunctions.Likewise, we saythat a
programis in HT-NNF iff all headsandbodiesof rulesin the programarein HT-NNF.

Following [24], every expressiony can effectively be transformednto an expres-
siony in HT-NNF possessinthe sameHT-modelsas¢. In fact, we have thefollowing

property:

Proposition 3. Everyexpressiong is HT-equivalento an expressionv(¢) in HT-NNFR
wheee v(¢) is constructiblein polynomialtime from ¢, satisfyingthe following condi-
tions,for eadh expressiony, v

v(p) = ¢, if ¢ isanHT-literal;
/(ﬁﬁw) = v(=9);

v(po z, =v(p)ov(y), foro e {A,V};
V(ﬂ ¥)) =v(=e) V v();

v(=(p V) = vize) A v(=¢).

~

SJ"PS”!\’!“

—

3 Faithful Translations

Next, we introducethegenerarequirementsve imposeon our desiredranslationfrom
nestedogic programsdnto disjunctive logic programsThefollowing definitionis cen-
tral:



Definition 1. Let A4, and A, betwo alphabetssud that A; C A,, and,for: = 1,2,
let S; C NLP 4, bea classof nestedogic programsclosedunderunions® Then,a
functionp : S1 — Sq is

1. polynomialiff, for all programsII € S, the time required to computep(I7) is
polynomialin the sizeof I7;
2. faithful iff, for all programsII € Sy,

ASA,(IT) = {I N Ay | T € AS 4, (p(IT))};
3. stronglyfaithful iff, for all programsII € S andall programsiI’ € NLP 4,,
AS (UM ={INA |I€ASa,(p(lI)UIl')}; and
4. modulariff, for all programsIi,, II, € S,
p(IIy U II) = p(II) U p(II2).

In view of the requirementhat 4; C A,, the generalfunctionsconsiderechere
may introducenew atoms.Clearly; if the given functionis polynomial,the numberof
newly introducedatomsis alsopolynomial.Faithfulnesgyuaranteethatwe canrecover
thestablemodelsof theinputprogramfrom thetranslategrogram Strongfaithfulness,
ontheotherhand stateshatwe canaddto agivenprogramil anynestedogic program
II' andstill retain,upto theoriginal languagethe semanticof thecombinedprogram
IT U II' from p(IT) U II'. Finally, modularityenforceghatwe cantranslateprograms
rule by rule.

It is quite obviousthatary stronglyfaithful functionis alsofaithful. Furthermore,
strongfaithfulnessof function p impliesthat,for a given programII, we cantranslate
any programpart 1, of II whilst leaving the remainingpart 7 \ II, unchangedand
determinethe semanticof IT from p(I1y) U (I \ IIy). As well, for ary function of
formp : NLP 4 — NLP 4, strongfaithfulnessof p is equivalentto the conditionthat
IT andp(IT) arestronglyequialent,for ary II € NLP 4. Hence,strongfaithfulness
generalisestrongequivalence.

Following [18, 19], we saythata functionp asin Definition 1 is PFM, or thatp is a
PFM-function iff it is polynomial,faithful, andmodular Analogouslywe call p PSM
or aPSM-functioniff it is polynomial,stronglyfaithful, andmodular

It is easyto seethatthecompositiorof two PFM-functionds againaPFM-function;
andlikewisefor PSM-functionsFurthermoresinceary PSM-functionis alsoPFM, in
the following we focuson PSM-functions.n fact, in the next section,we constructa
functiono : NLP 4, — DLP 4, (Where A, is a suitableextensionof A,) which is
PSM.

Next, we discusssomesufficient conditionsguaranteeinghat certain classesof
functionsarestronglyfaithful. We startwith thefollowing concept.

Definition 2. Letp : NLP 4, — NLP 4, bea functionsud that A; C A,, andlet
INT 4, betheclassof all HT-interpretationsover A; (i = 1, 2).

L A classS of setsis closedunderunionsproviding A, B € S impliesA U B € S.



Thenthefunctiona, : INT 4, x NLP 4, — INT 4, is calleda p-associatedHT-
embeddingff, for eadh HT-interpretationZ = (I, I7) over Ay, eath II € NLP 4,,
andeatw € {H,T}, J, N A = I, andJ, \ Ay Cvar(p(lI)), wheea,(Z,II) =
(Ju,JT).

Furthermoe, for anyG C INT 4, andanyIl € NLP 4,, wedefinea,(G,II) =
{a,(Z.0) | T € G}.

Intuitively, a p-associateti T-embeddindransformdHT-interpretation®ver thein-
putalphabetd; of p into HT-interpretation®ver the outputalphabetd, of p suchthat
the truth valuesof the atomsin A, areretained.The following definition strengthens
thesekinds of mappings:

Definition 3. Letp beasin Definition2, andlet o, bea p-associatedHT-embedding
We saythate, is a p-associateti T-homomorphisnif, for anyZ,Z’ € INT 4, andany
II € NLP 4,, thefollowing conditionshold:

1. ZisanHT-modelof II iff a,(Z, IT) is an HT-modelof p(IT);

2. Tistotaliff a,(Z, IT) is total;

3.if T = (Iu,Ir)y andZ’' = (I}, I}) are HT-modelsof II, then Iy C I}, and
It = I} holdspreciselyif Jg C Jy; andJr = Ji, for a,(Z,1I) = (Jy, Jr) and
a,(Z', ) =(Jy,Jy); and

4. an HT-interpretation 7 over var(p(II)) is an HT-modelof p(II) only if J €
a,(INT 4,, I0).

Roughlyspeaking p-associatetHT-homomorphismsetainthe relevant properties
of HT-interpretationgfor being equilibrium modelswith respecto transformationp.
More specifically thefirst threeconditionstake semanticabnd set-theoreticaproper
tiesinto accountrespectiely, whilst the last one expresses specific“closure condi-
tion”. Theinclusionof the latter requirements explainedby obsenationthat the first
threeconditionsaloneare not sufficient to exclude the possibility that theremay ex-
ist someequilibrium modelZ of IT suchthata,(Z, IT) is not an equilibrium model
of p(II). Thereasorfor thisis thatthe seta,(INT 4,, IT), comprisingthe imagesof
all HT-interpretationsover A, undera, with respecto programZ, does,in general,
notcoverall HT-interpretation®ver var(p(II)). Hence for agenerap-associatediT-
embedding, (-, -), theremay exist someHT-modelof p(II') whichis notincludedin
a,(INT 4,, IT) preventinga,(Z, II) from beinganequilibrium modelof p(II) albeit
7 is anequilibriummodelof II. Theadditionof thelastconditionin Definition 3, how-
ever, excludesthis possibility, ensuringthatall relevantHT-interpretationsequiredfor
checkingwhethera,(Z, IT) is an equilibrium modelof p(II) areindeedconsidered.
Thefollowing resultcanbe shawvn:

Lemmal. For anyfunctionp : NLP 4, — NLP 4, with A; C A, if there is some
p-associateddT-homomorphisntheny is faithful.

Fromthis, we obtainthe following property:

Theorem 1. Underthe circumstancesf Lemmal, if p is modularandthere is some
p-associateddT-homomorphistheny is strongly faithful.

We makeuseof the lastresultfor shaving that the translationfrom nestedlogic
programsdnto disjunctive logic programsasdiscussechext, is PSM.



4 Main Construction

In this section,we shav how logic programswith nestedexpressionganbe efficiently
mappedo disjunctive logic programspreservinghe semantic®f the respectie pro-
grams.Althoughresultsby Lifschitz et al. [24] alreadyprovide a reductionof nested
logic programsdnto disjunctive ones(by employingadditionaltransformatiorstepsas
givenin [19]), that methodis exponentialin the worst case.This is dueto the fact
thatthe transformatiorrelieson distributive laws, yielding an exponentialincreaseof
programsize wheneer the given programcontainsruleswhoseheadsarein disjunc-
tive normalform or whosebodiesarein conjunctive normalform, andthe respectre
expressionsarenot simpledisjunctionsor conjunctionsof HT-literals.

To avoid suchan exponentialblow-up, our techniqueis basedon the introduction
of new atoms,calledlabels abbreiating subformulaoccurrencesThis methodis de-
rivedfrom structure-preservingormalform translationg36, 33], which arefrequently
appliedin the context of automatedeasoning(cf., e.g.,[2, 15] for generalinvestiga-
tions aboutstructure-preservingormalform translationin finite-valuedGodellogics,
and[6, 7] for proof-theoreticalssuesf suchtranslationgor classicabndintuitionistic
logic). In contrastto theoremproving applicationswherethe mainfocusis to provide
translationswhich are satisfiability (or, alternatvely, validity) equivalent,herewe are
interestedn someavhatstrongerequialencepropertiesyiz. in thereconstructiorof the
answersetsof the original programsfrom the translatedones,which involvesalsoan
adequatdandlingof additionalminimality criteria.

Theoverall structureof our translationcanbe describedasfollows. Givena nested
logic programiI, we performthefollowing steps:

1. Foreachr € II, transformH (r) andB(r) into HT-NNF;

2. translatethe programinto a programcontainingonly ruleswith conjunctionsof
HT-literalsin their bodiesanddisjunctionsof HT-literalsin theirheads;

3. eliminatedoublenegationsin bodiesandheadsand

4. transformthe resulting programinto a disjunctie logic program,i.e., makeall

headsgyationfree.

Stepsl and3 arerealisedy usingpropertieof logic programsasdescribedn [24];
Step2 representshe centralpart of our constructionand Step4 exploits a procedure
dueto Janhunej19].

In whatfollows, for ary alphabetA4, we definethe following new anddisjoint al-
phabets:

— asetAy = {Ly | ¢ € L4} of labels;and
— asetA = {p| p € A} of atomsrepresentingnegatedatoms.

FurthermoreNLPZt"f is the classof all nestedogic programsover A whicharein
HT-NNF, and GDLPﬁ{ is the classof all programsover A which aredefinedlike gen-
eralisedlogic programsgxceptthat HT-literals may occurin rulesinsteadof ordinary
literals.

We assumehatfor eachof theabove constructiorstagesStep: is realizedby a cor-
respondingunctiono;(-) (i = 1,...,4). Theoverall transformatioris thendescribed



by the composedunctiono = o4 o o3 o 02 o o1, Which is a mappingfrom the set
NLP 4 of all programsover A into the set DLP 4+ of all disjunctie logic program
over A* = AU Ar, U A. More specifically

o1 : NLP 4 — NLP'""

translatesry nestedogic programover A into a nestedorogramin HT-NNF. Transla-
tion
oy s NLP'{ — GDLPY 4.

takesheseprogramsandtransformsheirrulesinto simpleronesasdescribedy Step2,
introducingnew labels.Theserulesarethenfed into mapping

o3 : GDLPY 4. — GDLP 4y 4.,
yielding generalisedlisjunctive logic programsFinally,
Oy . GDLPAu_AL — DLP 4

outputsstandardlisjunctive logic programs.

As arguedin thefollowing, eachof thesefunctionsis PSM;hencethe overall func-
tiono = g4 0 03 0 09 0 1 iISPSMaswell.

We continuewith thetechnicaldetails,startingwith o;.

For thefirst step,we usethe procedure/(-) from Proposition3 to transformheads
andbodiesof rulesinto HT-NNF.

Definition 4. Thefunctionoy : NLP 4 — NLPZ"f is definedby setting
o1(II) ={v(H(r)) « v(B(r)) | r e I},
foranyIl € NLP 4.

Since for eachexpressiony, v(¢) is constructiblen polynomialtime and¢ is HT-
equialentto v(¢) (cf. Proposition3), thefollowing resultis immediate:

Lemma 2. Thetranslations; is PSM.
Thesecondstepis realisedasfollows:

Definition 5. Thefunctions, : NLP'{* — GDLP"  , isdefinedbysetting,for any

II e NLP"Y,
o2(IT) = {Lu(y < Lpe) | r € T} U~(I),

whee ~(IT) is constructedasfollows:

1. for eadh HT-literal [ occurringin II, addthetworules
L« and [+ L
2. for eath expressiong = (¢1 A ¢2) occurringin II, addthethreerules

Ly < Ly, ALy, Lg < Ly, Ly, < Lg; and



3. for eath expressiong = (¢1 V ¢2) occurringin II, addthethreerules
LQ’M \ L¢2 — L¢,. L¢, — Lm, Lg‘) — L¢2.

This definitionis basicallyanadaptionof a structure-preservingormalform trans-
lation for intuitionistic logic, asdescribedn [26].

It is quite obvious that o, is modularand,for eachil ¢ NLPZ(’f, we have that
o4 (IT) is constructiblen polynomialtime. In orderto shaw thato is stronglyfaithful,
we definea suitableHT-homomorphisnasfollows.

Sublemmal Let o, be the translation definedabove,and let o5 : NLP4 —
NLP 4u.4, resultfromo, by settinge3 (II) = oo (II) if IT € NLPZ{’f andoj(II) =
IIif I € NLP 4\ NLP".

Thenthefunctiona,; : INT 4 x NLP g4 — INT 4u.4, , definedas

Qo (I, ) = <IH U /\H(I, H) It UMp(Z, H)>
is a o3 -associatedHT-homomorphismyhee
Aw(Z, ) = {Ly € A Nwar (o3 () | vr(w,¢) = 1}

if II € NLPZ‘”f, and \(Z, II) = ( otherwisefor anyw € {H,T} andanyHT-
interpretationZ = (I, I7) overA.

Hence,accordingto Theoreml, o is strongly faithful. As a consequencer; is
stronglyfaithful aswell. Thus,thefollowing holds:

Lemma 3. Thefunctiono, is PSM.

For Step3, we usea methoddue to Lifschitz et al. [24] for eliminating double
negationsin headsand bodiesof rules. The correspondingunction o3 is definedas
follows:

Definition 6. Letoy : GDLPfiquL — GDLP 4,4, bethefunctionobtainedby re-

placing,for eat givenprogram II € GDLPﬁquL, ead rule r € IT of form

OV omp—Y by b A p,
aswell asead rule of form

S v AT by 6V g
whee ¢ and¢ are expressionsaandp, g € A.

As shawn in [24], performingreplacementsf the above type resultsin programs
which arestronglyequivalentto theoriginal programsin fact, it is easyto seethatsuch
replacementyield transformedprogramswhich are strongly faithful to the original
ones.Sincethesetransformationsare clearly modularandconstructiblein polynomial
time, we obtainthatos is PSM.



Lemma4. Thefunctionos is PSM.

Finally, we eliminateremainingnegationspossiblyoccurringin the headsof rules.
To this end,we employa proceduredueto Janhunerj19] (for an alternatve method,
cf. [17]).

Definition 7. Letoy : GDLP qua, — DLP 4 4,14 bethefunctiondefinedby set-
ting, for anyprogram I € GDLP 4,4, ,

oy(IT) =T U{L < (p A P), B+ —p | ~p occursin theheadof somerule in I},

whee IT resultsfrom IT by replacingead occurenceof a literal —p in the headof a
rule in I byp.

Janhunershaved that replacement®f the above kind lead to a transformation
whichis PFM. As a matterof fact, sincehis notionof faithfulnessis somevhatstricter
thanours,theresultsin [19] actuallyimply that

ASAuAL(HUH/) = {Iﬁ (AUAL) | Ie ASAU_ALUA(UA;(H) UH’)},

forary II. II' € GDLP 4.4, . However, we needa strongercondition here,viz. that
the above equationholdsfor ary IT € GDLP 4u4, andary II' € NLP gy 4, - We
shaw this by appeato Theoreml.

Sublemma2 Let o4 be the translationdefinedabove,and let o : NLP sy, —
NLP 4, 4,04 resultfromoy by settingo(II) = o4(II) if I € GDLP 4u4, and
of(IT) =Iif I € NLPgua, \ GDLP 404, -

Thenthefunctionags : INT gua, X NLP aua, — INT 4, 4, u .4, definedas

ags(Z,11) = (Ig Uk(Z,I),I7 UK(Z, 1)),
is a o; -associatedHT-homomorphismwhee
w(Z,II) = {p |-p occursin theheadof somerule in IT andp ¢ I}

if II € GDLP gu4,,andx(Z,II) = () otherwisefor any HT-interpretationZ =
<IH,IT> overAU Ay,.

Obsere that,in contrastto the definition of function a,; from Sublemmal, here
the samesetof newly introducedatomsis addedto bothworlds. As before,we obtain
thato} is stronglyfaithful, andhencethato, is stronglyfaithful aswell.

Lemma55. Thefunctions, is PSM.
Summarisingyve obtainour mainresult,whichis asfollows:

Theorem2. Letoy,. .., 04 bethefunctionsdefinedabove Then,the composedunc-
tion ¢ = o4 o 03 o 03 o o1, Mappingnestedlogic programs over alphabet.A into
disjunctivelogic programsoveralphabet4 U Ay, U A, is polynomial,stronglyfaithful,
andmodular



Sincestrongfaithfulnesampliesfaithfulnesswe getthefollowing corollary:

Corollary 1. For anynestedogic program I over A, the answersetsof T arein a
one-to-onecorrespondenceo the answersetsof o(I7), determinedby the following
equation:

ASA(IT) ={INA|I€ AS4-(a(I))},

whee A* = AU A, U A.

We concludewith aremarkconcerninghe constructiorof functiono; . As pointed
out previously, this mappingis basedon a structure-preservingormal form transla-
tion for intuitionistic logic, asdescribedn [26]. Besideghe particulartype of transla-
tion usedhere therearealsoother slightly improvedstructure-preservingormalform
translationsn which fewer rulesareintroduceddependingnthepolarity of thecorre-
spondingsubformulaoccurrencesdowever, althoughsuchoptimisedmethodsvork in
monotonidogics,they arenotsufficientin thepresensetting For instancejn apossible
variantof translationr, basedn the polarity of subformulaoccurrencesnsteadof in-
troducingall threerulesfor anexpressionp of form (¢ A ¢2), only Ly < Ly, A Ly, is
usedif ¢ occursin thebodyof somerule,orbothL,, « Lg andLy, < L, areusedif
¢ occursin theheadof somerule,andanalogousnanipulationsareperformedor atoms
anddisjunctions Applying suchanencodingto II = {p +; g «; r V (p A q) < }
over Ay = {p, ¢, r} yieldsatranslatecprogrampossessingnvo answersets say.S; and
S, suchthatS; N Ay = {p,q} and Sy N Aq = {p, ¢, r}, althoughonly {p, ¢} is an
answersetof I7.

5 Conclusion

We have developeda translationof logic programswith nestedexpressionsnto dis-
junctive logic programsWe have proven that our translationis polynomial, strongly
faithful, andmodular This allows usto utilise off-the-shelfdisjunctive logic program-
ming systemdor interpretingnestedogic programsin fact, we have implementedur
translationas a front end for the systemDLV [8, 9]. The correspondingcompiler is
implementedn Prologandcanbe downloadedrom the Webat URL

http://www.cs.uni-potsdam.de/ ~t orsten/nl  p.

Ourtechniqueis basedon theintroductionof new atoms,abbreviating subformula
occurrencesThis methodhasits rootsin structure-preservingiormal form transla-
tions [36, 33], which arefrequentlyusedin automateddeduction.In contrastto theo-
remproving applicationshowever, wherethe mainfocusis to provide satisfiability(or,
alternatvely, validity) preservingtranslationswe are concernedwvith much stronger
equialencepropertiesjnvolving additionalminimality criteria, sinceour goalis to re-
constructthe answersetsof the original programsfrom thetranslatednes.

With the particularlabeling techniqueemployedhere,our translationavoids the
risk of an exponentialblow-up in the worst-caseasfacedby a previous approachof
Lifschitz et al. [24] dueto the usageof distributivity laws. However, this is notto say
that our translationis alwaysthe betterchoice.As in classicaltheoremproving, it is



rathera matterof experimentalstudiesunderwhich circumstancesvhich approachs
the more appropriateone. To this end, besidesthe implementationof our structural
translationwe have alsoimplementeahe distributive translationinto disjunctive logic
programsin orderto conductexperimentalresults. Theseexperimentsare subjectto
currentresearch.

Also, we have introducedthe conceptof strong faithfulness asa generalisatiorof
(standardfaithfulnessandstrongequialenceThis allows us,for instanceto translate,
in asemantics-preservingay, arbitraryprogrampartsandleave theremainingprogram
unafected.
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