
Graph Theoretical Characterization and Computation of Answer Sets

ThomasLink e
Institut für Informatik,UniversiẗatPotsdam
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Abstract

We give a graphtheoreticalcharacterizationof an-
swersetsof normallogic programs.We show that
thereis a one-to-onecorrespondencebetweenan-
swersetsandaspecial,non-standardgraphcoloring
of so-calledblock graphsof logic programs.This
leadsusto analternative implementationparadigm
to computeanswersets,by computingnon-standard
graphcolorings.Ourapproachis rule-basedandnot
atom-basedlike mostof thecurrentlyknown meth-
ods. We presentan implementationfor computing
answersetswhich worksonpolynomialspace.

1 Intr oduction
Answersetsemantics[GelfondandLifschitz, 1991] wases-
tablishedasanalternativedeclarativesemanticsfor logic pro-
grams. Originally, it was definedfor extendedlogic pro-
grams1 [GelfondandLifschitz, 1991] asa generalizationof
the stablemodel semantics[Gelfond and Lifschitz, 1988].
Currently thereare variousapplicationsof answerset pro-
gramming,e.g. [Dimopouloset al., 1997; Liu et al., 1998;
Niemel̈a, 1999]. Furthermore,therearereasonablyefficient
implementationsavailable for computinganswersets, e.g.
smodels [Niemel̈aandSimons,1997] anddlv [Eiteretal.,
1997]. Systems,like DeReS [Cholewiński et al., 1996] and
quip [Egly et al., 2000], are also able to computeanswer
sets,althoughthey weredesignedto dealwith moregeneral
formalisms.

Bothsystemsandmostof thetheoreticalresultsaswell deal
with answersetsin termsof atoms(or literals). This paper
aimsat a differentpoint of view, namelycharacterizingand
computinganswersetsin termsof rules. Intuitively, thehead� of a rule ���������
	�	
	���
����������������	
	
	
����������� is in some
answerset � if ������	
	
	
���
� arein � andnoneof ������	
	�	
���� is
in � . Let���! #" �%$��������'& $(�*) +(�,$)-� &.�*)/�������10 0�� "32 (1)

be a logic programand let us call the rules 4�5 , 4�6 , 4�7 , 4�8 ,4�9 , and 4�: , respectively. Then
�

hastwo different answer
sets � � �<; )=�>$���+�� " �0'? and �A@ �<; )/�$��+���&B? . It is easyto
seethat theapplicationof 4�: blockstheapplicationof 4�9 wrt

1Extendedlogic programsarelogicprogramswith classicalnega-
tion.

� � , becauseif 4�: contributesto � � , then 0�C � � and thus4�9 cannotbe applied. Analogously, 4�9 blocks 4�5 wrt answer
set �D@ . This observationleadsusto a strictly blockage-based
approach.More precisely, we representtheblock relationbe-
tweenrulesasa so-calledblock graph. Answersetsthenare
characterizedasspecialnon-standardgraphcoloringsof block
graphs.Eachnodeof theblockgraph(correspondingto some
rule) is coloredwith oneof two colors,representingapplica-
tion or non-applicationof thecorrespondingrule. Theblock
graphhasquadraticsizeof thecorrespondinglogic program.
Sincethe block graphservesasbasicdatastructurefor our
implementation,it needspolynomialspace.

2 Background
We dealwith normallogic programswhich containthesym-
bol EGF�H usedfor negationasfailure. A rule, 4 , is any expres-
sionof theform���%������	
	�	
�����I�������1�����
	�	
	��������1��� (2)

where� , �
J ( K/LNMOL � ) and ��P ( K/LRQ/LAS ) areatoms.A rule is a
fact if � � S � K , it is calledbasicif S � K . For a rule 4 wedefineTVU>WBX�Y 4�Z � � and [>F X�\IY 4�Z ��; ���]��	
	
	
���
�I�������^�����
	�	
	
�������^���_? .
Furthermore,let [>F X�\a`(Y 4�Z �b; ���]��	
	
	
���
�G? denotethepositive
partand [>F X�\=cdY 4�Z �D; ���]��	
	
	
����a? thenegativepartof [F X�\IY 4�Z .
Definitions of the head,the body, the positive and negative
bodyof arulearegeneralizedto setsof rulesin theusualway.
Theelementsof [>F X�\ ` Y 4�Z arereferredto astheprerequisites
or positivebodyatoms of 4 . The elementsof [>F X�\=cdY 4�Z are
referredto asthenegativebodyatomsof 4 . If [>F X�\ ` Y 4�Z �fe ,
then 4 is said to be prerequisite-free. A set of rules of the
form (2) is called a (normal) logic program. A programis
calledprerequisite-freeif eachof its rulesis prerequisite-free.
We denotethesetof all factsof program

�
by g'h .

Let 4 be a rule. 4 ` then denotesthe rule
T=UWBX�Y 4�Z �[>F X�\a`(Y 4�Z . For a logic program

�
let
� ` �i; 4 `kj 4 C � ? . A

setof atomsl is closedundera basicprogram
�

if f for any4 C � ,
TVU>WBX�Y 4�Z C l whenever [>F X�\GY 4�Z(mnl . Thesmallestset

of atomswhich is closedundera basicprogram
�

is denoted
by Cn

Y � Z .
Thereduct,

�po
, of aprogram

�
relativeto asetl of atoms

is definedby
�poq�r; 4 ` j 4 C � and [>F X�\ c Y 4�Z's�l �te ?a	 We

saythata set l of atomsis ananswersetof a program
�

if f
Cn
Y �po Z � l . The reduct

�po
is often called the Gelfond-

Lifschitz reduction. Observe, that there are programs,e.g.; �u�v�����D��? , that do not possessan answerset. Through-
out thispaper, weusetheterm“answerset” insteadof “stable



model” sinceit is themoregeneralone.
A setof rules w of theform (2) is groundedif f thereexists

anenumerationxy4 J{z|J }�~ of w suchthatfor all M C(� wehavethat[>F X�\ ` Y 4 J Zpm T=UWBX�Y ; 4 ���
	�	
	
� 4 J c ��? Z 	 For a setof rules w and
asetof atomsl wedefinethesetof generatingrulesof w wrtl asfollows��� Y w � l�Z �D; 4 C w j [>F X�\ ` Y 4�Z�mnl � [>F X�\ c Y 4�Z�s�l ��e ?a	 (3)

The following result relates groundednessand generating
rulesto answersets.

Lemma 2.1 Let
�

be a logic program and l be a set of
atoms. Then l is an answerset of

�
iff (i)

��� Y � � l�Z is
groundedand(ii) l � Cn

Y ��� Y � � l�Z ` Z .
This lemmacharacterizesanswersetsin termsof generating
rules.Observe, that in general

��� Y � � l�Z `�����po (take
���; " �u�>$��%+�? and l ��; " ? ).

Assumethatfor eachprogram
�

wehave

for eachrule 4 C � wehave
j [>F X�\ ` Y 4�Z j L�� 	 (4)

In Section5, weshow how to generalizeourapproachto both
normallogic programswith multiplepositivebodyatomsand
also to extendedlogic programs.Therefore,the assumption
above is not a realrestriction.

We needsomegraphtheoreticalterminology. A directed
graph

�
is a pair

� � Y�� � �AZ suchthat
�

is a finite, non-
emptyset (vertices)and ��m ����� is a set (arcs). For a
directedgraph

� � Y�� � �.Z and a vertex � C � , we define
the set of all predecessors of � as � c Y ��Z ��;�� j Y � � �_Z C� ? . Analogously, the setof all successors of � is definedas� ` Y ��Z ��;�� j Y � � � Z C � ? . A pathfrom � to �a� in � � Y�� � �AZ
is a finite subset

���O�O� m � suchthat
���O�O���<; � ���
	
	�	�� � ��? ,� � � � , �a� � � � and

Y � J � � J ` � Z C � for each ��L�M_� � . Thearcs
of a path

�'�O� �
aredefinedas �A �¡O¢ Y �'�O� � Z �£; Y � J�� � J ` � Z j �dLM�� �¤? . A pathfrom � to � for some� C � is calleda cyclein�

.
In orderto representmoreinformationin a directedgraph,

we needa specialkind of labeledgraphs.
Y�� � �N¥p¦�� � Z is

a directedgraphwhosearcs � ¥ ¦i� � are labeledwith zero
(0-arcs) andwith one(1-arcs), respectively. For

�
we distin-

guish0-predecessors(0-successors)from 1-predecessors(1-
successors)denotedby � c¥ Y �_Z ( � `¥ Y ��Z ) and � c� Y �_Z ( � `� Y ��Z )
for � C � , respectively. A path

� �O� �
in
�

is called 0-path
if �A �¡�¢ Y � �O�O� Z�m§�N¥ . The length of a cycle in a graphY�� � � ¥ ¦i� � Z is the total numberof 1-arcsoccurringin the
cycle. Additionally, we call a cycle even(odd) if its lengthis
even(odd).

3 Block Graphs and Application Colorings
Wenow goonwith aformaldefinitionof theconditionsunder
which a rule blocksanotherrule.

Definition 3.1 Let
�

be a logic program s.t. condition (4)
holds,and let

� � m � maximalgrounded.Theblock graph¨ h � Y�� h � �N¥h ¦�� �h Z of
�

is a directedgraphwith vertices� h �©� andtwo differentkindsof arcsdefinedasfollows�N¥h �ª; Y 4�� � 4�Z j 4�� � 4 C � � and
T=U>W]X�Y 4��«Z C [>F X�\ ` Y 4�Z ?� �h �ª; Y 4 � � 4�Z j 4 � � 4 C � � and
T=U>W]X�Y 4 � Z C [>F X�\ c Y 4�Z ?B	

Observe, that there exists a unique maximal groundedset� ��m � for eachprogram
�

, thatis,
¨ h is well-defined.This

definitioncapturestheconditionsunderwhicharule 4�� blocks
anotherrule 4 (e.g.

Y 4�� � 4�Z C � � ). We alsogatherall ground-
ednessinformationin

¨ h , dueto therestrictionto rulesin the
maximalgroundedpartof logic program

�
. This is important

becausea block relationbetweentwo rules 4�� and 4 becomes
effectiveonly if 4�� is groundablethroughotherrules.E.g.for
program

���<; �¬��_���®�¯��? themaximalgroundedsubset
of rules is emptyandthereforë h containsno 0-arcs. Fig-
ure1 shows theblock graphof program(1).4�5 4�6 4�7

4 : 4�9 4�8
K K

K
K

�K
�

Figure1: Block graphof program(1).
We now define so-called application colorings or a-

colorings for block graphs. A subsetof rules
�p° m �

is
a grounded0-pathfor 4 C � if

�p°
is a 0-pathfrom somefact

to 4 in
¨ h .

Definition 3.2 Let
�

be a logic program s.t. condition (4)
holds, let

¨ h � Y � � �N¥h ¦r� �h Z be the correspondingblock
graph and let +²± �´³µ ;�¶ �O·f? be a mapping. Then + is
an a-coloringof

¨ h iff thefollowingconditionshold for each4 C �¸q¹ + Y 4�Z ��¶ iff oneof thefollowing conditionsholds
a. � c¥ Y 4�Z ���e andfor each 4�� C � c¥ Y 4�Z wehave + Y 4��ºZ ��¶
b. there is some4�� � C � c� Y 4�Z s.t. + Y 4�� �«Z � · .¸�» + Y 4�Z � · iff bothof thefollowing conditionshold
a. � c¥ Y 4�Z ��e or it existsgrounded0-path

� °
s.t. + Y � ° Z � · 2

b. for each 4�� � C � c� Y 4�Z wehave+ Y 4�� �«Z ��¶ .

Let + be an a-coloringof someblock graph
¨ h . Rulesare

thenintuitively appliedwrt someanswersetof
�

if they are
colored · . Condition

¸q¹
specifiesthat a rule 4 is colored¶

(not applied)if andonly if 4 is not “grounded”(
¸t¹

a) or4 is blocked by someother rule (
¸q¹

b). A rule is colored· (applied)if andonly if it is grounded(
¸�»

a) and it is not
blockedby someotherrule(

¸�»
b) . Thiscapturestheintuition

which rulesapply wrt to someanswersetandwhich do not
(seeSection1).

Let 4O¼ � ��� ������� . Then program
�½�¾; 4O¼ ? has

block graph
Y � � e � ; Y 4 ¼ � 4 ¼ Z ? Z . By Definition 3.2 thereis no

a-coloringof
¨ h . For this reason,we needboth conditions¸q¹

and
¸�»

.

Lemma 3.1 Let
�

bea logic programs.t.condition(4) holds
andlet + beana-coloringof

¨ h . Thencondition
¸q¹

holdsiff
condition

¸�»
doesnot hold.

In general,we do not have the equivalencestatedin this
lemma,becausethereareexamples(seeabove) whereno a-
coloring exists. Lemma3.1 statesthat a-coloringsarewell-
definedin thesensethatthey assignexactlyonecolor to each
node.

2For a setof rules ¿¬À�Á wewrite Â�Ãy¿�Ä�Å�Æ or Â�Ãy¿�Ä�Å�Ç if for
eachÈ�ÉR¿ we have Â�ÃÊÈ�Ä�Å#Æ or Â�ÃÊÈ�Ä�Å�Ç , respectively.



We obtainthemainresult:

Theorem3.2 Let
�

be a logic program s.t. condition (4)
holdsand let

¨ h be the block graph of
�

. Then
�

hasan
answerset � iff

¨ h hasan a-coloring + . Furthermore, we
have

��� Y � � �®Z �q; 4 C � j + Y 4�Z � ·f?a	
Answer sets can thereforebe computedby computing a-
colorings,e.g. + Y ; 4 9 ? Z �3¶ and + Y ; 4 8 � 4 6 � 4 7 � 4 5 � 4 : ? Z � ·
correspondto answerset � � of program(1).

4 Computation of A-colorings
For the following descriptionof our algorithm to compute
a-colorings,let

�
be somelogic programs.t. condition (4)

holds. Let +-± �3³µË;�¶ �>·f? bea partialmapping. + is repre-
sentedby a pair of (disjoint) sets

Y +�Ì(��+�Í Z s.t. +
Ì ��; 4 C � j+ Y 4�Z �r¶ ? and + Í �3; 4 C � j + Y 4�Z � ·f? 3. We refer to map-
ping + with thetuple

Y + Ì �+ Í Z andviceversa.Assumethat
¨ h

is a global parameterof eachpresentedprocedure(indicated
throughindex

�
). Let Î and Ï besetsof nodess.t. Î con-

tainsthecurrentlyuncolorednodes( Î �©�²Ð Y + Ì ¦ + Í Z ) andÏ containscolorednodeswhosecolor hasto bepropagated.
Figure2 shows the implementationof the non-deterministic
procedurecolor h in pseudocode.

procedure color h Y Î � Ï ± list Ñ +I± partialmappingZ
var ��± node;

if propagateh Y Ï �+ Z fails then fail ;Î ± � Î Ð Y + Ì ¦ + Í Z ;
if chooseh Y Î ��+���� Z fails then+.± � Y +
Ì ¦�Î �+
Í Z ;

if propagateh Y Î �+ Z fails then fail else output + ;
elseÎ ± � Î ÐD; �¤? ;+.± � Y + Ì ��+ Í ¦ ; �¤? Z ;

if color h Y Î � ; �¤?a��+ Z succeedsthen exit
else+.± � Y +
Ì ¦ ; �¤?a��+
Í ÐD; �¤? Z ;

if color h Y Î � ; �¤?a��+ Z succeedsthen exit else fail ;

Figure2: Definitionof procedurecolor h .

Notice that all presentedprocedures(except chooseh )
return some partial mapping through parameter+ or fail.
chooseh returnssomenodeor fails.

When calling color h the first time, we start with + �Y e � g h Z , Î �k�uÐ g h and Ï � g h . That is, we startwith all
factscolored · . Basically, color h takesboth a partial map-
ping + anda setof uncolorednodesÎ andaimsat coloring
thesenodes.This is doneby choosingsomeuncolorednode�
( ��C Î ) with chooseh andby trying to color it · first. In case
of failurecolor h triesto colornode� with

¶
. If thisalsofails

color h fails. Therefore,wesaythatnode� is usedasachoice
point. All differenta-coloringsareobtainedby backtracking
overchoicepoints.

chooseh Y Î ��+���� Z selectssomeuncolorednode � ( �kC Î )
s.t. � c¥ Y � Z �*e

and � c� Y � Z ��*e
or the following condition

holds:Ò®Ó
thereis some� � C � c¥ Y � Z s.t. + Y � � Z � · .

3SinceÂ is not totalwe do notnecessarilyhave Á£ÅiÂ>ÔbÕfÂ>Ö .

If thereis nosuch� thenchooseh fails. Thisstrategy to select
choicepointsensuresthat nodes+ Í aregrounded.Observe
that, if chooseh fails and Î ��*e

thenwe have to color all
nodesin Î with

¶
, sincethey cannotbe groundedthrough

rules + Í .
During recursive calls Ï containsthe choicepoint of the

formerrecursionlevel. Thecolor of nodesÏ hasto beprop-
agatedwith propagateh (seeFigure3) for two reasons.First,
whencoloringnodesin Ï with color × ( × C ;�¶ �O·f? ) it is not
checkedwhetherthis is allowed(wrt theactual+ ). Thischeck
is doneby propagateh . Thismeans,color h failsonly during
propagation(seeTheorem4.1). Second,propagatingalready
colorednodesprunesthe searchspaceand thus reducesthe
necessarynumberof choices. Sincechoicepointsmake up
theexponentialpartof ourproblem,propagationbecomesthe
essentialpartof our approach.

Currently, we propagateonly in arc directionas it is suf-
ficient for correctnessand completenessof the algorithm.
Therefore,we have to deal with four propagationcases:if
a nodeis colored × ( × C ;�¶ �>·f? ) then this color hasto be
propagatedover 1- andover 0-arcs. Let 4�� � 4 C � be nodes
s.t.
Y 4�� � 4�Z C �N¥D¦t� � andassumethat 4�� is alreadycolored.

Thenwehave to propagatethis color to node 4 . For example,
propagating+ Y 4��«Z � · over 1-arcsgives + Y 4�Z ��¶ . For rea-
sonsof correctness,we cannotpropagatecolorswithout any
furthertests.We havegot thefollowing result.

Theorem4.1 Let
�

be a logic program s.t. condition (4)
holds, let

¨ h be the correspondingblock graph and let +�±�!³µØ;�¶ �O·f? bea mapping. If + is an a-coloringof
¨ h then

for each 4�� C � if 4�� C g h then + Y 4��ÊZ � · andthefollowing
conditionshold:

(A) for each 4 C � `� Y 4��ÊZ wehave + Y 4�Z ��¶
if + Y 4��ÊZ � ·

(B) for each 4 C � `� Y 4��ÊZ wehave + Y 4�Z � ·
if + Y 4��ÊZ ��¶ andfor each 4�� � C � c� Y 4�Z ±]+ Y 4�� �ÊZ ��¶ andÙ � c¥ Y 4�Z �ke or there is some4�� � C � c¥ Y 4�Z ±]+ Y 4�� �«Z � ·DÚ

(C) for each 4 C � `¥ Y 4��ÊZ wehave + Y 4�Z � ·
if + Y 4��ÊZ � · andfor each 4�� � C � c� Y 4�Z ±]+ Y 4�� �ÊZ ��¶

(D) for each 4 C � `¥ Y 4��ÊZ wehave + Y 4�Z ��¶
if + Y 4��ÊZ ��¶ andfor each 4�� � C � c¥ Y 4�Z ±]+ Y 4�� �ÊZ ��¶ .

Accordingto Theorem3.2,a rule contributesto someanswer
set � if it is colored · . In caseof (A) thereis no furthercon-
dition, becausea node 4 hasto becolored

¶
if thereis some

1-predecessor4�� � of 4 which is colored · (take 4�� � � 4�� in¸q¹
b Definition 3.2). In otherwords, 4 cannotbeappliedif it

is blockedby someotherappliedrule. Intuitively, condition
(B) saysthat 4 hasto be appliedif all of its 1-predecessors
arecolored

¶
( 4 is not blocked)andoneof its 0-predecessors

is colored · ( [>F X�\ ` Y 4�Z is a consequenceof appliedrulesor4 is a fact). Condition(C) statesthat rule 4 is appliedif it is
“grounded”throughoneof its 0-predecessorsandif it is not
blockedby someotherrule. Thelastconditionpostulatesthat
rule 4 cannotbeappliedif [>F X�\ ` Y 4�Z cannotbederivedfrom
otherappliedrules. Theorem4.1 implies thata mapping+ is
noa-coloringif propagateh fails. Figure3 showstheimple-
mentationof propagateh . Thepurposeof propagateh is to



procedure propagateh Y Ï ± list Ñ +I± partialmapping� )
varÛ � � ± node;

while Ï ��ke
do

select � � from Ï ;
if
Y � � C¬+
Í Z then

(A ) if propA h Y � � �+ Z fails then fail ;
(C) if propCh Y � � �+ Z fails then fail ;

else
(B ) if propBh Y � � ��+ Z fails then fail ;
(D ) if propDh Y � � �+ Z fails then fail .

Figure3: Definitionof procedurepropagateh .

applythecorrespondingpropagationcases,e.g.if + Y � �ºZ � ·
thencases(A) and(C) haveto beapplied.

Thefour proceduresusedin propagateh canbeeasilyim-
plemented.For example,propBh is shown in Figure4. First,

procedure propBh Y � � ± nodeÑ +I± partialmappingZ
var ��± node; w ± setof nodes;w ± ��; ��C � `� Y � �ºZ j condition(B) holdsfor �¤? ;

while w ��ke do
select � from w ;
if ��C�+ Ì then fail ;
if � �C�+ Í then+.± � Y +
Ì(��+
Í ¦ ; �¤? Z ;

propagateh Y �1��+ Z .
Figure4: Definitionof procedurepropBh .

it determinesthe set w of all 1-successorsof � � s.t. condi-
tion (B) holds. Finally, it testswhetherall nodesin w canbe
colored · . If node �ÜC w is currently uncoloredit is col-
ored · andits color is propagated.If + Y � Z �t¶ thenpropBh
fails,otherwise� is alreadycolored · andwe go on with the
next nodefrom w . Theproceduresfor theremainingpropaga-
tion casescanbe implementedanalogously. Whenever some
currentlyuncolorednodeis coloredduring propagation,this
color is recursively propagatedby calling propagateh .

For partialmapping+Ý± �Ü³µ¾;�¶ �O·f? we definethe setof
correspondinganswersets� 7 as�A7 � ; l j l is answersetof

�
and+ Í m ��� Y � � lrZ and + Ì s ��� Y � � l�Z ��e ?a	

If + is undefinedfor all nodesthen �.7 containsall answersets
of
�

. If + is a total mappingthen �A7 containsexactly one
answersetof

�
(if + is ana-coloring).With this notationwe

formulatethefollowing result:

Theorem4.2 Let
�

be a logic program s.t. condition (4)
holds, let + and + Y 4�Z be partial mappings. Then for each4 C Y + Ì ¦ + Í Z wehaveif propagateh Y ; 4 ?B�+ Z succeedsand+ Y 4�Z is theactualpartial mappingafterexecutingpropagateh
then � 7 � � 7�Þ °�ß 	
This theoremstatesthatpropagateh neitherdiscardsnor in-
troducesanswersetscorrespondingto somepartial mapping+ . Hence,it justifiesthatonly nodesusedaschoicepointslead
to differentanswersets.Thereforebacktrackingis necessary
only overchoicepoints(seeFigure2).

Define àRh � ; + j + is some output of color h Y �áÐg�h � g�h � Y e � g�hâZ�Z ? . With this notation,we obtaincorrectness
andcompletenessof color h .
Theorem4.3 Let

�
be a logic program s.t. condition (4)

holds, let
¨ h be its block graph, let +t± �*³µã;�¶ �O·f? be a

mappingand let àdh be definedas above. Then + is an a-
coloringof

¨ h iff +.C àdh .

Let us demonstratehow color h computesthe a-colorings
of the block graphof program(1) (seeFigure 1). We in-
voke color h Y Î � Ï �+ Z with Î �ä��Ð®; 4 8 ? , Ï �,; 4 8 ? and+ � Y e � ; 4�8 ? Z . First,propagateh Y Ï ��+ Z is executed.By prop-
agating + Y 4�8�Z � · with case(C) we get + Y 4�6>Z � · and re-
cursively + Y 4 7 Z � · . This gives + � Y e � ; 4 8 � 4 6 � 4 7 ? Z . Af-
ter updatinguncolorednodeswe obtain Î �Ø; 4�5 � 4�9 � 4�: ? .
Now chooseh Y Î �+���� Z ( � variable)is executed.For chooseh
thereare two possibilitiesto computethe next choicepoint
s.t.

Ò®Ó
hold, namely 4 5 and 4 9 . Assume � � 4 5 .

After updating Î we have Î � ; 4�9 � 4�: ? and the first
recursive call color h Y Î � ; 4�5 ?a��+ Z is executed where + �Y e � ; 4 8 � 4 6 � 4 7 � 4 5 ? Z . Againcolor · of node4 5 hasto beprop-
agatedby executingpropagateh Y ; 4 5 ?a� Y e � ; 4 8 � 4 6 � 4 7 � 4 5 ? Z�Z .
By using propagationcase(C) for + Y 4�5�Z � · we obtain+ Y 4�:_Z � · . This color is recursively propagatedusing
case (A), which gives + Y 4 9 Z �å¶

. This leads to + �Y ; 4 9 ?a� ; 4 8 � 4 6 � 4 7 � 4 5 � 4 : ? Z . Since Î becomesthe emptyset,
chooseh fails and + is the first output. Invoking backtrack-
ing meansthat the last recursive call to color h fails. Then+ � Y ; 4 5 ?a� ; 4 8 � 4 6 � 4 7 ? Z andcolor h Y Î � ; 4 5 ?B��+ Z is executed.
By usingcase(D) for + Y 4 5 Z ��¶ we obtain + Y 4 : Z ��¶ and
thus + Y 4�9�Z � · with case(B). Hencethe secondsolution is+ � Y ; 4�5 � 4�: ?a� ; 4�8 � 4�6 � 4�7 � 4�9 ? Z . Sincethereis no otherchoice
point,we haveno furthersolutions.

5 Generalizations
In this section,we discussgeneralizationsof the presented
approach.First,we show how to applyour methodto normal
logic programswith multiple positive bodyliterals. Let

�
be

anormalprogramwithoutrestrictions.For eachrule 4 � ��������
	�	
	
��
�I�������¤������	
	�	
�������1��� we define� ° �� �æ�*� � �������1������	
	
	��������1���� � �%� �� ��	
	�	
��� �� 2 ¦ ; � �J �*� J j ��LbMBL �¤? (5)

where � � ��� �� �
	�	
	
�� �� arenew atomsnot appearingin
�

. For a
program

�
we set

��ç²�uè ° } h � ° . Hence,we have defined
a local programtransformationwhich haslinear sizeof the
original program. Eachnormalprogramis transformedinto
someprogramin which [>F X�\=cRY 4�Z �ªe for eachrule 4 withj [F X�\ ` Y 4�Z j1é � . That is why we may interpret

� ç
assome

kind of normal form of
�

. The following lemmaobviously
holds:
Lemma 5.1 Let

�
bea normallogic programandlet � bea

setof atoms.Then � is an answersetof
�

iff there existsan
answerset � ç of

� ç
s.t. � and � ç containexactlythesame

atomsout of thesetof all atomsoccurringin
�

.

It is straightforward to extend the algorithm presentedin
Section4 to normalprograms

�'ç
. Let uscall all rules4 C �'ç

with
j [>F X�\ ` Y 4�Z jqé � AND-nodesand all other rules OR-

nodes.Observe,thaton theonehand,wedonothaveto mod-
ify Definition3.1of blockgraphsfor programs

� ç
. It staysas



it is. We just distinguishtwo differentkindsof nodesin
¨ hBê .

On the
ë

otherhand,Definition 3.2 andprocedurespresented
in Section4 dealonly with OR-nodesandconsequentlywe
have to extendit to AND-nodes.For AND-node 4 we know
by definitionthat � c� Y 4�Z �te (see(5)). Therefore,4 cannotbe
blockedandwe do not have to considercaseş

t¹
b and

¸�»
b

of Definition3.2. In orderto extendDefinition3.2,werequire
thatthefollowing conditionshold for eachAND-node 4 (cor-
respondingto conditionş

q¹
a and

¸�»
a of Definition 3.2 for

OR-nodes):¸�ì + Y 4�Z ��¶ if f thereis some4�� C � c¥ Y 4�Z s.t. + Y 4��ÊZ ��¶¸æí + Y 4�Z � · if f for each4�� C � c¥ Y 4�Z wehave + Y 4��ÊZ � · .

Accordingto (5), for AND-node 4 we have � c� Y 4�Z � � `� Y 4�Z �e
,
j � `¥ Y 4�Z j � � and� `¥ Y 4�Z�¦'� c¥ Y 4�Z will nevercontainany AND-

node. For this reason,we obtainonly two new propagation
cases,in which we propagatethe color of OR-nodesover 0-
arcsto AND-nodes.Let 4 C � `¥ Y 4��ÊZ besomeAND-nodeand
let × C ;�¶ �>·f? betheactualcolor of 4�� (OR-node).Thenwe
have thefollowing new cases

(C’) for each4 C � `¥ Y 4��«Z wehave + Y 4�Z � · if + Y 4��ºZ � · and
for each4�� � C � c¥ Y 4�Z ±]+ Y 4�� �«Z � ·

(D’) for each4 C � `¥ Y 4��«Z wehave + Y 4�Z ��¶ if + Y 4��ºZ ��¶ ,

which canbeeasilyintegratedinto propagateh .
[Gelfond and Lifschitz, 1990] show that logic programs

with classicalnegation are equivalent to normal logic pro-
gramswhennew atomsareintroduced.With this technique
our approachis also suitablefor computinganswersetsof
generallogic programs(with classicalnegation). Addition-
ally, we mayapply techniquespresentedin [Janhunenet al.,
2000] to handledisjunctive logic programs.

6 RelatedWork
Directedgraphsareoftenassociatedwith logic programsand
usedin theoryandapplications.Usually, the nodesof these
graphsaretheatomsof theprograms,e.g.dependency graphs
or TMS networks[Doyle, 1979]4. Theseapproachesuserules
to definegraphson atomswhereaswe have usedatomsto
definegraphson rules.

Otherapproaches[DimopoulosandTorres,1996;Brignoli
etal., 1999] aremoreor lessrule-basedbut havesomeserious
drawbacks: they deal only with prerequisite-freeprograms,
because(wrt to answersetsemantics)thereis someequivalent
prerequisite-freeprogramfor eachprogram.Sincein general
equivalentprerequisite-freeprogramshaveexponentialsizeof
the original ones,approacheswhich rely on this equivalence
needexponentialspace.

In fact, the block graph is a specializationof graphsde-
finedon rulesin [PapadimitriouandSideri,1994;Linke and
Schaub,2000] for default theories.Whereasin thecaseof de-
fault logic the aforementionedgraphsareabstractionsof the
essentialblockinginformation,herethey containall informa-
tion necessaryfor computinganswersets.Althoughwefocus
on thepracticalusageof theblock graphit mayalsobeused

4Truth maintenancesystemscan be translatedinto logic pro-
grams[Brewka,1991].

asatool for theoreticalanalysisof logic programs.For exam-
ple, resultspresentedin [Linke andSchaub,2000] imply that
a logic programwithout oddcyclesalwayshassomeanswer
set.

Clearly, color h is, like smodels, a Davis-Putnamlike
procedure. Onceagain, the main differenceis that color h
determinesanswersetsin termsof generatingruleswhereas
smodels anddlv constructanswersetsin termsof literals.
Using rulesinsteadof atomshasthe advantagethatwe have
completeknowledgeaboutwhichrule is responsiblefor some
atom belongingto an answerset. Atom-basedapproaches
additionally have to detectthe responsiblerule and ensure
groundedness,becausein generaltheremay be several rules
with the samehead. We obtaingroundednessof generating
rulesasa by-productof our strategy to selectchoicepoints
with procedurechooseh .

7 Conclusion
Themaincontribution of this paperwasthedefinition of the
block graph

¨ h of a program
�

. As a theoreticaltool, the
block graphseemsto be suitablefor investigationsof many
conceptsfor logic programs,e.g.answersetsemantics,well-
foundedsemanticsor query-answering.As a first result,we
have describedanswersetsas a-colorings(a non-standard
kind of graphcoloringsof

¨ h ). This led us to analternative
algorithmto computeanswersetsby computinga-colorings
which needspolynomialspace.

Finally, let us give first experimentalresults to demon-
stratethepracticalusefulnessof ouralgorithm.We haveused
two NP-completeproblemsproposedin [Cholewiński et al.,
1995]: theproblemof finding a Hamiltonianpathin a graph
(Ham) andtheindependentsetproblem(Ind ).

Concerningtime, our first prolog implementation(devel-
opmenttime 6 month)is not comparablewith stateof theart
implementations.However, Theorem4.2suggeststo compare
the numberof usedchoicepoints,becauseit reflectshow an
algorithmdealswith the exponentialpart of a problem. Un-
fortunately, onlysmodels givesinformationaboutits choice
points. For this reason,we have concentratedon comparing
our approachwith smodels. Resultsaregiven for findingîÝï îæð îÝñ î � ¥

smodels 4800 86364 1864470 45168575
noMoRe 15500 123406 1226934 12539358

Table1: Numberof choicepointsfor HAM -problems.

all solutionsof differentinstancesof Ham andInd . Table1
shows resultsfor someHam-encodingsof completegraphsî � where � is the numberof nodes5. Surprisingly, it turns
out thatour non-monotonicreasoningsystem(noMoRe) per-
forms very well on this problemclass. That is, with grow-
ing problemsizewe needlesschoicepointsthansmodels.
Thiscanalsobeseenin Table2 whichshows thecorrespond-
ing timemeasurements.For findingall Hamiltoniancyclesof
a
î � ¥ we needlesstime thanthe actualsmodels version.

To be fair, for Ind -problemsof graphsCir � 6we needtwice
5In a completegrapheachnodeis connectedto eachothernode.
6A so-calledcirclegraphCir ò hasó nodesô�õ�öO÷>ø>ø>ø÷|õ�òaù andarcsú Å#ô�ÃÊõ�û�÷�õ�ûýüIö�Ä�þ�ÿ������tóGù1Õbô�ÃÊõ�ò=÷{õ]ö�Ä|ù .



thechoicepoints(andmuchmoretime)smodels needs,be-
cause� we have not yet implementedbackward-propagation.
However, evenwith thesamenumberof choicepointssmod-
els is fasterthannoMoRe, becausenoMoRe usesgeneral
backtrackingof prolog, whereassmodels backtrackingis
highly specializedfor computinganswersets.The sameap-
pliesto dlv.

Ham for
î � Ind for Cir �� � � � ��K �aK 	]K 
BK

smodels 54 1334 38550 8 219 4052
dlv 4 50 493 13 259 4594
noMoRe 198 2577 34775 38 640 11586

Table2: Timemeasurementsin secondsfor HAM - andIND -
problemson a SUN Ultra2 with two 300MHz Sparcproces-
sors.

For future work, we may also think of different improve-
mentsof our algorithm. First of all, we have to integrate
backward propagation(propagatingcolorsagainstarc direc-
tion), sincethis will definitely improve efficiency by further
reducingthenumberof choicepoints.Second,we maytry to
pre-colornot only factsbut alsosomeothernodes,e.g. each
node � with

Y �1��� Z C � � hasto be colored
¶

. The block
graphmayalsobeusedfor otherimprovements.For example,
it is possibleto replace0-pathswithout incomingandoutgo-
ing 1-arcsby only one0-arc. Finally, we have to investigate
differentheuristicsfor procedurechooseh to selectthe next
choicepoint.

The approach as presented in this paper has been
implementedin ECLiPSe-Prolog[Aggoun et al., 2000].
The current prototype is available at http://www.cs.uni-
potsdam.de/˜linke/nomore.
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