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Abstract. This paperfocuseson the efficient computationof answersetsfor
normallogic programslt concentratesn arecentlyproposedule-basedanethod
(implementedn thenoMbRe system)or computinganswersets.We shav how
noMbRe andits underlyingmethodcanbeimprovedtremendoushpy extending
the computationof deterministicconsequence$Vith thesechangesnoMbRe is
ableto dealwith problemclassest couldnothandlesofar.

1 Intr oduction

AnswersetprogrammingASP)is a programmingparadigmwhich allows for solving
problemsin a compactandhighly declaratve way. The basicideais to specifya given
problemin a declaratve languagege.g.normallogic programs, suchthatthe different
answersetsgivenby answersetssemanticg8] correspondo the differentsolutionsof
theinitial problem[10]. As anexample considettheindependensetproblem whichis
to determinegf thereexists a maximal(wrt setinclusion)independensubsebf nodes
for agivengraph.A subsetS C V' of nodesof agraphG =(V,, E) is calledindependent
if thereareno edgesetweemodesin S. Let

in(a) < not in(d),not in(b)  in(b) < not in(a),not in(c)
P= { in(c) + not ;n(b), not izn(d) in(d) < not in(c),not ;n(a) } (1)

be a logic program and let us call the rules r,, 7, r. and rg, respec-
tively. Then program (1) encodesthe independentset problem for graph G =
({a,b,¢,d}, {(a,b), (b,c), (c,d),(d,a)}). Program(1) hastwo answersets X; =
{in(a),in(c)} and X» = {in(b), in(d)} correspondindo the two independensetsof
graphgG.

Currentlythereexist a numberof interestingapplicationsof answersetprogram-
ming (e.g.[3,13,14]) aswell as reasonablyefficient implementationge.g. snod-
el s [15] anddl v [5]). Sincecomputationof answersetsis NP-completefor normal
logic programs(and X4’ -completefor disjunctive logic programs),most algorithms
containa non-deterministigart (making choices)anda part computingdeterministic
consequencg$or thesechoices)In contrasto [7], wheredifferentheuristicsareinves-
tigatedin orderto make “good” choiceswe improvethedeterministicconsequencesf
therecentlyproposedule-basedoMbRe systen1] in this paper For all ASPsystems
mentionedsofar, non-deterministichoicesanddeterministicconsequencedetermine
thebehavior of theresultingalgorithm.

! Thelanguageof normallogic programsis not the only one suitablefor ASP. Othersaredis-
junctive logic programspropositionalogic or DATALOG with constraintg4].



We proposedn [11] agraphtheoreticabpproacHor computingansweisetsfor nor-
mallogic programsawith atmostonepositive bodyatom.A specialprogramtransforma-
tion wasintroducedin orderto be ableto dealwith multiple positive body atoms.The
drawvbackwasalackof efficiengy. Oneof the contributionsof this papelis theextension
of the underlyingtheoryandits implementatiorin orderto dealdirectly with multiple
positive body atoms.Furthermorewe redefinepropagatiorof so-calleda-coloringsas
introducedin [11] suchthatwe areableto includebadkward propagation In addition,
we introducea techniquecalledjumpingto ensurecompletebackward propagatiorand
give experimentakresultsshoving theimpactof the presente¢oncepts.

2 Background

We deal with normallogic programswhich containthe symbol not usedfor nega-
tion as failure. A normal logic program is a set of rules of the form p <«

gi,---,qn,no0t s1,...,n0t s wherep, ¢; (0 < i < n)ands; (0 < j < k) are
propositionalatoms.A rule is a factif n = k£ = 0, it is called basicif £ = 0 and
quasi-factif n = 0. For arule r like abore we define head(r) = p and body(r) =

{q1,...,qn,not 51,...,not s }. Furthermorelet body™ (r)={q1,...,q,} denotethe
setof positive bodyatomsandbody ™ (r) ={s1, . .., sx } thesetof negative bodyatoms.
Definitionsof the head,the body, the positive andnegative body of a rule aregeneral-
izedto setsof rulesin the usualway. We denotethe setof all factsof a programP by

Facts(P) andthe setof all atomsof P by Atoms(P).

Let r bearule. rt denotesthe rule head(r) + body™ (r), obtainedfrom r by
deletingall negative body atomsin the body of r. For a logic programP let P+ =
{rt | r € P}. A setof atomsX is closedundera basicprogramP iff for ary r € P,
head(r) € X whenever body(r) C X. The smallestsetof atomswhich is closedunder
abasicprogrampP is denotedby Cn(P). Thereduct P, of aprogrampP relativeto a
setX of atomsis definedoy PX = {r* | r € P andbody~(r) N X =0}. We saythata
setX of atomsis ananswersetof a programP iff Cn(PX) = X.

A setof rules P is groundediff thereexistsanenumeration(r;);cy of P suchthat
for all i € I we have thatbody™ (r;) C head({r1, . ..,r;_1}). Obsene thatthereexists
a uniguemaximal (wrt setinclusion)groundedset P’ C P for eachprogramP. For a
setof rules P anda setof atomsX we definethe setof generatingulesof P wrt X
asGR(P,X) = {r € P | body™(r) C X, body™ (r) N X = (}. Then X is ananswer
setof P iff we have X = Cn(GR(P, X)™"). This characterizeanswersetsin termsof
generatingules.Obsenre, thatin generalGR(P, X)* # PX (take P={a +,b « ¢}
andX ={a}).

We needsomegraphtheoreticaterminology. A directedgraph (or digraph) G is a
pair G=(V, A) suchthatV is afinite, non-emptyset(vertices)andACV x V is aset
(arcs) ForadigraphG = (V, A) andavertex v € V, we definethe setof all predecessar
of v asPredv) ={u | (u,v) € A}. Analogouslythesetof all successarof v is defined
asSucdv) ={u | (v,u) € A}. LetG=(V, A) andG' = (V', A") bedigraphsThenG’
is asubgaphof G if V! CV andA’ C A. G' is aninducedsubgaphof G if G’ is a
subgraplof G s.t.for eachv, v’ € V' we havethat(v,v') € A’ iff (v,0') € A.

In orderto represenmoreinformationin adirectedgraph,we needaspeciakind of
arclabeling.G =(V, A° U A!) is adirectedgraphwhosearcsA° U Al arelabeledzero
(A% andone(A4'). Wecall arcsin A° andA! 0-arcsand1-arcs respectiely. For G we



distinguishO-predecessor®-successordyom 1-predecessord -successorgjenoted
by Pred@v) (Succ@v)) andPrediv) (Succlv)) for v € V', respectiely.

Block Graphs for Normal Logic Programs Next we summarizethe centraldefini-
tionsof block graphsfor logic programsanda-coloringsof block graphg(cf. [11,12]).

Definition 1 Let P bea logic programandlet P’ be the maximalgroundedsubsef
P.Theblockgraphl'p = (Vp, A} U A}) of P is adirectedgraphwith verticesVp = P’
andtwo differentkindsof arcs definedasfollows

AQ={(r",r) | r',r € P' andhead(r") € body™ (r)}
AL={(",r) | r',reP" andhead(r') € body~ (r)}.

This definition captureghe conditionsunderwhich arule ' blocksanotherrule r (i.e.
(r',r) € Al). We introducea 1-arc(r',r) in Ipif r' = (¢ « ...) andr = (... «
...,not q,...). We alsogatherall groundednesmformationin I'p, becausave only
introducea O-arc (»',r) (betweenrulesr’ = (¢ « ...) andr = (... « q,...)) if
r andr’ arein the maximal groundedsubsetof P.2 Figure 1 shows the block graph
of program(1). Sincethe nodesof I'p arethe rulesof logic programP, operations
head(r), body™ (r) andbody ™ (r) (for r € P) arealsooperationn the nodesof I'p.

In orderto defineso-calledapplicationcoloringsor a-colorings for block graphs
we needthefollowing definition.

Definition 2 Let P bealogic programandlet I'y = (Vp, A% U A},) bethecorrespond-
ing block graph.Furthermoe, letr € P andlet G, = (V;., A,.) bea graph.ThenG,. is
a groundedd-graphfor r in I'p iff thefollowing conditionshold:

1. G, isanacyclicsubgaphof I'p s.t. A, C A
2. r€V, andbody™ (r) C head(V})
3. for each noder’ € V, andfor ead ¢' € body™ (r') there existsa noder” € V; s.t.
q' =head(r") and(r",r') € A,.
Obsenre, that the nodesof a grounded0-graphare groundedaccordingto definition.
Furthermorethe differentgroundedd-graphgor rule r in I'p correspondo thediffer-
entclassical‘proofs” for head(r) in PT, ignoringthe default negationsof all rules.

Definition 3 Let P bea logic program,letC : P — {©,®} bea total mapping. We
call r groundedwrt I'p andC iff there exista groundedd-graphG,. = (V., A,.) for r in
I'p st.C(V,)=@. Aruleris calledblockedwrt I'p andC if there existsr' € Pred1(r)
st.C(r)=@.

Now we arereadyto definea-colorings.

Definition 4 Let P bea logic program,let I'p bethe correspondingblock graphand
letC : P — {6, ®} beatotal mapping ThenC is ana-coloring of I'p iff thefollowing
conditionholdsfor eachr € P

2 Obsere, that for programP = {p + g¢,q < p} the maximalgroundedsubseiof rulesis
emptyandthereforel'’» containsno 0-arcs.

3 A mappingC : P — C is calledtotal iff for eachnoder € P thereexists someC(r) € C.
OppositelymappingC is calledpartialif therearesomer € P for whichC(r) is undefined.



AP (C(r)=@ iffr isgroundedandr is notblodkedwrt I'p andC.

Let C beana-coloringof someblock graphl'p. Rulesarethenintuitively appliedwrt
someanswersetof P iff they arecoloreda, thatis, condition AP capturegheintuition
of applyinga rule wrt to someanswerset.Similarly, the negationof condition AP (r
is not groundedor r is blocked) capturegheintuition whenarule is notapplicable.
The mainresultin [11] statesthat ProgramP hasananswerset X iff I'p hasan
a-coloringC s.t. GR(P,X) = {r € P | C(r) = @}. This result constitutesa rule-
basedmethodto computeanswersetsby computinga-colorings.In Figure1l we have
depictedthe two a-coloringsof the block graphof program(1) left andright from’ /’,
respectiely. Obsene,thatthereareprogramdor whichthecorrespondindplock graph

®/o e/®
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Fig. 1. Block graphanda-coloringsof program(1).

hasno a-coloringandthusno answerset.Let r, berule p < not p. Thenthe 1-loop
(rp, ) istheonly arcof theblock graphof programP = {r, }. By Definition 4 thereis

no a-coloringof I'p. If we colorr, with & we geta directcontradictiornto AP, since
thenr), is blocked.Ontheotherhand,f we colorr, with © thenr), is trivially grounded
andnotblocked.

3 Propagation

In thenonmonotonicreasoningsystemnoMoRe [1] theapproactdescribedn the last
sectionis implementedLet us assumehat eachprogramis groundedIn orderto de-
scribethedeterministigpartof theimplementatiorandits improvementsye needsome
centralpropertiesof nodesAll thosepropertiesaredefinedwrt partiala-coloringsWe
call apartialmappingC : P — {©, @} apartial a-coloringof I'p if C is ana-coloring
of theinducedsubgraplof I'p with nodesDom (C)*.

Definition 5 Let P be a logic program and let C be a partial a-coloring of I'p. For
ead noder € P wedefinethefollowing propertieswrt I'p and(:

@

1. p-grounde(r) iff Yge body™(r) : Ir' € Predq(r) : ¢=head(r') andC(r') =
r'Y=6

2. p-notgroundef) iff 3g€ body™ (r) : Vr' € Predqr) : g# head(r') or C(
3. p-blockedr) iff Ir' € Predl(r) : C(r') =

4. p-notblocledr) iff Vr'ePredd(r) : C(r')=6.

Notice the difference between total and partial a-colorings. For example, if
p-notgrounde(t) holdsfor » wrt sometotal a-coloringC then p-groundedr) is the

negationof p-notgroundeft). This doesnot hold for partial a-coloringC, sincethere
may be nodesfor which C is undefined.For this reason,we have to define both

* Dom(C) denoteghe domainof mappingC.



p-groundedp-blocked andp-notgroundedp-notblocled, respectiely, becausehey
cannotbe definedthrougheachotherwrt partial a-colorings.However, we have the
following resultfor total a-colorings:

Theorem1 LetP bealogic programandletC beatotal a-coloringof I'». Thenanode
r € P is groundedwrt I'p andC iff p-groundedr) holdswrt I'e andC. Furthermoe, r
is blockedwrt I'p and( iff p-blodkedr) holdswrt I'» andC.

Clearly, to begroundedwrt I'e andC for noder) is aglobalconceptwrt I'r whereas
p-groundedr) is definedlocally wrt I'> andC. Furthermoreobsene the difference
betweenr is blocked andp-blockedr) wrt I'e andC. Evenif the definitionsof both
conceptsarethe same(cf Definition 3), the formeris definedwrt to total a-colorings,
whereaghe latteroneis definedwrt partiala-colorings. In a situationlike in Figure2
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Fig. 2. Someblock graphwith partiala-coloring.

we do not have p-blockedr') andwe do not have p-notblocledr’) wrt the depicted
partial a-coloring.But we alwayshave eitherthatr is blocked or not blockedwrt total
a-colorings.

Definition 6 Let C be a partial a-coloring of I'» and let U be the set of uncolored
nodeswrt C. Theneah noder € U can be colored® by propagationof C iff we
havep-groundedr) and p-notblokedr) wrt I'> andC. Noder canbe colorede by
propagatiorof C iff wehavep-notgioundedr) or p-blocked(r) wrt I'» andC.

Notice, that propagationof partial a-coloringsto uncolorednodesis global wrt I'p,

sincein orderto propagat€ asmuchaspossiblenve haveto checkall nodesn U which

in generalaredistributedover I'p. Accordingto Definitions5 and6 nodescoloredby

propagatioralwayshave coloredpredecessor3.hereforewe obtaina moreprocedural
way to propagateartiala-coloringsby localizedpropagatiorconditions.

Definition 7 Let P bea logic program,let I'p bethe correspondingblock graphand
let C bea partial a-coloringof I'e. We definean extendedmappingC¢of C s.t.for each
r € Dom(C) wehaveC¢(r)=C(r) andfor eadh r,r' € P thefollowing conditionshold
wrt I'p andC®:

(A) if reSucclr’) andCé(r') =@ thenC¢(r)=06

(B) if r € Succlr’) andCe(r') = © and p-notblokedr) and p-groundedr) then
Ce(r)=a

(C) if r € Succ@r') and C¢(r') = @ and p-notblokedr) and p-groundedr) then
Ce(r)=a

(D) if reSucc@r’) andCe(r') = andp-notgoundedr) thenCé(r) =o.

LetC : P —» {©, @} beapartialmapping is representetly a pair of (disjoint) sets
(Co,Cq)st.Cog={reP|C(r)=6}andCqg={reP | C(r)=®}. SinceC is nottotal
we do not necessarilhave P=Cg U Cq. We referto a partialmappingC with the pair
(Cs,Cq) andvice versaWe have thefollowing result:



Theorem?2 Let P be a logic programandletC andC® : P — {©,®} be partial
mappings.Thenwe haveif C is a partial a-coloringof I'> andC¢ is an extensionof C
asin Definition7 thenCg CC¢,, Cq CC& andCeis a partial a-coloringof I'p.

This theoremgivesthe conditionsfor four differentpropagatiorcasesn arcdirection:
if anoder is coloreds or @ thenthis color canbe propagateaver 1- andover 0-arcs
to the successoref r, accordingto localizedpropagatiorconditions(A), (B), (C) and
(D).

Now let P be somelogic programandlet C be a partial a-coloring. Assumethat
I'p is aglobal parametenf eachof the presentegroceduresLet U and N be setsof
nodess.t.U containgthecurrentlyuncolorednodesU = P \ (Cg U Cg) and N contains
colorednodeswhosecolor hasto be propagatedFigure 3 shavs the main procedure
of noMoRe in pseudocode. Notice that proceduresolorp andpropagate, return

function  colorp (U, N :list; C:partialmapping
var r:node
if propagate,(NV,C) then
U:=U\(CoUCq)
if choose(U,C,r) then
U:=U\{r}
if colorp(U, {r}, (Co,Co U{r})) then
return true
else
return colorp(U, {r}, (Co U {r},Cq))
else
return propagate, (U, (Co UU,Cg))
else
return false

Fig. 3. BasicnoMoRe procedure.

true (plus someextendedpartial mappingthroughparametelC) or returnfalse.If in

colorp theprocedurehoose returnstrue, it alsoreturnssomeuncolorechoder s.t.we
have p-groundedr) wrt thecurrentpartiala-coloring.Clearly, choose implementghe
non-deterministipartof color . Oppositelypropagate, implementshedeterministic
consequencesf noMoRe. Let L (P) ={r € P | r € Pred]r)} denotethe setof all 1-

loopsin I'p. Whencalling color p thefirst time, we startwith C = (L (P), Facts(P)),

U =P\ (Facts(P) U L;(P)) and N = Facts(P) U Ly (P). Thatis, we startwith

all factscolored® andall 1-loopscolorede. Basically colorp takes both a partial
mappingC anda setof uncolorednodeslU andaimsat coloring thesenodes.Thatis,

colorp computesanextendedpartialmappingor if thisis impossiblereturnsfalse.This

is doneby choosingsomeuncolorednoder (r € U) with choose and by trying to

colorit @ first. If this doesnot give a solutioncolorp triesto color noder with ©. If

both possibilitiesfail colorp returnsfalse.Therefore we saythatnoder is usedasa
choice point. To be a choicepointis not a propertyof a node,becausehoicepoints
aredynamicwrt eachsolution.Obsene, thatall differenta-coloringsare obtainedvia

backtrackingover choicepointsin color p.



Notice,thatproceduregropagate, workslocally accordingo conditions(A) to (D)
of Definition 7 andcolorsarepropagatednly in arcdirection(if possible).The color
of anodeis propagatedmmediatelyaftergettingcolored,because¢hetestwhetherthe
nodewascoloredcorrectlyis doneduringpropagationThatis, color p failsonly during
propagation.

4 Backward Propagation

Partial a-coloringscanalsobe propagatedh oppositearcdirectionwhichimprovesour
algorithm.Clearly, asfor propagatiorin arcdirection,we have four backwardpropaga-
tion casesHowever, thereis aproblemwith defininglocalizedconditionsfor backward
propagation(asin Definition 7). Assumethat Figure4 depictsa part of someblock

Fig. 4. Partof someblock graphwith partiala-coloring.

graphtogethemwith somepartiala-coloring.Ontheonehand we know thatr’ hasto be
colored® (providedthatthereareno otherpredecessorsf r), becausehisis theonly
way to block r. If 7 is not blocked the depictedpartial a-coloringcannotbe extended
to atotal one.On the otherhand,we cannotcolor »' with &, becauseave do not have
p-groundedr’) (seeDefinition 6). Thereforewe needso-calledransitorya-colorings.

Definition 8 Let P be somelogic program. We call a partial mappingC : P —
{6,®, +} atransitorya-coloringof I'p iff C is an a-coloring of theinducedsubgeaph
of I'p with nodesCg U Cg.

A transitorya-coloringis a partial a-coloringwhere somenodesmay be uncolored
or coloredwith +. Color + is usedinsteadof @ to color noder’ in situationslike in

Figure4,wherep-grounde¢ir’) doesnothold,yet. In orderto transformsometransitory
a-coloring(duringthe executionof color p) to atotal a-coloring,color + is replacedoy

color @, if possible Thisis achiezedby propagationWheneer a nodeis colored,this
color is propagatedo all its neighborsmmediately no matterwhetherthesealready
have beencoloredor not. In casea nodealreadycolored+ (®) hasto becoloreds via

propagationpropagatiorfails dueto contradictionWhenanodealreadycolored+ has
to be colored® via propagationcolor + is simply replaceddy &. Thatis, eitherevery
color + will becomes, or colorp fails. We needthefollowing propertieswrt transitory
a-colorings:

Definition 9 Let P bea logic program,let C be a transitorya-coloring of I'e and let
r € P besomenode Thengroundablér) holdswrt I'p andC iff Vg € body™ (r) : Ir' €
Pred(Q(r) with ¢ = head(r') s.t.C(r") =@ or r' is uncolored



Here groundablé¢r) meansthat eitherr is groundedor that thereis someuncolored
0-predecesspwhich canpossiblybe colored® when( is further extended.For each
r € P andq € body™ (r) we defineS, C Preddr) asS, = {r' | v’ € Pred@r) andq=

head(r')}. Furthermorefor a setof rulesS C P we definep-groundedS) wrt I'r and
transitorya-coloringC iff thereis somer € S s.t.C(r) =®. Now we arereadyto define
thefour localizedbackwardpropagatiorcases.

Definition 10 Let P bealogic program,let I'p bethe correspondingblodk graphand
let C be a transitory a-coloring of I'p. We definean extendedmappingC® : P —
{6,®,+} of C s.t.for eadh r € Dom(C) wehaveC¢(r) = C(r) and conditions(A) to
(D) of Definition7 aswell asthefollowing conditionshold for all r,r' € P wrt I'e and
ce:

(bA) if C¢(r') =@ andr € Pred1(r') thenC¢(r) =6

(bB) if C¢(r') = © and p-groundedr’) and r € Pred1(r') s.t. Vr" € Predd(r') :
ce(r"M=oiffr" #r) thenCé(r)=+

(bC) if C¢(r') = @ andthere is someg € body™ (r') s.t.q = head(r) for somer € S,
andgroundablér) andfor eadh "' € S, : (C¢(r") =g iff " #r) thenCe(r)=+

(bD) if C¢(r') = © and p-notblokedr') and there is someq € body™ (') with ¢ =
head (r) for somer € S, s.t.for each ¢’ € body™ ('): (p-groundedsS, ) iff Sy #S,)
thenCe(r)=o.

Intuitively, thesecase®nsurghatanalready®-colorednodeis groundedbC) andnot
blocked (bA) while analreadyo-colorednodeis blocked (bB) or not groundedbD).
Soin asensethe purposeof thesecasess to justify the color of anode.Obsenre, that
casegbB) and(bC) usecolor + insteadof & (seeDefinition 8). We have thefollowing
resultcorrespondingo Theorem2:

Theorem3 Let P bea logic programandletC andC® : P — {©,®, +} bea partial
mappingsThenwehave:If C is a transitorya-coloringof I'e> andC¢ is an extensiornof
C asin Definition10thenCg CC¢, Cq CCE andCcis a transitorya-coloringof I'p.

Let us shov how colorp computesthe a-coloringsof the block graph of pro-
gram (1) (seeFigure 1). At the beginning we cannotpropagatearything, because
thereis no factandno 1-loop. We take r, asa choice.First, we try to color r, with
@ by calling colorp(U, N,C) with U = P\ {ro}, N = {r,} andC = (0,{r.}).
Now, propagate,(N,C) is executed.By propagatingC(r,) = @ with case(A) we
getC(ry) =6 andC(ry) = ©. Recursvely, throughcase(B) C(r.) = @ is propagated.
ThisgivesC = ({rs, 74}, {ra,7c}). SinceU becomeshe emptyset,choose fails and
C is thefirst output.Sofarwe did not needbackward propagation.

Now, we color r, with & throughcalling colorp (U, N, C) with U and N asabove
andC = (0, {r,}). Sinceno (backward) propagationis possiblewe have to compute
the next choice.For choose all threeuncolorednodesare possiblechoices Assume
C(ry) = @ asnext choice.Throughpropagatiorcase(A) we getC(r.) = ©. This color
of r. hasto be propagatedyy executingpropagate, ({r.}, ({ra, 7.}, {rc})). By using
propagatiorcase(B) we obtainC(r;) = @. Recursiely, propagatiorof & for r4 gives
no contradictionandC = ({rq,7.}, {rs,74}) is the seconda-coloring.By assuming
C(ry) =6, thatis,C=({rs, s },0), r is coloredwith & throughbackwardpropagation



case(bB). By propagatiorof this color with case(A) noder, is coloredwith ©. By
applyingcasg(B) to thecolor of r; we obtainthatr, hasto becoloredwith &, becausé&
is notblocked,but thisis acontradictiorto C (p,) = ©. Thus,thereis nofurthersolution
andwe have foundthe two solutionswith two choices Obsene thatthe usageof (bB)
saves one additionalchoice, sincewithout backward propagatiorthe partial coloring
C=({ra,ms},0) couldnothave beenextendedary moreandanotherchoicewould have
beennecessaryr husbackwardpropagatiorreduceshe numberof necessarghoices.

5 Jumping

A further improvementof backward propagations the so-calledjumping Backward
propagatioraccordingo (bB), (bC) and(bD) requirescertainconditionsto befulfilled,
which maynot beknown whenanodeis colored.For (bA) thisis notthecase pecause
in (bA) thereis nofurthercondition. Take thefollowing programP andits correspond-
ing block graphI'p (seeFigureb):

a < not a,not b,not d
P=<{b<+ notc d<+ note (2)
c+<notb e+ notd

We know thatC({r, }) = ©, otherwisetherewould notbe ananswersetatall. Since

o/ N\ N
Fig. 5. Block graphof program(2).

4 is trivially groundedjt hasto be blocked. This canbe achiesed by coloring one of
two rules,r, andrg with @, thoughoneis sufficient. But we do not know yet, which
one shouldbe colored®. Later on, whene.g.r, hasbeenusedas a choiceand is
coloredo, this is achieved via jumping. Thatis, case(bB) is usedagainfor noder,
andthusry is colored®. Finally, with (A) noder, is colorede. In this way jumping
helpsto avoid unnecessarghoices becausevithout jumping we would needanother
choiceto colornodes-; andr,. Thereforebackwardpropagationvouldnotbecomplete
withoutjumping.In generalwheneerao is propagate@longa 1l-arcto analreadyo-
colorednode,we checkbackward propagatiorcase(bB) for this nodeagain.Similarly,
we check(bC) and (bD) againfor &-coloredand &-colored0-successorsf already
coloredandpropagatechodesrespectiely.

As an example,Figure 6 shows the implementatiorof procedurgumpB p, which
jumpsto analreadycolorednodein orderto checkbackward propagation(bB) again.
ProceduregumpC , andjumpD , areimplementedanalogouslyBy usingprocedure
propagate, (in Figure 3) as definedin Figure 6 we obtain an algorithm for com-
puting a-coloringsincluding backward propagatiorandjumping. The four procedures
backpropAp, backpropBp, backpropCp, andbackpropDp aretheimplementations
of conditions(bA), (bB), (bC) and (bD), respectiely. ProceduregpropAp, propBp,
propCp, andpropD, are the implementationf conditions(A), (B), (C) and (D),
respectiely.



procedure propagate, (N :list,C:part. mapping
var r' :node;
while N #0 do

selectr’ from N ;

if ('€Cs) then
(A) if propAp(r',C) fails then fail;
(C) if propCp(r',C) fails then fail;
(bA) if backpropA,(r’,C) fails then fail;
(bC) if backpropCp(r’,C) fails then fail;

if jumpC,(r',C) fails then fail;

else
(B) if propBp(r',C) fails then fail;
(D) if propDp(r',C) fails then fail;

(bB) if backpropBy(r’,C) fails then fail;
(bD) if backpropDp(r’,C) fails then fail;
if jumpB(',C) fails then fail;
if jumpDp(r',C) fails then fail;

procedure jumpB ,(r’:node C:partialmapping)
var S :setof nodes
S := Succlr’)
while S #0 do
selectr’ from S;
if C(r')=o then backpropBy(r',C);

Fig. 6. Extendedpropagatiorprocedureéncludingbackward propagatiorandjumping.

6 Results

For apartialmappingC : P — {©, @, +} we definethe setof inducedanswersetsA¢

asAc ={X | X isanswersetof P,Cq C GR(P, X) andCs N GR(P,X)=0}.1f C is
undefinedor all nodesthen A¢ containsall answersetsof P. If C is atotal mapping
s.t.nonodeis coloredwith + then A¢ containsexactly oneanswersetof P (if C is an
a-coloring).With this notationwe formulatethe following result:

Theorem4 Let P be a logic program,letC andC' : P — {©,®,+} be partial
mappingsThenfor eadhr € (Co U Cg U C+) wehaveif propagate,({r},C) succeeds
and(’ is the partial mappingafterits executionthen Ac = A¢:.

This theoremstatesthat propagate, neitherdiscardsnor introducesanswersetsin-
ducedby a partial mappingC. Hence,only nodesusedas choiceslead to different
answersets.Finally, let C'p bethesetof all solutionsof colorp. We obtaincorrectness
andcompletenessf colorp.

Theorem5 Let P bea logic program,let I'p beits blodk graph,letC : P — {©, ®}
bea mappingandlet C'p the setof all solutionsof colorp for program P. ThenC is an
a-coloringof I'p iff C€ Cp.



7 Experiments

As benchmarksye usedsomeinstancesof NP-completeproblemsproposedn [2],
namely the independensetproblemfor circle graphs, the problemof finding Hamil-
toniancyclesin completegraphsandthe problemof finding classicalgraphcolorings.
Furthermorewe have testedsomeplanningproblemstakenfrom [6] andthe n-queens
problem.In Table1 we have countedthe numberof choicesnsteadof measuringime,
sincethe numberof choices(theoretically)indicateshow goodanalgorithmdealswith
anon-deterministigroblenf. Thatis, for very large examplesan algorithmusingless
choiceswill befasterthanoneusingmorechoiceqprovidedthattheimplementatiorof
the deterministicpartsof both algorithmsneedpolynomialtime). Thereforecounting
choicesgivesrathertheoreticalthanpracticalresultson the behavior of noMbRe. For
snodel s resultswith andwithoutlookaheadresultsin parenthesesgjreshavn’. The

noVbRe snodel s
backproglno  yes yes with  (without)
jumping{{[no  no yes lookahead
hamk_7 ||14335143352945 |(|4814 (34077
hamk_8 |{822008220024240 {|688595 (86364
ind_cir_20||539 317 276* ||276 (276)
ind_cir_30||9266 5264 4609* ||4609 (4609
pLlstep4||- 464 176 7 (69)
p2.step6||- 136543779 ||75 (3700
col4x4 ||27680276807811 |[7811 (102226
col5x5 |- - 580985|580985(2.3 Mil)
queens4|84 84 5 1 (12)
queens5|326 326 13 9 (34)

Table 1. Numberof choiceg(all solutions)for differentproblems.
* minimal numberof choicessinceatleast(n — 1) choicesareneededor n solutions

influenceof backward propagatiorand jumping on the numberof choicesis plain to
see.Therearealsosomeproblemswherewe did not obtaina solutionafter morethan
12 hourswithoutbackwardpropagationTablel impressvely shavsthatnoMoRe with
backward propagatiorandjumpingis now (theoretically)comparablevith snodel s
on several problemclassesgspeciallyif we disablethe lookaheadf snodel s8. The
differencebetweensnodel s andnoMoRe for planningexamplesand the n-queens
problemsseemsto comefrom different heuristicsfor making choices.We have just
startedto investigatethe influenceof moreelaboratedheuristics ThenoMoRe system
includingtestcasess availableat http://www.cs.uni-potsdam.de/ linke/nomore.

5 A so-calledcircle graphCir,, hasn nodes{vy, - -
n} U{(vn,v1)}.

5 You canfind time measurement®r theseexamplesin [1].

" Whereassnodel s andnoMbRe male exactly onechoiceat eachchoicepointin the search
spacedl v malesseveral choicesat the samepoint of the searchspace Thereforethereare
noresultsfor dl v in Tablel.

8 Obserne, thatcurrentlynoMbRe hasno lookahead.

-,vp} andarcsA = {(vi,vit1) |1 < i<



8 Conclusion

We havegeneralizedndadvancedanapproacho computeansweirsetsfor normallogic
programsvhichwasintroducedn [11]. Now we areableto dealdirectly with logic pro-
gramswith multiple positive bodyliterals.We have shavn thatby introducingbackward
propagatiortogethemwith jumping the rule-basedlgorithmimplementedn noVoRe
canbegreatlyimproved.A relatedmethodof backward propagatiorwrt answersetse-
manticsfor normallogic programswvasproposedn [9]. However, alot of the obtained
improvements dueto theconcepbf athird color +. Thereseemso beacloserelation
betweemoMRe’s color 4+ andd| v’s must-be-trudruth value[6], thoughthis hasto
be studiedmorethoroughly becausaoMdRe is rule-basedandd| v (andsnodel s)
is literal-basedThroughthe conductedexperimentsheimpactof theimprovementss
shavn. NoMbRe is now comparabldo snodel s on mary differentproblemclasses
measuredby the numberof choices.This improvementwasobtainedby improving the
deterministicconsequencesf noMoRe. However, therearestill someinterestingopen
questionsThe mainoneis whetherrule-basedomputatiornof answersetsis different
from atom-basedliteral-based)r not. During our experimentsve have detectedpro-
grams(with a high rule per atomratio) for which atom-basedomputationsare more
suitableandotherprogramgwith alow rule peratomratio) for which rule-baseadtom-
putationperformsbetter Currently we have no generalanswerto this questionanda
generalcomparisorbetweenatom-base@ndrules-basednethodsfor logic programs
will benecessary
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