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Abstract. This paperfocuseson the efficient computationof answersetsfor
normallogic programs.It concentratesonarecentlyproposedrule-basedmethod
(implementedin thenoMoRe system)for computinganswersets.We show how
noMoRe andits underlyingmethodcanbeimprovedtremendouslyby extending
thecomputationof deterministicconsequences.With thesechangesnoMoRe is
ableto dealwith problemclassesit couldnothandlesofar.

1 Intr oduction
Answersetprogramming(ASP)is a programmingparadigm,which allows for solving
problemsin a compactandhighly declarativeway. Thebasicideais to specifya given
problemin a declarative language,e.g.normallogic programs1, suchthat thedifferent
answersetsgivenby answersetssemantics[8] correspondto thedifferentsolutionsof
theinitial problem[10]. As anexample,considertheindependentsetproblem,which is
to determineif thereexistsa maximal(wrt setinclusion)independentsubsetof nodes
for agivengraph.A subset����� of nodesof agraph�	��
������� is calledindependent
if thereareno edgesbetweennodesin � . Let� � ����� 
������ ���! "�#� 
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�'&� �#� 
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be a logic program and let us call the rules 021 , 023 , 024 and 0!5 , respec-
tively. Then program (1) encodesthe independentset problem for graph �6�
872�9:'!�*;<$>=%&7,
��9<'&�&.
#'!�*+�&.
�*;�$,�)2
�$?����:=;� . Program(1) has two answersets @BAC�7 ��� 
����) ��� 
�*+�)= and @ED��F7 ��� 
�'&�& ��� 
�$,�:= correspondingto the two independentsetsof
graph � .

Currentlythereexist a numberof interestingapplicationsof answersetprogram-
ming (e.g. [3, 13,14]) as well as reasonablyefficient implementations(e.g. smod-
els [15] anddlv [5]). Sincecomputationof answersetsis NP-completefor normal
logic programs(and G�HD -completefor disjunctive logic programs),most algorithms
containa non-deterministicpart (makingchoices)anda part computingdeterministic
consequences(for thesechoices).In contrastto [7], wheredifferentheuristicsareinves-
tigatedin orderto make“good” choices,we improvethedeterministicconsequencesof
therecentlyproposedrule-basednoMoRe system[1] in thispaper. For all ASPsystems
mentionedsofar, non-deterministicchoicesanddeterministicconsequencesdetermine
thebehavior of theresultingalgorithm.

1 The languageof normallogic programsis not theonly onesuitablefor ASP. Othersaredis-
junctive logic programs,propositionallogic or DATALOG with constraints[4].



Weproposedin [11] agraphtheoreticalapproachfor computinganswersetsfor nor-
mallogic programswith atmostonepositivebodyatom.A specialprogramtransforma-
tion wasintroducedin orderto beableto dealwith multiple positive bodyatoms.The
drawbackwasalackof efficiency. Oneof thecontributionsof thispaperis theextension
of theunderlyingtheoryandits implementationin orderto dealdirectly with multiple
positive bodyatoms.Furthermore,we redefinepropagationof so-calleda-coloringsas
introducedin [11] suchthatwe areableto includebackward propagation. In addition,
we introducea techniquecalledjumpingto ensurecompletebackwardpropagationand
giveexperimentalresultsshowing theimpactof thepresentedconcepts.

2 Background
We deal with normal logic programswhich contain the symbol I9JLK usedfor nega-
tion as failure. A normal logic program is a set of rules of the form MN�O A .P+P.P+ O.Q  ���! SR A +P.P+P. ���! SR2T where M , O+U ( VXW � W �

) and
R&Y

( VXW[Z\W^] ) are
propositionalatoms.A rule is a fact if

� �_]��`V , it is called basic if ]a�`V and
quasi-factif

� �bV . For a rule 0 like above we define c>d:egfh
i0L�j�CM and k:J.fLl9
�0L�m�7 O A;+P.P+P& O Q  ���! nR A!.P+P.P& ���! (R T = . Furthermore,let k:J2f;l,op
i0L�q�	7 O Aq+P+P.P& O Q = denotethe
setof positivebodyatomsand k:J.fLlsrt
i0L�q�	7 R AL+P+P.P+ R T = thesetof negativebodyatoms.
Definitionsof thehead,thebody, thepositive andnegative bodyof a rule aregeneral-
izedto setsof rulesin theusualway. We denotethesetof all factsof a program

�
byu �%*  vR 
 � � andthesetof all atomsof

�
by w  x�!ySR 
 � � .

Let 0 be a rule. 0 o denotesthe rule c>d:eqfz
i0L�{� k:J2f;l o 
i0L� , obtainedfrom 0 by
deletingall negative body atomsin the body of 0 . For a logic program

�
let
� o �7.0 o}| 0�~ � = . A setof atoms@ is closedundera basicprogram

�
if f for any 0�~ � ,c>d:eqfz
i0L��~j@ whenever k:J2f;l�
i0L����@ . Thesmallestsetof atomswhich is closedunder

a basicprogram
�

is denotedby Cn
 � � . Thereduct,
���

, of a program
�

relativeto a
set @ of atomsis definedby

��� ��720 o | 0(~ � and k:J.fLl9r�
i0L�z��@X�	�,=gP We saythata
set @ of atomsis ananswersetof a program

�
if f Cn
 ��� �q�B@	P

A setof rules
�

is groundedif f thereexistsanenumeration��0 U8�xU��q� of
�

suchthat
for all

� ~�� we have that k:J.fLl�op
i0 U ���{c>d:egfh
8720!A!.P+P.P+v0 U r A!=;�)P Observe that thereexists
a uniquemaximal(wrt setinclusion)groundedset

��� � � for eachprogram
�

. For a
setof rules

�
anda setof atoms@ we definethe setof generatingrulesof

�
wrt @

as ���E
 � �@��"�X7.0�~ � | k<J2f;l o 
i0L�t��@	!k:J.fLl r 
�0L����@����,=%P Then @ is an answer
setof

�
if f we have @�� Cn
����E
 � v@�� o � . This characterizesanswersetsin termsof

generatingrules.Observe, that in general���E
 � v@�� o��� ��� (take
� ��72���C:'���*;=

and @��S7!�?= ).
Weneedsomegraphtheoreticalterminology. A directedgraph(or digraph) � is a

pair �S��
#��<wm� suchthat � is afinite, non-emptyset(vertices)and wS������� is a set
(arcs).For adigraph�	��
����w�� andavertex ��~�� , wedefinethesetof all predecessors
of � asPred
��,�q�	72� | 
i�"v���,~pw�= . Analogously, thesetof all successorsof � is defined
asSucc
��,����72� | 
i�9v�h�?~mw�= . Let ����
����w�� and � � ��
#� � �w � � bedigraphs.Then � �
is a subgraphof � if � � �a� and w � ��w . � � is an inducedsubgraphof � if � � is a
subgraphof � s.t. for each�9v� � ~p� � wehave that 
��?�� � �,~pw � if f 
i�9v� � �,~pw .

In orderto representmoreinformationin adirectedgraph,weneedaspecialkind of
arclabeling. �S��
#��<w��(��w A � is adirectedgraphwhosearcsw��(��w A arelabeledzero
( w�� ) andone( w A ). Wecall arcsin w�� and w A 0-arcsand1-arcs, respectively. For � we



distinguish0-predecessors(0-successors)from 1-predecessors(1-successors)denoted
by Pred0
��,� (Succ0
i��� ) andPred1
i��� (Succ1
i��� ) for ��~�� , respectively.

Block Graphs for Normal Logic Programs Next we summarizethe centraldefini-
tionsof blockgraphsfor logic programsanda-coloringsof blockgraphs(cf. [11,12]).

Definition 1 Let
�

bea logic programand let
���

bethemaximalgroundedsubsetof�
. Theblockgraph� H �{
#� H �w � H ��w AH � of

�
is a directedgraphwith vertices� H � � �

andtwo differentkindsof arcsdefinedasfollowsw��H �	7%
�0 � �0;� | 0 � �0n~ ��� and csd<egf�
�0 � ��~�k:J2f;l�op
i0L�)=w AH �	7%
�0 � �0;� | 0 � �0n~ ��� and csd<egf�
�0 � ��~�k:J2f;l9r�
�0;�)=gP
This definitioncapturestheconditionsunderwhich a rule 0 � blocksanotherrule 0 (i.e.
i0 � v0L�p~Sw A ). We introducea 1-arc 
�0 � �0;� in � H if 0 � �}
 O �6P.P+P � and 0¡�b
xP.P+Pt�P+P+P. ���! O .P+P.P � . We alsogatherall groundednessinformationin � H , becausewe only
introducea 0-arc 
�0 � �0L� (betweenrules 0 � �¢
 O � P.P+P � and 0��_
xP.P+Pm� O +P.P+P � ) if0 and 0 � are in the maximalgroundedsubsetof

�
.2 Figure1 shows the block graph

of program(1). Sincethe nodesof � H are the rulesof logic program
�

, operationsc>d:eqfz
i0L� , k:J.fLl%op
�0;� and k:J2f;l?r�
i0L� (for 0n~ � ) arealsooperationson thenodesof � H .
In orderto defineso-calledapplicationcoloringsor a-colorings for block graphs

we needthefollowing definition.

Definition 2 Let
�

bea logic programandlet � H ��
�� H �w��H �mw AH � bethecorrespond-
ing block graph.Furthermore, let 0�~ � andlet ��£z��
#�s£q�wm£.� bea graph.Then ��£ is
a grounded0-graphfor 0 in � H iff thefollowingconditionshold:

1. ��£ is an acyclicsubgraphof � H s.t. wm£h��w��H
2. 0 �~p� £ and k:J.fLl%op
�0;����csd<egf�
#� £ �
3. for each node 0 � ~�� £ and for each O � ~�k:J.fLl%op
�0 � � there existsa node 0 � � ~E� £ s.t.O � ��csd<egfh
i0 � � � and 
i0 � � v0 � �,~pw�£ .

Observe, that the nodesof a grounded0-grapharegroundedaccordingto definition.
Furthermore,thedifferentgrounded0-graphsfor rule 0 in � H correspondto thediffer-
entclassical“proofs” for csd<egf�
�0;� in

� o , ignoringthedefault negationsof all rules.

Definition 3 Let
�

bea logic program,let ¤F¥ �§¦ 7L¨�:©ª= bea total mapping3. We
call 0 groundedwrt � H and ¤ iff thereexista grounded0-graph ��£?��
��?£q<w�£.� for 0 in� H s.t. ¤�
#�s£2�q��© . A rule 0 is calledblockedwrt � H and ¤ if thereexists 0 � ~ Pred1
�0;�
s.t. ¤�
i0 � �q��© .

Now we arereadyto definea-colorings.

Definition 4 Let
�

bea logic program,let � H bethecorrespondingblock graphand
let ¤�¥ �«¦ 7L¨�:©ª= bea total mapping. Then¤ is ana-coloring of � H iff thefollowing
conditionholdsfor each 0n~ �

2 Observe, that for program ¬® �x¯�°�±L²8±³°´¯ � the maximalgroundedsubsetof rules is
emptyandthereforeµ9¶ containsno0-arcs.

3 A mapping·�¸9¬}¹»º is called total if f for eachnode ¼t½¡¬ thereexists some·�¾¿¼2À�½ªº .
Oppositely, mapping· is calledpartialif therearesome¼h½�¬ for which ·�¾¿¼2À is undefined.



ÁBÂ ¤(
�0L�q��© iff 0 is groundedand 0 is not blockedwrt � H and ¤ .

Let ¤ beana-coloringof someblock graph � H . Rulesarethenintuitively appliedwrt
someanswersetof

�
if f they arecolored© , thatis,condition

ÁBÂ
capturestheintuition

of applyinga rule wrt to someanswerset.Similarly, thenegationof condition
Á�Â

( 0
is not groundedor 0 is blocked)capturestheintuition whena rule is not applicable.

The main result in [11] statesthat Program
�

hasan answerset @ if f � H hasan
a-coloring ¤ s.t. �z��
 � v@��j�_7.0S~ � | ¤�
i0L�j�§©ª=gP This result constitutesa rule-
basedmethodto computeanswersetsby computinga-colorings.In Figure1 we have
depictedthetwo a-coloringsof theblock graphof program(1) left andright from ’ Ã ’,
respectively. Observe,thatthereareprogramsfor whichthecorrespondingblockgraph¼)Ä ¼&Å

¼)Æ¼)Ç
ÈpÉ.Ê ÊpÉ2È

ÈpÉ2ÊÊpÉ2È
Ë ËËË

Fig.1. Block graphanda-coloringsof program(1).

hasno a-coloringandthusno answerset.Let 0)Ì berule M�� ���! M . Thenthe1-loop
i0)Ì>�0)Ìg� is theonly arcof theblockgraphof program
� �	7.0&Ì%= . By Definition4 thereis

no a-coloringof � H . If we color 0)Ì with © we geta directcontradictionto
ÁBÂ

, since
then 0)Ì is blocked.Ontheotherhand,if wecolor 0&Ì with ¨ then 0&Ì is trivially grounded
andnot blocked.

3 Propagation
In thenonmonotonicreasoningsystemnoMoRe [1] theapproachdescribedin thelast
sectionis implemented.Let usassumethateachprogramis grounded.In orderto de-
scribethedeterministicpartof theimplementationandits improvements,weneedsome
centralpropertiesof nodes.All thosepropertiesaredefinedwrt partiala-colorings.We
call a partialmapping¤�¥ �\¦ 7;¨�)©ª= a partial a-coloringof � H if ¤ is ana-coloring
of theinducedsubgraphof � H with nodesÍ �!y 
¿¤z� 4.

Definition 5 Let
�

be a logic program and let ¤ be a partial a-coloring of � H . For
each node0n~ � wedefinethefollowingpropertieswrt � H and ¤ :

1. p-grounded
�0L� iff Î O ~¡k:J.fLl o 
�0L�Ï¥gÐ,0 � ~ Pred0
i0L�Ï¥ O ��c>d:eqfz
i0 � � and ¤(
�0 � �g�³©
2. p-notgrounded
i0L� iff Ð O ~¡k:J.fLl>op
i0L�Ï¥!Î�0 � ~ Pred0
i0L�Ï¥ O ���csd<egfh
i0 � � or ¤(
�0 � �g�³¨
3. p-blocked
i0L� iff Ð,0 � ~ Pred1
�0;�p¥;¤�
i0 � �q��©
4. p-notblocked
�0;� iff Î90 � ~ Pred1
�0L�Ï¥;¤�
i0 � �q��¨ .

Notice the difference between total and partial a-colorings. For example, if
p-notgrounded
�0L� holds for 0 wrt sometotal a-coloring ¤ thenp-grounded
i0L� is the
negationof p-notgrounded
�0;� . This doesnot hold for partial a-coloring ¤ , sincethere
may be nodesfor which ¤ is undefined.For this reason,we have to define both

4 ÑjÒ.Ó ¾Ô·?À denotesthedomainof mapping· .



p-grounded(p-blocked) andp-notgrounded(p-notblocked), respectively, becausethey
cannotbe definedthrougheachother wrt partial a-colorings.However, we have the
following resultfor total a-colorings:

Theorem1 Let
�

bea logicprogramandlet ¤ bea totala-coloringof � H . Thena node0"~ � is groundedwrt � H and ¤ iff p-grounded
i0L� holdswrt � H and ¤ . Furthermore, 0
is blockedwrt � H and ¤ iff p-blocked
�0L� holdswrt � H and ¤ .

Clearly, to begrounded(wrt � H and ¤ for node 0 ) is a globalconceptwrt � H whereas
p-grounded
�0;� is definedlocally wrt � H and ¤ . Furthermore,observe the difference
between0 is blocked andp-blocked
i0L� wrt � H and ¤ . Even if the definitionsof both
conceptsarethesame(cf Definition 3), the former is definedwrt to total a-colorings,
whereasthelatteroneis definedwrt partiala-colorings. In a situationlike in Figure2¼¼+Õ ËÊ

Fig.2. Someblock graphwith partiala-coloring.

we do not have p-blocked
�0 � � andwe do not have p-notblocked
i0 � � wrt the depicted
partiala-coloring.But we alwayshave eitherthat 0 is blockedor not blockedwrt total
a-colorings.

Definition 6 Let ¤ be a partial a-coloring of � H and let Ö be the set of uncolored
nodeswrt ¤ . Theneach node 0�~FÖ can be colored © by propagationof ¤ iff we
havep-grounded
i0L� andp-notblocked
i0L� wrt � H and ¤ . Node 0 can becolored ¨ by
propagationof ¤ iff wehavep-notgrounded
i0L� or p-blocked
i0L� wrt � H and ¤ .

Notice, that propagationof partial a-coloringsto uncolorednodesis global wrt � H ,
sincein orderto propagate¤ asmuchaspossiblewehaveto checkall nodesin Ö which
in generalaredistributedover � H . Accordingto Definitions5 and6 nodescoloredby
propagationalwayshavecoloredpredecessors.Thereforewe obtaina moreprocedural
way to propagatepartiala-coloringsby localizedpropagationconditions.

Definition 7 Let
�

bea logic program,let � H bethecorrespondingblock graphand
let ¤ bea partial a-coloringof � H . We definean extendedmapping¤z× of ¤ s.t. for each0"~�Í �!y 
i¤�� wehave¤ × 
�0L�g�B¤�
i0L� andfor each 0;�0 � ~ � thefollowing conditionshold
wrt � H and ¤ × :
(A) if 0n~ Succ1
i0 � � and ¤ × 
�0 � �g�³© then ¤ × 
�0;�g�³¨
(B) if 0�~ Succ1
i0 � � and ¤ × 
�0 � ����¨ and p-notblocked
�0L� and p-grounded
�0L� then¤ × 
i0L�q��©
(C) if 0³~ Succ0
�0 � � and ¤ × 
i0 � ���b© and p-notblocked
i0L� and p-grounded
�0L� then¤ × 
i0L�q��©
(D) if 0n~ Succ0
i0 � � and ¤ × 
�0 � �g�³¨ andp-notgrounded
i0L� then ¤ × 
�0;�g�³¨ .

Let ¤�¥ ��¦ 7;¨�)©ª= bea partialmapping.¤ is representedby a pair of (disjoint) sets
¿¤sØÏx¤sÙ�� s.t. ¤sØ¡�S720n~ � | ¤�
i0L�q��¨ª= and ¤sÙ¡�	7.0n~ � | ¤�
i0L�q��©ª= . Since¤ is not total
we do not necessarilyhave

� �B¤sØ��B¤>Ù . We referto apartialmapping¤ with thepair
¿¤sØÏx¤sÙ�� andviceversa.We have thefollowing result:



Theorem2 Let
�

be a logic program and let ¤ and ¤ × ¥ �»¦ 7L¨�:©ª= be partial
mappings.Thenwehaveif ¤ is a partial a-coloringof � H and ¤ × is an extensionof ¤
asin Definition7 then ¤sØ���¤ ×Ø , ¤sÙ���¤ ×Ù and ¤ × is a partial a-coloringof � H .

This theoremgivestheconditionsfor four differentpropagationcasesin arcdirection:
if a node0 is colored ¨ or © thenthis color canbepropagatedover1- andover0-arcs
to thesuccessorsof 0 , accordingto localizedpropagationconditions(A), (B), (C) and
(D).

Now let
�

be somelogic programandlet ¤ be a partial a-coloring.Assumethat� H is a globalparameterof eachof thepresentedprocedures.Let Ö and Ú besetsof
nodess.t. Ö containsthecurrentlyuncolorednodesÖS� ��Û 
¿¤sØ���¤sÙ�� and Ú contains
colorednodeswhosecolor hasto be propagated.Figure3 shows the main procedure
of noMoRe in pseudocode. Notice that procedurescolor H andpropagateH return

function color ¶ ¾�Ü ²xÝ ¸ list Þ�·t¸ partialmappingÀ
var ¼m¸ node

if propagate¶ ¾ Ý�² ·?À thenÜ�¸ ®Ü�ßt¾Ô·%àEá�·,âzÀ
if choose¶ ¾�Ü ² · ² ¼2À thenÜ�¸ ®Ü{ß � ¼;�

if color ¶n¾�Ü ²�� ¼!� ² ¾Ô· à ² · â á � ¼;�+À8À then
return true

else
return color ¶(¾�Ü ²�� ¼;� ² ¾Ô· à á � ¼!� ² · â À8À

else
return propagate¶ ¾�Ü ² ¾Ô·%àEáEÜ ² ·%âzÀ8À

else
return false

Fig.3. BasicnoMoRe procedure.

true (plus someextendedpartial mappingthroughparameter¤ ) or return false.If in
color H theprocedurechooseH returnstrue,it alsoreturnssomeuncolorednode0 s.t.we
havep-grounded
i0L� wrt thecurrentpartiala-coloring.Clearly, chooseH implementsthe
non-deterministicpartof color H . Oppositely, propagateH implementsthedeterministic
consequencesof noMoRe. Let ãÏA;
 � �,�a7.0�~ � | 0�~ Pred1
i0L�)= denotethesetof all 1-
loopsin � H . Whencalling color H thefirst time,we startwith ¤��{
�ãtAL
 � �) u �,*  vR 
 � �v� ,Ö\� �}Û 
 u �%*  vR 
 � ���aãtAL
 � ��� and Ú[� u �,*  vR 
 � ����ãÏA;
 � � . That is, we startwith
all factscolored © andall 1-loopscolored ¨ . Basically, color H takesboth a partial
mapping¤ anda setof uncolorednodesÖ andaimsat coloring thesenodes.That is,
color H computesanextendedpartialmappingor if this is impossiblereturnsfalse.This
is doneby choosingsomeuncolorednode 0 ( 0E~�Ö ) with chooseH andby trying to
color it © first. If this doesnot give a solutioncolor H tries to color node 0 with ¨ . If
both possibilitiesfail color H returnsfalse.Therefore,we saythat node 0 is usedasa
choicepoint. To be a choicepoint is not a propertyof a node,becausechoicepoints
aredynamicwrt eachsolution.Observe, thatall differenta-coloringsareobtainedvia
backtrackingoverchoicepointsin color H .



Notice,thatprocedurepropagateH workslocallyaccordingto conditions(A) to (D)
of Definition 7 andcolorsarepropagatedonly in arcdirection(if possible).Thecolor
of a nodeis propagatedimmediatelyaftergettingcolored,becausethetestwhetherthe
nodewascoloredcorrectlyis doneduringpropagation.Thatis,color H failsonly during
propagation.

4 Backward Propagation

Partiala-coloringscanalsobepropagatedin oppositearcdirectionwhich improvesour
algorithm.Clearly, asfor propagationin arcdirection,wehavefour backwardpropaga-
tion cases.However, thereis aproblemwith defininglocalizedconditionsfor backward
propagation(asin Definition 7). Assumethat Figure4 depictsa part of someblock

¼ ¼+Õ ¼ Õ Õ
¼ Õ ÕÊ Ë ääË

Fig.4. Partof someblockgraphwith partiala-coloring.

graphtogetherwith somepartiala-coloring.Ontheonehand,weknow that 0 � hasto be
colored © (providedthatthereareno otherpredecessorsof 0 ), becausethis is theonly
way to block 0 . If 0 is not blocked the depictedpartiala-coloringcannotbeextended
to a total one.On theotherhand,we cannotcolor 0 � with © , becausewe do not have
p-grounded
�0 � � (seeDefinition6). Thereforeweneedso-calledtransitorya-colorings.

Definition 8 Let
�

be somelogic program. We call a partial mapping ¤å¥ �æ¦7;¨�:©�)çª= a transitorya-coloringof � H iff ¤ is an a-coloringof theinducedsubgraph
of � H with nodes¤ Ø �B¤ Ù .

A transitorya-coloring is a partial a-coloringwheresomenodesmay be uncolored
or coloredwith ç . Color ç is usedinsteadof © to color node 0 � in situationslike in
Figure4,wherep-grounded
�0 � � doesnothold,yet.In orderto transformsometransitory
a-coloring(duringtheexecutionof color H ) to a totala-coloring,color ç is replacedby
color © , if possible.This is achievedby propagation.Whenevera nodeis colored,this
color is propagatedto all its neighborsimmediately, no matterwhetherthesealready
havebeencoloredor not. In casea nodealreadycolored ç ( © ) hasto becolored ¨ via
propagation,propagationfailsdueto contradiction.Whenanodealreadycoloredç has
to becolored © via propagation,color ç is simply replacedby © . That is, eitherevery
color ç will become© , or color H fails.Weneedthefollowing propertieswrt transitory
a-colorings:

Definition 9 Let
�

bea logic program,let ¤ bea transitorya-coloringof � H and let0"~ � besomenode. Thengroundable
i0L� holdswrt � H and ¤ iff Î O ~¡k:J.fLl%op
�0L�p¥gÐ,0 � ~
Pred0
i0L� with O ��csd:eqf�
�0 � � s.t. ¤(
�0 � �g�³© or 0 � is uncolored.



Heregroundable
i0L� meansthat either 0 is groundedor that thereis someuncolored
0-predecessor, which canpossiblybecolored © when ¤ is furtherextended.For each0t~ � and O ~Bk:J2f;l o 
i0L� we define ��è"� Pred0
i0L� as ��è¡��720 � | 0 � ~ Pred0
i0L� and O �c>d:eqfz
i0 � �:= . Furthermore,for a setof rules ��� � we definep-grounded
#��� wrt � H and
transitorya-coloring¤ if f thereis some0n~�� s.t. ¤(
�0L�q��© . Now wearereadyto define
thefour localizedbackwardpropagationcases.

Definition 10 Let
�

bea logic program,let � H bethecorrespondingblock graphand
let ¤ be a transitory a-coloring of � H . We definean extendedmapping ¤ × ¥ ��¦7;¨�:©�)çª= of ¤ s.t. for each 0�~ªÍ �!y 
¿¤z� wehave ¤ × 
i0L�h�{¤(
�0L� andconditions(A) to
(D) of Definition7 aswell asthefollowingconditionshold for all 0;�0 � ~ � wrt � H and¤ × :
(bA) if ¤ × 
i0 � �q��© and 0n~ Pred1
�0 � � then ¤ × 
i0L�q��¨
(bB) if ¤ × 
i0 � �j�¢¨ and p-grounded
i0 � � and 0	~ Pred1
i0 � � s.t. Î90 � � ~ Pred1
i0 � ��¥
¿¤ × 
�0 � � �q��¨ iff 0 � � ��B0L� then ¤ × 
i0L�q��ç
(bC) if ¤ × 
�0 � ����© andthere is someO ~³k<J2f;l,op
i0 � � s.t. O ��c>d:eqfz
i0L� for some0p~ª� è

andgroundable
i0L� andfor each 0 � � ~�� è ¥?
i¤ × 
�0 � � �g�³¨ iff 0 � � ��B0L� then ¤ × 
�0L�q��ç
(bD) if ¤ × 
i0 � �(�é¨ and p-notblocked
i0 � � and there is someO ~�k:J2f;l,op
i0 � � with O �c>d:eqfz
i0L� for some0n~p�zè s.t.for each O � ~�k:J2f;l o 
i0 � � : (p-grounded
���èvê�� iff �zèxê ��³��è )

then ¤ × 
�0L�q��¨ .

Intuitively, thesecasesensurethatanalready© -colorednodeis grounded(bC) andnot
blocked(bA) while analready ¨ -colorednodeis blocked(bB) or not grounded(bD).
Soin a sense,thepurposeof thesecasesis to justify thecolor of a node.Observe, that
cases(bB) and(bC)usecolor ç insteadof © (seeDefinition8). We havethefollowing
resultcorrespondingto Theorem2:

Theorem3 Let
�

bea logic programandlet ¤ and ¤ × ¥ �b¦ 7;¨�:©�)çª= bea partial
mappings.Thenwehave:If ¤ is a transitorya-coloringof � H and ¤ × is anextensionof¤ asin Definition10 then ¤ Ø ��¤ ×Ø , ¤ Ù ��¤ ×Ù and ¤ × is a transitorya-coloringof � H .

Let us show how color H computesthe a-coloringsof the block graph of pro-
gram (1) (seeFigure 1). At the beginning we cannotpropagateanything, because
thereis no fact andno 1-loop.We take 0 1 asa choice.First, we try to color 0 1 with© by calling color H 
#Öp�ÚSv¤�� with Ö[� �`Û 720 1 = , Úë�[7.0 1 = and ¤é�ì
#��&720 1 =!� .
Now, propagateH 
�ÚSv¤z� is executed.By propagating¤�
i0 1 �j�§© with case(A) we
get ¤(
�0 3 �?��¨ and ¤�
i0 5 ���a¨ . Recursively, throughcase(B) ¤�
i0 4 �9��© is propagated.
This gives ¤��®
87.0 3 �0 5 =g+7.0 1 �0 4 =!� . Since Ö becomestheemptyset,chooseH fails and¤ is thefirst output.Sofarwedid not needbackwardpropagation.

Now, we color 021 with ¨ throughcalling color H 
#Öp�ÚSv¤z� with Ö and Ú asabove
and ¤��b
��>&72021g=!� . Sinceno (backward) propagationis possiblewe have to compute
the next choice.For chooseH all threeuncolorednodesarepossiblechoices.Assume¤(
�023:�>��© asnext choice.Throughpropagationcase(A) we get ¤�
i0!4<�>��¨ . This color
of 0 4 hasto bepropagatedby executingpropagateH 
x7.0 4 =%.
x7.0 1 �0 4 =g+7.0 4 =;�v� . By using
propagationcase(B) we obtain ¤(
�0 5 �s�a© . Recursively, propagationof © for 0 5 gives
no contradictionand ¤a�¢
8720 1 v0 4 =g+7.0 3 v0 5 =;� is the seconda-coloring.By assuming¤(
�0 3 �q��¨ , thatis, ¤���
87.0 1 v0 3 =%<�g� , 0 4 is coloredwith © throughbackwardpropagation



case(bB). By propagationof this color with case(A) node 0 5 is coloredwith ¨ . By
applyingcase(B) to thecolorof 0 5 weobtainthat 0 1 hastobecoloredwith © , becauseit
is notblocked,but this is acontradictionto ¤�
íM 1 �g�³¨ . Thus,thereis nofurthersolution
andwe have foundthetwo solutionswith two choices.Observe that theusageof (bB)
savesoneadditionalchoice,sincewithout backward propagationthe partial coloring¤���
872021%�023+=g:�q� couldnothavebeenextendedany moreandanotherchoicewouldhave
beennecessary. Thusbackwardpropagationreducesthenumberof necessarychoices.

5 Jumping
A further improvementof backward propagationis the so-calledjumping. Backward
propagationaccordingto (bB), (bC)and(bD) requirescertainconditionsto befulfilled,
whichmaynot beknown whenanodeis colored.For (bA) this is not thecase,because
in (bA) thereis no furthercondition.Takethefollowing program

�
andits correspond-

ing blockgraph � H (seeFigure5):� �ïîð ñ ��� ���! �9 ���! '! ���! $'Ï� ���! * $�� ���! "ò*�� ���! ' ò � ���! $
ó ôõ (2)

We know that ¤�
87.0!1g=!�>��¨ , otherwisetherewould not beananswersetat all. Since

¼ Æ ¼&Å ¼)Ç ¼&ö¼)ÄË ËË ËË
Fig.5. Block graphof program(2).021 is trivially grounded,it hasto beblocked.This canbeachievedby coloringoneof

two rules, 023 and 0!5 with © , thoughoneis sufficient. But we do not know yet, which
one shouldbe colored © . Later on, when e.g. 023 hasbeenusedas a choiceand is
colored ¨ , this is achievedvia jumping.That is, case(bB) is usedagainfor node 0 1
andthus 0 5 is colored © . Finally, with (A) node 0 × is colored ¨ . In this way jumping
helpsto avoid unnecessarychoices,becausewithout jumping we would needanother
choicetocolornodes0 5 and0 × . Thereforebackwardpropagationwouldnotbecomplete
without jumping.In general,whenevera ¨ is propagatedalonga1-arcto analreadÿ -
colorednode,wecheckbackwardpropagationcase(bB) for thisnodeagain.Similarly,
we check(bC) and (bD) againfor © -coloredand ¨ -colored0-successorsof already
coloredandpropagatednodes,respectively.

As anexample,Figure6 shows the implementationof procedurejumpB H , which
jumpsto analreadycolorednodein orderto checkbackwardpropagation(bB) again.
ProceduresjumpC H and jumpD H areimplementedanalogously. By usingprocedure
propagateH (in Figure 3) as definedin Figure 6 we obtain an algorithm for com-
putinga-coloringsincludingbackwardpropagationandjumping.Thefour procedures
backpropA H , backpropBH , backpropCH , andbackpropDH aretheimplementations
of conditions(bA), (bB), (bC) and(bD), respectively. ProcedurespropA H , propBH ,
propCH , andpropDH are the implementationsof conditions(A), (B), (C) and (D),
respectively.



procedure propagate¶ ¾ Ý ¸ list
² ·�¸ part.mappingÀ

var ¼ Õ ¸ node;
while

Ý�÷�ø do
select ¼.Õ from

Ý
;

if ¾¿¼.Õ:½(· â À then
(A ) if propA ¶ ¾¿¼ Õ ² ·?À fails then fail ;
(C) if propC¶ ¾¿¼ Õ ² ·?À fails then fail ;
(bA ) if backpropA ¶ ¾¿¼.Õ ² ·?À fails then fail ;
( bC ) if backpropC¶ ¾¿¼.Õ ² ·?À fails then fail ;

if jumpC ¶ ¾¿¼ Õ ² ·?À fails then fail ;
else

(B ) if propB¶ ¾¿¼+Õ ² ·?À fails then fail ;
(D ) if propD¶ ¾¿¼+Õ ² ·?À fails then fail ;
( bB ) if backpropB¶ ¾¿¼+Õ ² ·?À fails then fail ;
(bD ) if backpropD¶ ¾¿¼.Õ ² ·?À fails then fail ;

if jumpB ¶ ¾¿¼.Õ ² ·?À fails then fail ;
if jumpD ¶ ¾¿¼ Õ ² ·?À fails then fail ;

procedure jumpB ¶ ¾¿¼.Õ)¸ nodeÞ�·Ï¸ partialmapping
²
)

var ù	¸ setof nodes;
S : = Succ1¾¿¼ Õ À
while ù ÷�ø do

select ¼ Õ from ù ;
if ·�¾¿¼.ÕúÀ! Ê then backpropB¶ ¾¿¼+Õ ² ·?À ;

Fig.6. Extendedpropagationproceduresincludingbackwardpropagationandjumping.

6 Results

For a partialmapping¤�¥ �«¦ 7L¨�:©�)çª= we definethesetof inducedanswersetsw�û
as w�ûÏ��7.@ | @ is answersetof

� x¤sÙ³�S���E
 � �@�� and ¤sØ	�S���E
 � �@��s���,=%P If ¤ is
undefinedfor all nodesthen w�û containsall answersetsof

�
. If ¤ is a total mapping

s.t.no nodeis coloredwith ç then w�û containsexactly oneanswersetof
�

(if ¤ is an
a-coloring).With this notationwe formulatethefollowing result:

Theorem4 Let
�

be a logic program, let ¤ and ¤ � ¥ �ë¦ 7;¨�)©�:çª= be partial
mappings.Thenfor each 0n~�
¿¤ Ø ��¤ Ù ��¤ o � wehaveif propagateH 
x7.0%=gv¤�� succeeds
and ¤ � is thepartial mappingafter its executionthen w û ��w û ê P
This theoremstatesthat propagateH neitherdiscardsnor introducesanswersetsin-
ducedby a partial mapping ¤ . Hence,only nodesusedas choiceslead to different
answersets.Finally, let ü H bethesetof all solutionsof color H . We obtaincorrectness
andcompletenessof color H .

Theorem5 Let
�

bea logic program,let � H beits block graph,let ¤�¥ �ý¦ 7L¨�:©ª=
bea mappingandlet ü H thesetof all solutionsof color H for program

�
. Then¤ is an

a-coloringof � H iff ¤j~pü H .



7 Experiments

As benchmarks,we usedsomeinstancesof NP-completeproblemsproposedin [2],
namely, the independentsetproblemfor circle graphs5, theproblemof finding Hamil-
toniancyclesin completegraphsandtheproblemof finding classicalgraphcolorings.
Furthermorewe have testedsomeplanningproblemstakenfrom [6] andthen-queens
problem.In Table1 we havecountedthenumberof choicesinsteadof measuringtime,
sincethenumberof choices(theoretically)indicateshow goodanalgorithmdealswith
a non-deterministicproblem6. That is, for very largeexamplesanalgorithmusingless
choiceswill befasterthanoneusingmorechoices(providedthattheimplementationof
the deterministicpartsof both algorithmsneedpolynomial time). Thereforecounting
choicesgivesrathertheoreticalthanpracticalresultson thebehavior of noMoRe. For
smodels resultswith andwithout lookahead(resultsin parentheses)areshown7. The

noMoRe smodels
backprop no yes yes with (without)
jumping no no yes lookahead
hamk 7 14335143352945 4814 (34077)
hamk 8 822008220024240 688595 (86364)

ind cir 20 539 317 276* 276 (276)
ind cir 30 9266 5264 4609* 4609 (4609)
p1 step4 - 464 176 7 (69)
p2 step6 - 136543779 75 (3700)
col4x4 27680276807811 7811 (102226)
col5x5 - - 580985 580985(2.3Mil)

queens4 84 84 5 1 (11)
queens5 326 326 13 9 (34)

Table 1. Numberof choices(all solutions)for differentproblems.
* minimal numberof choices,sinceat least ¾¿þ�ÿ Ë À choicesareneededfor þ solutions

influenceof backward propagationandjumping on the numberof choicesis plain to
see.Therearealsosomeproblemswherewe did not obtaina solutionaftermorethan
12hourswithoutbackwardpropagation.Table1 impressively showsthatnoMoRe with
backwardpropagationandjumping is now (theoretically)comparablewith smodels
on severalproblemclasses;especiallyif we disablethelookaheadof smodels8. The
differencebetweensmodels andnoMoRe for planningexamplesand the n-queens
problemsseemsto comefrom different heuristicsfor making choices.We have just
startedto investigatetheinfluenceof moreelaboratedheuristics.ThenoMoRe system
includingtestcasesis availableat http://www.cs.uni-potsdam.de/˜linke/nomore.

5 A so-calledcircle graphCir � has þ nodes
�����)²������<²�� �,� andarcs

	  � ¾ ��
x²��
���� À�� Ë������þ9��á � ¾ � � ²�� � Àx� .
6 Youcanfind timemeasurementsfor theseexamplesin [1].
7 Whereassmodels andnoMoRe make exactly onechoiceat eachchoicepoint in thesearch

space,dlv makesseveral choicesat thesamepoint of thesearchspace.Thereforethereare
no resultsfor dlv in Table1.

8 Observe, thatcurrentlynoMoRe hasno lookahead.



8 Conclusion

Wehavegeneralizedandadvancedanapproachto computeanswersetsfor normallogic
programswhichwasintroducedin [11]. Now weareableto dealdirectlywith logic pro-
gramswith multiplepositivebodyliterals.Wehaveshownthatby introducingbackward
propagationtogetherwith jumping the rule-basedalgorithmimplementedin noMoRe
canbegreatlyimproved.A relatedmethodof backwardpropagationwrt answersetse-
manticsfor normallogic programswasproposedin [9]. However, a lot of theobtained
improvementis dueto theconceptof a third color ç . Thereseemsto beacloserelation
betweennoMoRe’s color ç anddlv’s must-be-truetruth value[6], thoughthis hasto
bestudiedmorethoroughly, becausenoMoRe is rule-basedanddlv (andsmodels)
is literal-based.Throughtheconductedexperimentstheimpactof theimprovementsis
shown. NoMoRe is now comparableto smodels on many differentproblemclasses
measuredby thenumberof choices.This improvementwasobtainedby improving the
deterministicconsequencesof noMoRe. However, therearestill someinterestingopen
questions.Themainoneis whetherrule-basedcomputationof answersetsis different
from atom-based(literal-based)or not.During our experimentswe have detectedpro-
grams(with a high rule per atomratio) for which atom-basedcomputationsaremore
suitableandotherprograms(with a low rule peratomratio) for which rule-basedcom-
putationperformsbetter. Currently, we have no generalanswerto this questionanda
generalcomparisonbetweenatom-basedandrules-basedmethodsfor logic programs
will benecessary.
AcknowledgementsThis work authorwaspartiallysupportedby theGermanScienceFounda-
tion (DFG) undergrantFOR375/1-1,TP C.
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