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Abstract. Muchworkhasbeendoneonextendingthewell-foundedsemanticsto
generaldisjunctive logic programsandvariousapproacheshave beenproposed.
However, no consensushasbeenreachedaboutwhich semanticsis themostin-
tended.In thispaperwelook atdisjunctivewell-foundedreasoningfrom different
angles.We show that thereis an intuitive form of thewell-foundedreasoningin
disjunctive logic programmingwhich canbeequivalently characterizedby sev-
eraldifferentapproachesincludingprogramtransformations,argumentation,un-
foundedsets(andresolution-likeprocedure).Wealsoprovideabottom-upproce-
durefor this semantics.Thesignificanceof thiswork is notonly in clarifying the
relationshipamongdifferentapproaches,but alsoin providing novel arguments
in favor of oursemantics.

1 Intr oduction

The importanceof representingandreasoningaboutdisjunctive informationhasbeen
addressedby many researchers.Disjunctive logic programming(DLP) is widely be-
lievedto bea suitabletool for formalizingdisjunctivereasoningandit hasreceivedex-
tensive studyin recentyears.SinceDLP admitsbothdefault negationanddisjunction,
theissueof finding a suitablesemanticsfor disjunctive programsis moredifficult than
it is in the caseof normal (i. e. non-disjunctive) logic programs.Usually, skepticism
andcredulismrepresenttwo major semanticintuitions for knowledgerepresentation
in artificial intelligence.The well-foundedsemantics[12] is a formalismof skeptical
reasoningin normallogic programmingwhile thestablesemantics[6] formalizescred-
ulous reasoning.Recently, considerableeffort hasbeenpaid to generalizethesetwo
semanticsto disjunctive logic programs.However, the task of generalizingthe well-
foundedmodel to disjunctive programshasproven to be complex. Therehave been
variousproposalsfor definingthewell-foundedsemanticsfor generaldisjunctive logic
programs[8]. As arguedby someauthors(for instance[2,10,13]), eachof theprevious
versionsof thedisjunctivewell-foundedsemanticsbearsits own drawbacks.Moreover,
no consensushasbeenreachedaboutwhat constitutesan intendedwell-foundedse-
manticsfor disjunctive logic programs.ThesemanticsD-WFS[1, 2], STATIC [10] and
WFDS[13] areamongthemostrecentapproachesto definingdisjunctivewell-founded
semantics.D-WFSis basedonaseriesof abstractpropertiesandit is theweakest(least)�
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semanticsthatis invariantundera setof programtransformations.STATIC hasits root
in autoepistemiclogic andis basedon the notion of static expansionsfor belief the-
ories.The semanticsSTATIC

�����
for a disjunctive program

�
is definedas the least

staticexpansionof
�

AEB where
�

AEB is thebelief theorycorrespondingto
�

. Thebasic
ideaof WFDS is to transform

�
into an argumentationframework andWFDS

�����
is

specifiedby theleastacceptablehypothesisof
�

. Althoughthesesemanticsstemfrom
very differentintuitions,all of themsharea numberof attractive properties.In partic-
ular, eachof thesesemanticsextendsboththewell-foundedsemantics[12] for normal
logic programsandthegeneralizedclosedworld assumption(GCWA) [9] for positive
disjunctiveprograms(i. e.withoutdefault negation).

It hasbeenproventhatD-WFSis equivalentto a restrictedversionof STATIC [3].
But therelationof thesesemanticsto theargumentation-basedsemanticsandunfounded
setsareasyet unclear. In this paper, we modify someexisting semanticsto make them
moreintuitiveandreportfurtherequivalenceresults.First,we definea transformation-
basedsemanticsdenotedD-WFS� by introducinga new transformationinto Brassand
Dix’s set 	 WFS of programtransformations.This semanticsnaturallyextendsD-WFS
andenjoys all the importantpropertiesthat have beenproven for D-WFS. We prove
that WFDS is equivalentto D-WFS� . We alsoprovide a bottom-upevaluationproce-
dure for WFDS (and D-WFS� ). Second,we definea new notion of unfoundedsets
which is a generalizationof the unfoundedsetsdefinedin [7,5]. Basedon this new
notionof unfoundedsets,we definea well-foundedsemanticsU-WFS for disjunctive
programs.Weshow thatU-WFSis equivalentto WFDS(andthusD-WFS� ). Moreover,
in [14] wehavedevelopedatop-down procedureD-SLSResolutionwhich is soundand
completewith respectto our semantics.D-SLSextendsbothSLS-resolution[11] and
SLI-resolution[8]. Altogetherwe obtainthefollowing equivalenceresults:

WFDS 
 D-WFS��
 U-WFS 
 D-SLS�
We considertheseresultsto be quite significant:(1) Our resultsclarify the relation-
shipamongquiteseveraldifferentapproachesto definingdisjunctive well-foundedse-
mantics,including argumentation-based,transformation-based,unfoundedsets-based
andresolution-basedapproaches.(2) Sincethe four semanticsarebasedon very dif-
ferent intuitions, theseequivalentcharacterizationsin turn provide yet morepowerful
argumentsin favor of our semantics.(3) Both thetop-down procedureD-SLSResolu-
tion [14] andthebottom-upqueryevaluationproposedin this paperpave two different
waysfor implementingour semantics.

The rest of this paperis arrangedas follows. In Section2 we recall somebasic
definitionsandnotation;we presentin Section3 a slightly restrictedform of thewell-
foundedsemanticsWFDS. In Section4 we introducea new programtransformation
Headreductionand thendefinethe transformation-basedsemanticsD-WFS� , which
naturally extendsD-WFS. In Section5, we first provide a bottom-upquery evalua-
tion for D-WFS� (andWFDS) andthenprovetheequivalenceof D-WFS� andWFDS.
Section6 introducesthe new notion of unfoundedsetsanddefinesthe well-founded
semanticsU-WFS. We alsoshow thatU-WFSis equivalentto WFDS. Section7 is our
conclusion.Proofsof thetheoremsaregivenin thefull versionof thispaper.



2 Preliminaries

We briefly review mostof thebasicnotionsusedthroughoutthis paper.

A disjunctivelogic program is a finite setof rulesof theform


�������������
���������� ����� ���! "��#%$'&)(���� ����� ��#*$+&�(!,-� (1)

where
/.0���1.2�0(�. areatomsand 35476 . Thedefaultnegation‘ #%$'&8
 ’ of anatom 
 is called
anegativeliteral. In thispaperweconsideronly propositionalprogramsalthoughmany
definitionsandresultshold for predicatelogic programs.�

is a normal logic programif it containsno disjunctions.

If a rule of form (1) containsno negative body literals, it is calledpositive;
�

is a
positiveprogramif every rule of

�
is positive.

If a rule of form (1) containsno bodyatoms,it is callednegative;
�

is a negative
programif everyrule of

�
is negative.

Following [2], we alsosaya negative rule 9 is a conditionalfact. That is, a condi-
tional factis of form 
����:�����;�<
��=�>#%$'&8(��+����������#%$'&�(� , where
 . and (�? are(ground)
atomsfor @<ACBDAE3 and 6:AGF=AIH .

For a rule 9 of form (1), J $LK+M � 9 �5N J $LK+M�O � 9 �QP J $LK+MSR � 9 � where J $�K'M/O � 9 �TNU ���L� ����� ���1 �V and J $LK+MSR � 9 �QNWU #*$+&X(L��� ����� ��#%$'&X(!,�V ; Y[Z-\ K � 9 �]N 
^�_�5�����+�`
�� . When
no confusionis caused,wealsouse Y�Z-\ K � 9 � to denotethesetof atomsin Y�Z-\ K � 9 � . For
instance,
Ia Y[Z�\ K � 9 � meansthat 
 appearsin the headof 9 . If b is a setof atoms,
Y�Z-\ K � 9 �*c b is thedisjunctionobtainedfrom Y�Z-\ K � 9 � by deletingtheatomsin b . The
set Y[Z�\ K ����� consistsof all atomsappearingin rule headsof

�
.

As usual, dfe is the Herbrand baseof disjunctive logic program
�

, that is, the
set of all (ground)atomsin

�
. A positive (negative) disjunctionis a disjunctionof

atoms(negative literals) in
�

. A pure disjunctionis eithera positive oneor a negative
one.The disjunctive baseof

�
is DB e N DB Oe P DB Re whereDB Oe is the setof all

positivedisjunctionsin
�

andDB Re is thesetof all negativedisjunctionsin
�

. If g and
d N g � gih aretwo disjunctions,thenwe say g is a sub-disjunctionof d , denoted
gkj7d .

A modelstateof a disjunctive program
�

is a subsetof DB e . Usually, a well-
foundedsemanticsfor adisjunctive logic programis definedby a modelstate.

If l is an expression(a set of literals, a disjunction or a set of disjunctions),
nm2o Hqp � l � denotesthesetof all atomsappearingin l .

For simplicity, weassumethatall modelstatesareclosedunderimplicationof pure
disjunctions.That is, for any modelstatel , if g is a sub-disjunctionof a puredisjunc-
tion d and g a l , then d a l . For instance,if l NkU 
%�����D(�V , then 
f������(fa l .

Given a modelstate l anda puredisjunction g , we alsosay g is satisfiedby l ,
denotedl7r N g , if g a l .

We assumethatall disjunctionshavebeensimplifiedby deletingtherepeatedliter-
als.For example,thedisjunction 
i�`���`� is actuallythedisjunction
<��� .



3 Ar gumentationand well-foundedsemantics

As illustratedin [13]1, argumentationprovides an unifying semanticframework for
DLP. Thebasicideaof theargumentation-basedapproachfor DLP is to translateeach
disjunctive logic programinto anargumentframework s e NWt�� � DB Re �vu e_w . Here,an
assumptionof

�
is anegativedisjunctionof

�
, andahypothesisis asetof assumptions;u e is anattackrelationamongthehypotheses.An admissiblehypothesisx is onethat

canattackevery hypothesiswhich attacksit. The intuitive meaningof an assumption#%$+&y
 � �z�����n�I#%$'&y
  is that 
 �]{ ����� { 
  cannot be provedfrom the disjunctive
program.

Givena hypothesisx of disjunctive program
�

, similar to the GL-transformation
[6], we caneasilyreduce

�
into anotherdisjunctiveprogramwithout defaultnegation.

Definition 1. Let x be a hypothesisof disjunctiveprogram
�

, then the reductof
�

with respectto x is thedisjunctiveprogram
� O| NkU Y�Z-\ K � 9 � � J $LK+M O � 9 � r'9 a � and J $�K'M R � 9 � j}x V �

The following definition introducesa specialresolution ~ e which resolves default-
negationliteralswith a disjunction.

Definition 2. Let x bea hypothesisof disjunctiveprogram
�

and g a DBOe . If there
exists d a DBOe and #%$+&�� � � ����� ��#%$'&��  a x such that d N g ��� � �G�����+�T�  and� O| r N d . Thenx is saidto bea supportinghypothesisfor g , denotedx�~*e)g . Here r N
is theinferencerelationof theclassicalpropositionallogic.

Thesetof all positivedisjunctionssupportedby x is denoted:

conse � x �XN�U g a DBOe r'x�~ e g V �
To derivesuitablehypothesesfor a givendisjunctiveprogram,someconstraintswill be
requiredto filter out unintuitivehypotheses.

Definition 3. Let x and x:h betwohypothesesof disjunctiveprogram
�

. If at leastone
of thefollowing two conditionsholds:

1. there exists � N #%$'&�� � �5�������5#%$'&��  a x:h � H�4�6 � such that x�~*e �1. , for all� N @ � ����� � H ; or
2. thereexist #%$'&_� � � ����� ��#%$'&_�  a x�h � H�476 , such that x�~%e � � ���������`�  ,

thenwesay x attacksx:h , anddenotedx u eGx:h .
Intuitively, x u e x:h meansthat x causesa direct contradictionwith x:h and the
contradictionmaycomefrom oneof theabovetwo cases.

Example1.


<�`���
(Q���[��#%$'&8
%��#*$+&_�
���
�i��#%$'&8�

1 Youetal in [15] alsodefineanargumentative extensionto thedisjunctive stablesemanticsbut
that framework doesnot leadto an intuitive well-foundedsemanticsfor DLP asthe authors
have observed.



Let x:h N�U #%$'&8(+V and x N�U #*$+&)
%��#*$+&)�LV , then x u eGx:h .
Thenext definitionspecifieswhatis anacceptablehypothesis.

Definition 4. Let x bea hypothesisof disjunctiveprogram
�

. An assumptiond of
�

is admissiblewith respectto x if x u e_x:h holdsfor anyhypothesisx:h of
�

such that
x�h u e U d V .

Denote �"e � x �DN�U #%$+&=
 � �C�������7#*$+&=
  a DB Re r #*$+&=
�. is admissiblewrt
x for some

� � @fA � A7H V �
Originally, ��e alsoincludessomeothernegativedisjunctions.To comparewith differ-
entsemantics,we omit themhere.Anotherreasonfor doingthis is that informationin
form of negative disjunctionsdoesnot participatein inferring positive informationin
DLP.

For any disjunctiveprogram
�

, ��e is amonotonicoperator. Thus,if
�

is finite then
��e hastheleastfixpoint lfp

� ��e � andlfp
� ��e �_N �"�e �v��� for someBD�C6 .

Definition 5. Thewell-foundeddisjunctive hypothesisWFDH
�����

of disjunctivepro-
gram

�
is definedastheleastfixpointof theoperator ��e . Thatis, WFDH

�����_N ��e��� .
Thewell-foundeddisjunctive semanticsWFDSfor

�
is definedas themodelstate

WFDS
�����XN

WFDH
������P

conse � WFDH
�����0�

.

By theabovedefinition,WFDS
�����

is uniquelydeterminedby WFDH
�����

.
For the disjunctive program

�
in Example 1, WFDH

������N U #%$'&�(+V and
WFDS

�����_N�U 
f�D�����[��#%$'&�(+V . Noticethat � is unknown.

4 Transformation-basedsemantics

In this sectionwe study the relation of the argumentation-basedsemanticsto the
transformation-basedsemantics.Wefirst introduceanew programtransformationsoas
to simplify theruleheadsof disjunctiveprogramsandthendefineanew transformation-
basedsemantics(calledD-WFS� ) asthemostskepticalsemanticsthatsatisfiesbothour
new programtransformationandBrassandDix’sset 	 WFS of programtransformations.
Ournew semanticsD-WFS� naturallyextendstheD-WFSin [2] andis nolessskeptical
thanD-WFS. In fact, this extensionis meaningfulbecauseD-WFS seemstoo skepti-
cal to derive useful informationfrom somedisjunctive programsasthe next example
shows.

Example2. Johnis travelingin Europebut wearenotsurewhichcity heis visiting.We
know that, if thereis no evidenceto show that Johnis in Paris,he shouldbeeitherin
Londonor in Berlin. Also, we areinformedthatJohnis now visiting eitherLondonor
Paris.This knowledgebasecanbeconvenientlyexpressedasthefollowing disjunctive
logic program

�
: �)�D���>#%$'&%�

�����D�
Here, ����� and� denotethatJohnis visiting Berlin, LondonandParis, respectively.



Intuitively, #*$+&_� (i. e.Johnis notvisiting Berlin) shouldbeinferredfrom
�

. It can
be verified thatneither � nor its negation #*$+&<� canbe derivedfrom

�
underD-WFS

andSTATIC while #%$+&_� canbederivedunderWFDS.

Theintuition behindMinker’sGeneralizedClosedWorld Assumption(GCWA) [9] can
bereadoff its proof-theoreticcharacterization:

If, for everypositivedisjunction g ,
� ~ 
i� g implies

� ~Dg , then #%$'&�
 is deriv-
ablefrom

�
, where ~ is theinferencerelationin theclassicallogic and

�
is considered

asa classicallogic theory.
The above principle for positive DLP canbe reformulatedin generalDLP asfol-

lows:
If, for every conditional fact 
:� g ��#%$'&�� ,

� ~ � 
:� g ��#%$'&�� � implies� ~ � g � #%$'&�� � , then #*$+&Q
 is derivablefrom
�

, where ~ is the inferencerelation
in theclassicallogic and

�
is consideredasa classicallogic theory.

However, D-WFS doesnot to obey the above principle as Example2 shows. In
fact,

� ~ � �Q�G�"�¡#%$'&f� � implies
� ~ � ���¢#*$+&<� � since ������� is in

�
. But��£a D-WFS

�����
.

Accordingto [2], anabstractsemanticscanbedefinedasfollows.

Definition 6. A semantics¤ is a mappingwhich assignsto everydisjunctiveprogram�
a set ¤ ����� of puredisjunctionssuch that thefollowingconditionsaresatisfied:

1. if ¥yh is a sub-disjunctionof puredisjunction ¥ and ¥yh a ¤ ����� , then ¥ a ¤ ����� ;
2. if therule g � is in

�
for a (positive)disjunction g , then g a ¤ ����� ;

3. if 
 is an atomand 
I£a Y�Z-\ K ����� (i. e. 
 doesnot appearin therule headsof
�

),
then #%$+&)
�a ¤ ����� .

It shouldbenotedthata semanticssatisfyingtheabove conditionsis not necessarilya
suitableonebecauseDefinition6 is still verygeneral.

Besidesthe programtransformations	 WFS in [2], we also needa new program
transformationcalled Head reductionto defineour semantics.This definition is de-
signedjust to reflectthesemanticintuition behindtheGCWA asmentionedat thebe-
ginningof this section.

Definition 7. An atom 
 in disjunctiveprogram
�

is calledGCWA-negatedif, for any
rule 9 in

�
of form 
]� g � d ��#%$'&�(L��� ����� ��#%$'&8(1, , there is a rule g�h � in

�
such that

g�h is a sub-disjunctionof g �D( � ����������( , .
For instance,� canbeGCWA-negatedfor thedisjunctiveprogramin Example2.

Definition 8. A rule 9 is an implication of anotherrule 9+h if Y�Z-\ K � 9+h � j¦Y�Z-\ K � 9 � ,
J $LK+M � 9+h � j�J $�K'M � 9 � andat leastoneinclusionis proper.

Thedefinitionof our new semanticsD-WFS� will bebasedon theset 	 �WFS of thefol-
lowing six programtransformations.In thesequel,

� � and
�¨§

aredisjunctiveprograms:

– Unfolding:
� §

is obtainedfrom
� � by unfoldingif thereis arule g ����� d ��#*$+&_�

in
� � suchthat�8§iN�� � cIU g ����� d ��#*$+&)��VP�U g � � g h cEU ��V � � d � d h ��#*$+&_�f��#*$+&_� h � r

thereis a rule of
� �f© g h � d h ��#%$'&)� h suchthat �ia g h V �



– Elimination of tautologies:
�8§

is obtainedfrom
� � by eliminationof tautologies

if thereis a rule g � d ��#*$+&X� in
� � suchthat gIª�d £N�� and

�¨§<N«� � cEU g �
d ��#%$+&_��V .

– Elimination of nonminimal rules:
�8§

is obtainedfrom
� � by eliminationof non-

minimal rulesif therearetwo distinct rules 9 and 9�h of
� � suchthat 9 is an impli-

cationof 9�h and
�8§iN«� � cEU 9 V .

– Positive reduction:
� §

is obtainedfrom
� � by positive reductionif thereis a rule

g � d ��#%$+&�� in
� � and (�aI� suchthat (`£aI¬S�L
�� ��� � � and

�8§:N­� � c}U g �
d ��#%$+&_��V PTU g � d ��#*$+& � � cEU (�V � V .

– Negativereduction:
� §

is obtainedfrom
� � by negativereductionif therearetwo

rules g � d ��#%$'&<� and gih � in
� � suchthat g�h]j � and

� § N®� � c}U g �
d ��#%$+&_��V .

– Headreduction
�¨§

is obtainedfrom
� � by headreductionif thereis arule 
¯� g �

d ��#%$+&_� in
� � suchthat 
 is GCWA-negatedand

�8§�N�� � PTU g � d ��#%$+&)��V cU 
f� g � d ��#*$+&_��V .
Example3. Considerthe disjunctive program

�
in Example2. Sincethe atom � is

GCWA-negated,
�

canbe transformedinto the following disjunctive program
� h by

Headreduction: ���>#%$'&%�
�����D�

Supposethat ¤ is asemantics.Thenby Definition6, �����qa ¤ and #*$+&)��a ¤ .

We saya semantics¤ satisfiesa programtransformation° (or, ¤ is invariantunder° )
if ¤ ��� � �_N ¤ ���8§L� for any two disjunctiveprograms

� � and
�¨§

with
�¨§iN ° ��� � � .

Let ¤ and ¤�h be two semantics.¤ is weaker than ¤�h if ¤ ����� j±¤�h ����� for any
disjunctiveprogram

�
.

We presentthemaindefinitionof this sectionasfollows.

Definition 9. (D-WFS� ) ThesemanticsD-WFS� for disjunctiveprogramsis definedas
theweakestsemanticsallowing all programtransformationsin 	 �WFS.

This definition is not constructive andthusit cannot be directly usedto computethe
semanticsD-WFS� (a bottom-upprocedurewill be given in the next section).In the
restof thissection,we first look at somepropertiesof D-WFS� .

As thefollowing theoremshows,D-WFS� ����� is well-definedfor everydisjunctive
program

�
. This is guaranteedby thefollowing two lemmas.

Lemma 1. Thereis a semanticsthatsatisfiesall theprogramtransformationsin 	 �WFS.

Lemma 2. Let ¤ � and ¤ § be two semanticssatisfying 	 �WFS. Thentheir intersection
¤ N ¤ � ª²¤ § is alsoa semanticsandsatisfies	 �WFS.

Therefore,we have the following resultwhich shows that semanticsD-WFS� assigns
theuniquemodelstateD-WFS� ����� for eachdisjunctiveprogram

�
.

Theorem1. For anydisjunctiveprogram
�

, D-WFS� ����� is well-defined.

Sincetheset 	 WFS of programtransformationsin [2] is asubsetof 	 �WFS, ourD-WFS�
extendstheoriginalD-WFSin thefollowing sense.



Theorem2. Let
�

bea disjunctiveprogram.Then

D-WFS
����� j D-WFS� ����� �

Theconverseof Theorem2 is nottruein general.Aswewill seein Section5, for thedis-
junctiveprogram

�
in Example2, #*$+&_�fa D-WFS� ����� but #*$+&_��£a D-WFS

�����
. This

theoremalsoimpliesthatD-WFS� extendstherestrictedSTATIC sincetheD-WFS� is
equivalentto therestrictedSTATIC [3].

5 Bottom-up Computation

Parallelto thecomputationfor D-WFS[2], wewill first provideabottom-upprocedure
for D-WFS� andthenshow the equivalenceof D-WFS� andWFDS.As a result,we
actuallyprovideabottom-upcomputationfor WFDS.

Let
�

bea disjunctiveprogram.Our bottom-upcomputationfor D-WFS� ����� con-
sistsof two stages.At the first stage,

�
is equivalently transformedinto a negative

programLft
�����

calledthe leastfixpointtransformation. Thedetailsof this transforma-
tion canbefound in [2,13]. Thebasicideais to first evaluatebodyatomsof the rules
in
�

but delaythenegativebodyliterals.Thesecondstageis to furthersimplify Lft
�����

into res� ����� from which thesemanticsD-WFS� ����� canbedirectly readoff.

5.1 StrongResidualProgram

In general,the negative programLft
�����

canbe further simplified by deletingunnec-
essaryrules,unnecessarybody literals andunnecessaryheadatoms.This leadsto the
ideaof so-calledreductions, whichwasfirstly studiedin [4] andthengeneralizedto the
caseof disjunctive logic programsin [2]. Thereductionof a disjunctive program

�
is

calledtheresidualprogramof
�

. Thefollowing is a generalizationof BrassandDix’s
residualprograms.

Let ³ GCWA bethesetof atomsthatareGCWA-negatedin disjunctive program³ .
The reductionoperator ´ � is definedas, for any negative program ³ (i. e. a set of
conditionalfacts),

´ � � ³ �_NkU"� g c 
 � �µ#%$+& � � ª`Y�Z-\ K � ³ �;� r
thereis rule 9 a ³ © g �µ#%$+&)� suchthat
(1) no rule of form

� gih � � with g�h�j �f�
(2) no rule 9�h s.t. 9 is animplicationof 9+h ���¶n� 
=a ³ GCWA and g c ³ GCWA

£N�� V �
Thenotionof the implicationof rulescanbefoundin Definition8. For any disjunc-

tive program
�

, we canfirst transformit into thenegativedisjunctiveprogramLft
�����

.
Then,fully performthereductioń � onLft

�����
to obtainasimplifiednegativeprogram

9 � p � ����� (thestrongresidualprogramof
�

). Theiterationprocedureof ´ � will finally
stopin finite stepsbecausedfe containsfinite numberof atomsandthetotalnumberof
atomsoccurringin each³ is reducedby ´ � . Thisprocedureis preciselyformulatedin
thenext definition,which hasthesameform asDefinition 3.4 in [2] (thedifferenceis
only in thatwe havea new reductionoperatoŕ � here).



Definition 10. (strongresidualprogram)Let
�

beadisjunctiveprogram.Thenwehave
a sequenceof negativeprograms

U ³ .·V�.¹¸%º with ³ º N Lft
�����

and ³ . O � N ´ � � ³ . � . Let
³ , O � N ´ � � ³ , � . Thenwecall ³ , is thestrongresidualprogramof

�
anddenoteit as

res� ����� .
SincetheHeadreductionhasbeendirectly embeddedinto theoperatoŕ � , thefollow-
ing resultcanbeobtainedfrom Theorem4.3in [2], whichguaranteesthecompleteness
of ourbottom-upcomputation.

Theorem3. Let
�

and
� h betwodisjunctiveprograms.If

�
is transformedinto

� h by
a programtransformationin 	 �WFS, then 9 � p � �����XN 9 � p � ��� h � .
This theoremhasthefollowing interestingcorollary.

Corollary 1. Let ¤ be a semanticssatisfying ¤ �����"N ¤ � res� ������� for all disjunctive
program

�
. Then¤ allowsall programtransformationsin 	 �WFS.

This corollary implies that, if ¤ º is a mappingfrom the setof all strongresidualpro-
gramsto the set of model statesand it satisfiesall propertiesin Definition 6, then
the mappingdefinedby ¤ �����yN ¤ � res� �����;� is a semantics.Therefore,the following
lemmais obtainedfrom thefactthatD-WFS� is theweakestsemantics.

Lemma 3. Givendisjunctiveprogram
�

, wehave

D-WFS� � res� �����;�_N D-WFS�O ������P D-WFS� R �����
where

D-WFS�O � res� �����;�XNkU g a DBOe r rule g h � is in 9 � p � ����� for somesub-disjunctiong h of g V
D-WFS� R � res� �����;�XNkU g a DB Re r if 
�£a Y�Z-\ K � 9 � p � �����0� for someatom 
 appearingin g . V
Thus, for any disjunctive program

�
, it is an easy task to get the semantics

D-WFS� � res� �����;� of its strongresidualprogram.
Themaintheoremin this sectioncanbestatedasfollows.

Theorem4. For anydisjunctiveprogram
�

, wehave

D-WFS� �����XN D-WFS�O �����¯P D-WFS� R �����
where

D-WFS�O �����XN�U g a DBOe r rule g h � is in 9 � p � ����� for somesub-disjunctiong h of g V
D-WFS� R �����_N�U g a DB Re r if 
�£a Y[Z-\ K � 9 � p � �����0� for someatom
 appearingin g . V
Example4. Consideragainthedisjunctiveprogram

�
in Example2. Thestrongresid-

ualprogram9 � p � ����� is asfollows:

���>#%$'&%�
�����D�

Thus,D-WFS� �����XN�U �����¨��#*$+&_�LV 2.

2 D-WFS»L¼¹½�¾ shouldincludeall puredisjunctionsimplied by either ¿^ÀfÁ or Â�Ã�ÄXÅ . However,
thelittle abusingof notionheresimplifiesour notation.



5.2 Equivalenceof WFDS and D-WFSÆ
Beforewepresentthemaintheoremof thissection,weneedsomepropertiesof WFDS.
First, we canjustify thatWFDSis a semanticsin thesenseof Definition 6. Moreover,
it possessesthefollowing two propertieswhich canbeverifieddirectly.

Proposition1. WFDSsatisfiesall programtransformationsin 	 �WFS.

This propositionimplies that the argumentation-basedsemanticsWFDS is alwaysat
leastasstrongasthetransformation-basedsemanticsD-WFS� .

Thenext resultconvincesthat the strongresidualprogram9 � p � ����� of disjunctive
program

�
is equivalentto

�
w.r.t. thesemanticsWFDS. Therefore,wecanfirst trans-

form
�

into 9 � p � ����� andthencomputeWFDS
� 9 � p � �����;� .

Proposition2. For anydisjunctiveprogram
�

,

WFDS
�����_N

WFDS
� 9 � p � �����;� �

It hasbeenshown in [2] that Lft andtheir reductionoperatoŕ canbe simulatedby
	 WFS

N 	 �WFS

cWU
HeadreductionV , we have that Lft and ´ � can be simulatedby

	 �WFS. Thus,theabovepropositionholds.
Now we canstatethemain resultof this section,which assertstheequivalenceof

D-WFS� andWFDS.

Theorem5. For anydisjunctivelogic program
�

,

WFDS
�����_N

D-WFS� ����� �
An importantimplicationof this resultis that thewell-foundedsemanticsWFDSalso
enjoysabottom-upproceduresimilar to theD-WFS.

6 UnfoundedSets

Thefirst definitionof the well-foundedmodel[12] is given in termof unfoundedsets
andit hasbeenprovedthatthenotionof unfoundedsetsconstitutesapowerful andintu-
itive tool for definingsemanticsfor logic programs.This notionhasalsobeengeneral-
izedto characterizingstablesemanticsfor disjunctivelogicprogramsin [7, 5]. However,
thetwo kindsof unfoundedsetsdefinedin [7, 5] cannot beusedto defineanintended
well-foundedsemanticsfor disjunctiveprograms.

Example5. 3


i�`�Q�
(��>#%$'&8
%��#*$+&_�

3 Thisexampleis dueto JürgenDix (personalcommunication)



Intuitively, #*$+&<( shouldbe derived from the above disjunctive programandactually,
many semanticsincludingDWFS,STATIC andWFDSassigna truth value‘ false’ for( . However, accordingto thedefinitionsof unfoundedsetsin [7, 5], ( is not in any 3 -
fold applicationof thewell-foundedoperatorsontheemptyset.For this reason,amore
reasonabledefinitionof theunfoundedsetsfor disjunctiveprogramsis in order.

In this section,we will definea new notion of unfoundedsetsfor disjunctive pro-
gramsandshow thatthewell-foundedsemanticsU-WFSdefinedby ournotionis equiv-
alentto D-WFS� andWFDS.

We say J $�K'M � 9 � of 9 a � is true wrt model stateS, denotedlÇr N J $�K'M � 9 � , if
J $LK+M � 9 � jkl ; J $LK+M � 9 � is falsewrt modelstatel , denotedlkr NWÈ J $LK+M � 9 � if either(1)
thecomplementof a literal in J $LK+M � 9 � is in l or (2) thereis adisjunction
 � �y��������
 � a
l suchthat

U #%$'&8
 � � ����� ��#%$+&�
 � V j�J $LK+M � 9 � .
In Example5, thesecondrule is falsewrt l N�U 
f�`�LV .

Definition 11. Let l be a modelstateof disjunctiveprogram
�

, a set b of ground
atomsis an unfoundedset for

�
wrt l if, for each 
Ga b andeach rule 9 a � such

that 
=a Y�Z-\ K � 9 � , at leastoneof thefollowing conditionsholds:
1. thebodyof 9 is falsewrt l ;
2. there is É a b such that É a��!o+�nÊ O � 9 � ;
3. if lEr N J $LK+M � 9 � , then lCr NË� Y�Z-\ K � 9 ��c b � .

Notice that the above definition generalizedthe notionsof unfoundedsetsin [7, 5] in
two ways.Firstly, theoriginal onesaredefinedonly for interpretations(setsof ground
literals)ratherthanfor modelstates.An interpretationis amodelstatebutnotviceversa.
Secondly, thoughone can redefinethe original notionsof unfoundedsetsfor model
states,suchunfoundedsetsarestill too weakto capturethe intendedwell-foundedse-
manticsof somedisjunctiveprograms.ConsiderExample5, let l N�U 
����LV . According
to definition11,theset

U (�V is anunfoundedsetof
�

wrt l , but
U (+V is notanunfounded

setin thesenseof Leoneor Eiter.
Having the new notion of unfoundedsets,we arereadyto definethe well-known

operatorÌ e for any disjunctiveprogram
�

.
If
�

hasthegreatestunfoundedsetwrt amodelstate,wedenoteit Í e � l � . However,
Í e � l � maybeundefinedfor somel . For example,let

�ÎN®U 
y�T�LV and l NÏU 
%�-�LV .
Then b � NÐU 
[V and b §�NÎU �LV aretwo unfoundedsetswrt l but b NÐU 
%����V is not.
Herewe will notdiscusstheoperatorÍ_e � l � in detail.

Definition 12. Let
�

bea disjunctiveprogram,theoperator Ñ e is definedas,for any
modelstate l ,

Ñ^e � l �_N�U g a`Ò dfe}r there is a rule 9 a � © g �²
 � ����������
 � � J $LK+M � 9 � such that

lCr N J $LK+M � 9 � and #%$+&)
 � � ����� ��#*$+&�
 � a l V �
Noticethat Ñ^e � l � is a setof positivedisjunctionsratherthanjust a setof atoms.

Definition 13. Let
�

bea disjunctiveprogram,theoperator ÌIe is definedas,for any
modelstate l ,

ÌEe � l �_N Ñ^e � l ��P #%$+& � ÍXe � l � �
where #%$'& � ÍXe � l �_N�U #*$+&%� r �qa Í_e � l � V .



In general,ÌIe is apartialfunctionbecausetheremaybenogreatestunfoundedsetwrt
modelstatel asmentionedpreviously.

However, we can prove that ÌEe hasthe leastfixpoint. Given a disjunctive pro-
gram

�
, we definea sequenceof modelstates

U�Ó
� V ��Ô�Õ where

Ó º NÐ� and
Ó
�
N

Ì e ��Ó � R �
�

for B=4C6 .
Similar to Proposition5.6in [7], we canprovethefollowing proposition.

Proposition3. Let
�

bea disjunctiveprogram.Then
1. Everymodelstate

Ó
� is well-definedandthesequence

U+Ó
� V �LÔ�Õ is increasing.

2. thelimit
P
� ¸%º
Ó
� of thesequence

U�Ó
� V ��Ô�Õ is theleastfixpointof ÌEe .

Sincewe consideronly finite propositionalprogramsin this paper, thereis somem �}6
suchthat

Ó , NÖÓ , O � .
Thewell-foundedsemanticsU-WFSis definedby

U-WFS
�����XN

lfp
� Ì e � �

For theprogram
�

in Example5, U-WFS
�����_N�U 
f�`����#*$+&�(�V .

An important result is that WFDS (and thus D-WFS� ) can also be equivalently
characterizedin termof theunfoundedsetsdefinedin this section.

Theorem6. For anydisjunctiveprogram
�

,

WFDS
�����_N

U-WFS
����� �

Theorem6 providesfurtherevidencefor suitability of WFDS(equivalently, D-WFS� )
astheintendedwell-foundedsemanticsfor disjunctive logic programs.

By thefollowing lemma,we candirectlyproveTheorem6.

Lemma 4. Let
�

bea disjunctiveprogram.Then
Ó
�
N l � for any B²�76 .

Thislemmaalsorevealsakind of correspondencebetweenthewell-foundeddisjunctive
hypothesesandtheunfoundedsets.

7 Conclusion

In this paperwe have investigatedrecentapproachesto definingwell-foundedseman-
tics for disjunctive logic programs.We first provideda minor modificationof the ar-
gumentativesemanticsWFDSdefinedin [13]. Basedon someintuitiveprogramtrans-
formations,we proposedanextensionto theD-WFSin [2]. In our approach,we intro-
ducea new programtransformationcalledHeadreduction.This transformationplays
a similar role in DLP as the GCWA [9] in positive DLP. We have also given a new
definitionof theunfoundedsetsfor disjunctive programs,which is a generalizationof
theunfoundedsetsinvestigatedby [7, 5]. Thisnew notionof unfoundedsetsfully takes
disjunctiveinformationintoconsiderationandprovidesanothercharacterizationfor dis-
junctivewell-foundedsemantics.Themaincontributionof thispaperis theequivalence
of U-WFS� D-WFS andWFDS. We have alsoprovided a bottom-upcomputationfor
our semantics.A top-down procedureis presentedin [14], which is soundandcom-
pletewith respectto our semantics.Theseresultsshow that thereexists a disjunctive



well-foundedsemanticswhich can be characterizedin termsof argumentation,pro-
gram transformations,unfoundedsetsand resolution.The fact that different starting
pointsleadto thesamesemanticsprovidesstrongsupportfor WFDS. Futurework will
concentrateon moreefficientalgorithmsandapplications.
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