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Abstract. Muchwork hasbeendoneonextendingthewell-foundedsemantic$o
generaldisjunctive logic programsandvariousapproachesave beenproposed.
However, no consensusasbeenreachedaboutwhich semanticss the mostin-
tendedIn this papemwelook atdisjunctive well-foundedreasoningrom different
angles We shav thatthereis anintuitive form of the well-foundedreasoningn
disjunctive logic programmingwhich canbe equivalently characterizedby sev-
eraldifferentapproachesicluding programtransformationsargumentationun-
foundedsets(andresolution-lile procedure)We alsoprovide abottom-upproce-
durefor this semanticsThesignificanceof this work is notonly in clarifying the
relationshipamongdifferentapproacheshut alsoin providing novel alguments
in favor of our semantics.

1 Intr oduction

Theimportanceof representingindreasoningaboutdisjunctive information hasbeen
addressedby mary researchersDisjunctive logic programming(DLP) is widely be-
lievedto be a suitabletool for formalizingdisjunctive reasoningandit hasrecevedex-
tensie studyin recentyears.SinceDLP admitsboth default negationanddisjunction,
theissueof finding a suitablesemanticdor disjunctive programss moredifficult than
it is in the caseof normal(i. e. non-disjunctve) logic programs.Usually, skepticism
and credulismrepresentwo major semanticintuitions for knowledgerepresentation
in artificial intelligence.The well-foundedsemantic§12] is a formalismof skeptical
reasoningn normallogic programmingwhile the stablesemantic$6] formalizescred-
ulous reasoning Recently considerablesffort hasbeenpaid to generalizethesetwo
semanticgo disjunctive logic programs.However, the task of generalizingthe well-
foundedmodelto disjunctive programshasprovento be complex. Therehave been
variousproposaldor definingthewell-foundedsemanticgor generaldisjunctive logic
programg8]. As arguedby someauthorgfor instancg2, 10,13]), eachof theprevious
versionsof the disjunctive well-foundedsemanticdearsts own dravbacks Moreover,
no consensu$asbeenreachedaboutwhat constitutesan intendedwell-foundedse-
manticsfor disjunctive logic programsThesemantic®-WFS[1, 2], STATIC [10] and
WFDS[13] areamongthe mostrecentapproacheto definingdisjunctive well-founded
semanticsD-WFSis basednaseriesof abstracpropertiesaandit is thewealest(least)
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semanticghatis invariantundera setof programtransformationsSTATIC hasits root
in autoepistemidogic andis basedon the notion of static expansionsor belief the-
ories. The semanticsSTATIC(P) for a disjunctive programP is definedasthe least
staticexpansionof Pagg WherePagg is the belieftheorycorrespondingo P. Thebasic
ideaof WFDS s to transformP into an argumentatiorframevork andWFDS(P) is
specifiedby the leastacceptablénypothesiof P. Althoughthesesemanticstemfrom
very differentintuitions, all of themsharea numberof attractve propertiesln partic-
ular, eachof thesesemanticextendsboth the well-foundedsemantic§12] for normal
logic programsandthe generalizeatlosedworld assumptiofGCWA) [9] for positive
disjunctive programq(i. e.withoutdefault negation).

It hasbeenproventhat D-WFSis equivalentto a restrictedversionof STATIC [3].
Buttherelationof thesesemanticso theargumentation-basesemanticandunfounded
setsareasyetunclear In this paper we modify someexisting semanticto make them
moreintuitive andreportfurtherequivalenceresults.First, we definea transformation-
basedsemanticglenotedD-WFS" by introducinga new transformatiorinto Brassand
Dix’s setTwrs of programtransformationsThis semanticsaturally extendsD-WFS
and enjoys all the importantpropertiesthat have beenproven for D-WFS. We prove
that WFDS is equialentto D-WFS". We alsoprovide a bottom-upevaluationproce-
dure for WFDS (and D-WFS"). Second,we definea new notion of unfoundedsets
which is a generalizatiorof the unfoundedsetsdefinedin [7,5]. Basedon this new
notion of unfoundedsets,we definea well-foundedsemanticdJ-WFS for disjunctive
programsWe shaow thatU-WFSis equivalentto WFDS (andthusD-WFS"). Moreover,
in [14] we have developedatop-donn proceduréD-SLS Resolutionwhichis soundand
completewith respecto our semanticsD-SLS extendsboth SLS-resolutior{11] and
SLlI-resolution[8]. Altogetherwe obtainthefollowing equivalenceresults:

WFDS = D-WFS' = U-WFS= D-SLS

We considertheseresultsto be quite significant: (1) Our resultsclarify the relation-
shipamongquite several differentapproacheso definingdisjunctive well-foundedse-
mantics,including agumentation-basedransformation-basedinfoundedsets-based
andresolution-basedpproaches2) Sincethe four semanticsare basedon very dif-
ferentintuitions, theseequivalentcharacterizationg turn provide yet more powerful
argumentdn favor of our semantics(3) Both the top-davn procedureD-SLS Resolu-
tion [14] andthe bottom-upqueryevaluationproposedn this paperpave two different
waysfor implementingour semantics.

The rest of this paperis arrangedas follows. In Section2 we recall somebasic
definitionsandnotation;we presenin Section3 a slightly restrictedform of thewell-
foundedsemanticsSWFDS. In Section4 we introducea new programtransformation
Head reductionandthen definethe transformation-basesemanticsD-WFS*, which
naturally extendsD-WFS. In Section5, we first provide a bottom-upquery evalua-
tion for D-WFS" (andWFDS) andthenprove the equivalenceof D-WFS* andWFDS.
Section6 introducesthe new notion of unfoundedsetsand definesthe well-founded
semanticdJ-WFS. We alsoshaow thatU-WFSis equivalentto WFDS. Section? is our
conclusionProofsof thetheoremsaregivenin thefull versionof this paper



2 Preliminaries

We briefly review mostof the basicnotionsusedthroughouthis paper
A disjunctivelogic programis afinite setof rulesof theform

a1 V---Va, < by,...,bp,not cy,...,not ¢, (1)

whereaq;, b;, ¢; areatomsandn > 0. Thedefaultnegation‘ not a’ of anatoma is called
anegyativeliteral. In this papenwe consideronly propositionaprogramsalthoughmary
definitionsandresultshold for predicatdogic programs.

P isanormallogic programif it containsno disjunctions.

If arule of form (1) containsno negative body literals, it is calledpositive P is a
positive programif every rule of P is positive.

If arule of form (1) containsno body atomsi,it is callednegative P is a negative
programif everyrule of P is negative.

Following [2], we alsosaya negative rule r is a conditionalfact Thatis, a condi-
tionalfactis of forma; V- - - Va, < not c1,- - -, not ¢, Wherea; andce; are(ground)
atomsfor1 < k <nand0 <j <m.

For a rule » of form (1), body(r) = body™ (r) U body  (r) wherebody™ (r) =
{b1,..., b} andbody™ (r) = {not c1,...,not ¢;}; head(r) = a; V --- V a,. When
no confusionis causedyve alsousehead(r) to denotethe setof atomsin head(r). For
instancea € head(r) meansthata appearsn the headof r. If X is a setof atoms,
head(r) — X is thedisjunctionobtainedfrom head(r) by deletingtheatomsin X. The
sethead (P) consistof all atomsappearingn rule headsof P.

As usual, Bp is the Herbrand baseof disjunctive logic program P, that s, the
setof all (ground)atomsin P. A positive (negative) disjunctionis a disjunction of
atoms(negative literals)in P. A pure disjunctionis eithera positive oneor a negative
one. The disjunctive baseof P is DBp = DB}, U DB; whereDB} is the setof all
positive disjunctionsn P andDB; is the setof all negative disjunctionsin P. If A and
B = A v A’ aretwo disjunctions,thenwe say A is a sub-disjunctiorof B, denoted
ACB.

A modelstate of a disjunctive programP is a subsetof DBp. Usually a well-
foundedsemanticgor a disjunctive logic programis definedby a modelstate.

If S is an expression(a set of literals, a disjunction or a set of disjunctions),
atoms(S) denoteghe setof all atomsappearingn S.

For simplicity, we assumehatall modelstatesareclosedunderimplicationof pure
disjunctionsThatis, for any modelstateS, if A is asub-disjunctiorof a puredisjunc-
tion BandA € S, thenB € S. Forinstanceif S = {a,bV c},thenavbvce S.

Givena modelstateS anda puredisjunction A, we alsosay A is satisfiedby S,
denotedS = A, if A€ S.

We assumehatall disjunctionshave beensimplifiedby deletingthe repeatediter-
als.For example thedisjunctiona Vv b V b is actuallythedisjunctiona V b.



3 Argumentation and well-foundedsemantics

As illustratedin [13]*, argumentationprovides an unifying semanticframework for
DLP. Thebasicideaof the algumentation-baseapproactor DLP is to translateeach
disjunctive logic programinto anargumentiramenork F p = (P, DB,~» p). Here,an
assumptiorof P is anegativedisjunctionof P, andahypothesiss asetof assumptions;
~» p is anattackrelationamongthe hypothesesAn admissiblenypothesisA is onethat
canattackevery hypothesiswvhich attacksit. The intuitive meaningof an assumption
not ay V --- V not a,, isthata; A --- A a,,, cannot be provedfrom the disjunctive
program.

Givena hypothesisA of disjunctive programP, similar to the GL-transformation
[6], we caneasilyreduceP into anothemisjunctive programwithout default negation.

Definition 1. Let A be a hypothesiof disjunctiveprogram P, thenthe reductof P
with respecto A is thedisjunctiveprogram

P} = {head(r) + body™ (r) | r € P andbody (r) C A}.

The following definition introducesa specialresolutiontp which resoles default-
negationliteralswith a disjunction.

Definition 2. Let A be a hypothesi®f disjunctiveprogram P and A € DB} If there
exists B € DB}, andnot by, ..., not b, € AsuhthatB = AV b V-V b, and
P} | B.ThenA is saidto bea supportinghypothesidor 4, denotedArp A. Here =
is theinferencerelation of the classicalpropositionallogic.

Thesetof all positivedisjunctionssupportecoy A is denoted:

cong(A) = {A € DB}, | AFpA}.

To derive suitablehypothese$or a givendisjunctive program,someconstraintawill be
requiredto filter out unintuitive hypotheses.

Definition 3. Let A and A’ betwo hypothesesf disjunctiveprogram P. If atleastone
of the following two conditionsholds:

1.ther existsg = not by V --- V not by, € A', m > 0, suc that AFpb;, for all
1=1,...,m;or

2.therexistnot by,...,not b,, € A',m > 0,suchthat Abpb; V --- V by,
thenwesay A attacksA’, anddenotedA ~p A’.

Intuitively, A ~p A’ meansthat A causesa direct contradictionwith A’ and the
contradictionrmay comefrom oneof theabove two cases.

Examplel.

aVb+
¢+ d,not a,not b
d+
e <+ note
! Youetalin [15] alsodefineanargumentatie extensionto the disjunctive stablesemanticsut

that framework doesnot leadto anintuitive well-foundedsemanticfor DLP asthe authors
have obsered.



Let A" = {not ¢} andA = {not a, not b}, thenA ~p A’
Thenext definitionspecifiesvhatis anacceptabldypothesis.

Definition 4. Let A bea hypothesi®of disjunctiveprogram P. An assumptiorB of P
is admissiblewith respecto A if A~»p A’ holdsfor anyhypothesisA’ of P suc that
A ~p {B}.

Denote Ap(A) = {not a1 V ---V not a, € DB; | not a; isadmissiblenrt
Aforsomei, 1 < i < m}.

Originally, Ap alsoincludessomeothernegative disjunctions.To comparewith differ-
entsemanticsye omit themhere.Anotherreasorfor doingthis is thatinformationin
form of negative disjunctionsdoesnot participatein inferring positive informationin
DLP.

For ary disjunctive programP, Ap isamonotonicoperatorThus,if P isfinite then
Ap hastheleastfixpoint Ifp(Ap) andlfp(Ap) = A% (0) for somek > 0.

Definition 5. Thewell-foundeddisjunctive hypothesisSWNFDH(P) of disjunctivepro-
gram P is definedastheleastfixpointof the operator A p. Thatis, WFDH(P) = Ap 1
Ww.

Thewell-foundeddisjunctive semantic8VFDSfor P is definedasthe modelstate
WFDSP) = WFDH(P) U cons-(WFDH(P)).

By the above definition, WFDS(P) is uniquelydeterminedy WFDH(P).
For the disjunctve program P in Example 1, WFDH(P) = {not ¢} and
WFDS(P) = {a V b,d, not c}. Noticethate is unknavn.

4 Transformation-basedsemantics

In this sectionwe study the relation of the argumentation-basedemanticsto the
transformation-baseskmanticsWe first introducea new programtransformatiorsoas
to simplify therule headf disjunctive programsandthendefineanew transformation-
basedsemanticgcalledD-WFS') asthemostskepticalsemanticshatsatisfiedothour
new programtransformatiorandBrassandDix’ s setT\wes of programtransformations.
Ournew semanticD-WFS' naturallyextendsthe D-WFSin [2] andis nolessskeptical
thanD-WFS. In fact, this extensionis meaningfulbecausd-WFS seemsoo skepti-
cal to derive usefulinformationfrom somedisjunctive programsasthe next example
shaws.

Example2. Johnis travelingin Europebut we arenotsurewhich city heis visiting. We
know that, if thereis no evidenceto show thatJohnis in Paris, he shouldbe eitherin
Londonor in Berlin. Also, we areinformedthat Johnis now visiting eitherLondonor
Paris. This knowledgebasecanbe corvenientlyexpressedsthe following disjunctive
logic programP:

bVl+ notp

IVp+

Here,b,! andp denotethatJohnis visiting Berlin, LondonandParis, respectiely.



Intuitively, not b (i. e. Johnis notvisiting Berlin) shouldbeinferredfrom P. It can
be verified that neitherd nor its negationnot b canbe derivedfrom P underD-WFS
andSTATIC while not b canbedervedunderWFDS.

Theintuition behindMinker's Generalizedlosedworld Assumption(GCWA) [9] can
bereadoff its proof-theoreticcharacterization:

If, for every positive disjunctionA4, P+ a vV A implies P + A, thennot a is deriv-
ablefrom P, wherel- is theinferencerelationin theclassicalogic and P is considered
asaclassicalogic theory

The above principle for positive DLP canbe reformulatedn generalDLP asfol-
lows:

If, for every conditionalfacta V A < not C, P  (aV A + not C) implies
P F (A « not C), thennot a is derivablefrom P, whee - is the inferencerelation
in the classicallogic and P is consideedasa classicallogic theory

However, D-WFS doesnot to obey the above principle as Example2 shows. In
fact, P - (b V1 < not p) impliesP + (I « not p) sincel V p « isin P. But
b ¢ D-WFS(P).

Accordingto [2], anabstrackemanticzanbe definedasfollows.

Definition 6. A semanticsS is a mappingwhich assigngo every disjunctiveprogram
P asetS(P) of pure disjunctionssud that the following conditionsare satisfied:
1. if Q' is a sub-disjunctiorof pure disjunction) and @’ € S(P), then@ € S(P);
2. if therule A « isin P for a (positive)disjunctionA, thenA € S(P);
3. ifaisanatomanda ¢ head(P) (i. €. a doesnot appearin therule headsof P),
thennot a € S(P).

It shouldbe notedthata semanticsatisfyingthe above conditionsis not necessarila
suitableonebecausdefinition 6 is still very general.

Besidesthe programtransformationsTyes in [2], we alsoneeda newv program
transformationcalled Head reductionto define our semanticsThis definition is de-
signedjust to reflectthe semantidntuition behindthe GCWA asmentionedat the be-
ginning of this section.

Definition 7. Anatoma in disjunctiveprogram P is called GCWA-negatedif, for any
ruler in P offormaV A < B, not ¢, ..., not ¢;, thereisarule A’ + in P sud that
A’ isasub-disjunctiorof AV e V- V.

Forinstancep canbe GCWA-neyatedfor the disjunctive programin Example2.

Definition 8. A rule r is an implication of anotherrule 7' if head(r') C head(r),
body(r') C body(r) andat leastoneinclusionis proper

Thedefinition of our new semantic-WFS* will bebasedonthe setT,¢ of thefol-
lowing six programtransformationsin thesequel P, and P, aredisjunctive programs:

— Unfolding: P, is obtainedrom P; by unfoldingif thereis arule A «+ b, B, not C
in P; suchthat
P,=P — {A «— b,B,not C}
U{AV (A" — {b}) « B, B',not C,not C") |
thereisaruleof P, : A’ + B, not C' suchthatb € A'}.



— Elimination of tautologies P, is obtainedfrom P; by eliminationof tautologies
if thereisarule A «+ B, not C'in P; suchthatAN B # JandP, = P, — {A «
B, not C}.

— Elimination of nonminimal rules: P, is obtainedfrom P; by eliminationof non-
minimal rulesif therearetwo distinctrulesr andr’ of P, suchthatr is animpli-
cationof v’ andP, = P, — {r}.

— Positive reduction: P, is obtainedfrom P; by positive reductionif thereis arule
A < B,not Cin P, andc € C suchthatc ¢ head(P;) andPy = P, — {A «
B, not C} U{A < B,not (C — {c})}.

— Negativereduction: P, is obtainedfrom P; by negative reductionif therearetwo
rulesA < B,not C andA’ « in P, suchthatA’ C C andP, = P, — {A «+
B, not C}.

— Headreduction P; is obtainedrom P; by headreductionif thereisaruleaVv A «+
B, not C in Py suchthata is GCWA-negatedandP, = P; U {A «+ B, not C'} —
{aV A+ B,not C}.

Example3. Considerthe disjunctive program P in Example2. Sincethe atomb is
GCWA-negated,P canbe transformednto the following disjunctive programP’ by

Headreduction
l <+ notp

IVp+
SupposehatsS is asemanticsThenby Definition6,l vV p € S andnot b € S.

We saya semanticsS satisfiesa programtransformatioril” (or, S is invariantunderT’)
if S(P,) = S(P,) for ary two disjunctive programsP; and P, with P, = T'(P,).

Let S andS’ be two semanticsS is wealer thanS' if S(P) C S'(P) for ary
disjunctive programP.

We presenthe maindefinition of this sectionasfollows.

Definition 9. (D-WFS) Thesemantic©-WFS for disjunctiveprogramsis definedas
thewealestsemanticsllowing all programtransformationsn Tyeq

This definitionis not constructve andthusit cannot be directly usedto computethe
semanticdD-WFS" (a bottom-upprocedurewill be givenin the next section).In the
restof this section we first look at somepropertiesof D-WFS".

As thefollowing theoremshawvs, D-WFS*( P) is well-definedfor every disjunctive
programP. This is guaranteedby thefollowing two lemmas.

Lemma 1. Theris asemanticshatsatisfiesall theprogramtransformationsn T+rg

Lemma?2. LetS; and S, be two semanticssatisfyingTy)g Thentheir intersection
S = 81 NS, is alsoa semanticand satisfiesTy ko

Therefore we have the following resultwhich shavs that semanticD-WFS* assigns
theuniguemodelstateD-WFS* (P) for eachdisjunctive programP.

Theorem 1. For anydisjunctiveprogram P, D-WFS (P) is well-defined.

SincethesetTyes of programtransformationén [2] is a subsebf T35, our D-WFS*
extendsthe original D-WFSin thefollowing sense.



Theorem 2. Let P bea disjunctiveprogram.Then
D-WFSP) C D-WFS (P).

Thecorverseof Theoren? is nottruein generalAs wewill seein Sections, for thedis-
junctive programP in Example2, not b € D-WFS*(P) but not b ¢ D-WFS(P). This
theoremalsoimpliesthatD-WFS" extendstherestrictedSTATIC sincethe D-WFS" is
equivalentto therestrictedSTATIC [3].

5 Bottom-up Computation

Parallelto the computatiorfor D-WFS[2], we will first provide a bottom-upprocedure
for D-WFS" andthenshawv the equivalenceof D-WFS* and WFDS. As a result,we
actuallyprovide a bottom-upcomputatiorfor WFDS.

Let P beadisjunctive program.Our bottom-upcomputatiorfor D-WFS* (P) con-
sistsof two stagesAt the first stage,P is equivalently transformedinto a negative
programLft(P) calledtheleastfixpointtransformationThe detailsof this transforma-
tion canbefoundin [2,13]. The basicidealis to first evaluatebody atomsof the rules
in P but delaythenegative bodyliterals. The secondstageis to furthersimplify Lft (P)
into res* (P) from which the semanticD-WFS*(P) canbedirectly readoff.

5.1 StrongResidualProgram

In generalthe negative programLft(P) canbe further simplified by deletingunnec-
essaryrules,unnecessarpody literals and unnecessarfleadatoms.This leadsto the
ideaof so-calledreductionswhichwasfirstly studiedin [4] andthengeneralizedo the
caseof disjunctive logic programsn [2]. Thereductionof a disjunctive programP is
calledtheresidualprogramof P. Thefollowing is a generalizatiorof BrassandDix’s
residualprograms.

Let Ngcwa bethe setof atomsthatare GCWA-negatedin disjunctive programiV.
The reductionoperatorR* is definedas, for arny negative programN (i. e. a setof
conditionalfacts),

R*(N) ={ (A —a) « not (CN head(N)) |
thereisruler € N : A + not C suchthat
(1) norule of form (A’ «) with A’ C C,
(2) noruler' s.t.r is animplicationof r,
(3)(1 € Ngewa andA — Ngewa # @}

Thenotionof theimplicationof rulescanbefoundin Definition 8. For any disjunc-
tive programP, we canfirst transformit into the negative disjunctive programLft (P).
Then,fully performthereductionR* onLft(P) to obtainasimplifiednegative program
res*(P) (thestrongresidualprogramof P). Theiterationprocedureof R* will finally
stopin finite stepshecauséBp containdfinite numberof atomsandthetotal numberof
atomsoccurringin eachlN is reducediy R*. This procedurds preciselyformulatedin
the next definition, which hasthe sameform asDefinition 3.4 in [2] (the differenceis
only in thatwe have a new reductionoperatorR* here).



Definition 10. (strongresidualprogram)Let P beadisjunctiveprogram.Thenwehave
asequencef negativeprograms{N; };>o with Ny = Lft(P) and N;;; = R*(N;). Let
N¢y1 = R*(Ny). Thenwecall N; is the strongresidualprogramof P anddenoteit as
res (P).

Sincethe Headreductionhasbeendirectly embeddednto the operatorR*, the follow-
ing resultcanbeobtainedrom Theoren#.3in [2], which guaranteethecompleteness
of our bottom-upcomputation.

Theorem 3. Let P and P’ betwodisjunctiveprograms.If P is transformednto P’ by
a programtransformationin Tyg thenres*(P) = res*(P').

Thistheoremhasthefollowing interestingcorollary.

Corollary 1. LetS bea semanticsatisfyingS(P) = S(res'(P)) for all disjunctive
program P. ThenS allowsall programtransformationsn Tyr<

This corollaryimpliesthat, if Sy is a mappingfrom the setof all strongresidualpro-
gramsto the set of model statesand it satisfiesall propertiesin Definition 6, then
the mappingdefinedby S(P) = S(res'(P)) is a semanticsTherefore the following
lemmais obtainedrom thefactthatD-WFS" is thewealestsemantics.

Lemma 3. Givendisjunctiveprogram P, we have
D-WFS (res'(P)) = D-WFS, (P) UD-WFS (P)
whete
D-WFS, (res'(P)) = {A € DB} | rule A’ + isin res*(P) for somesub-disjunctiond’ of A}
D-WFS (res'(P)) = {A € DB | if a & head(res*(P)) for someatoma appearingin A.}

Thus, for ary disjunctve program P, it is an easy task to get the semantics
D-WFS" (res*(P)) of its strongresidualprogram.
Themaintheoremin this sectioncanbe statedasfollows.

Theorem4. For anydisjunctiveprogram P, wehave
D-WFS (P) = D-WFS, (P) UD-WFS (P)
whete
D-WFS, (P) = {4 € DB, | rule A’ + isin res*(P) for somesub-disjunctiond’ of A}
D-WFS (P) = {A € DB}, | if a & head(res*(P)) for someatonu appearingin A.}

Example4. Consideragainthedisjunctive programP in Example2. Thestrongresid-
ual programres* (P) is asfollows:

l < notp
IVp+

Thus,D-WFS*(P) = {l V p, not b} 2.

2 D-WFS'(P) shouldincludeall puredisjunctionsimplied by either! v p or not b. However,
thelittle abusingof notion heresimplifiesour notation.



5.2 Equivalenceof WFDS and D-WFS*

Beforewe presenthemaintheoremnof this sectionwe needsomepropertieof WFDS.
First, we canjustify that WFDS s a semanticsn the senseof Definition 6. Moreover,
it possessethefollowing two propertiesvhich canbeverifieddirectly.

Proposition1. WFDSsatisfiesall programtransformationsn Tyeg

This propositionimplies that the agumentation-basesemanticSNFDS is always at
leastasstrongasthetransformation-basesemanticD-WFS'.

The next resultcorvincesthat the strongresidualprogramres* (P) of disjunctve
programP is equivalentto P w.r.t. thesemantic8VFDS. Thereforewe canfirst trans-
form P into res*(P) andthencomputeWFDS(res* (P)).

Proposition2. For anydisjunctiveprogram P,
WFDS P) = WFDSres*(P)).

It hasbeenshawn in [2] that Lft andtheir reductionoperatorR canbe simulatedby
Twrs = Tyes — {Headreductior}, we have that Lft and R* can be simulatedby
T}rs Thus,theabove propositionholds.

Now we canstatethe mainresultof this section,which assertghe equivalenceof
D-WFS" andWFDS.

Theorem5. For anydisjunctivelogic program P,
WFDSP) = D-WFS (P).

An importantimplication of this resultis thatthe well-foundedsemanticsVFDS also
enjoys abottom-upproceduresimilar to the D-WFS.

6 UnfoundedSets

Thefirst definition of the well-foundedmodel[12] is givenin term of unfoundedsets
andit hasbeenprovedthatthenotionof unfoundedsetsconstitutesa powerful andintu-
itive tool for definingsemanticdor logic programsThis notionhasalsobeengeneral-
izedto characterizingtablesemantic$or disjunctivelogic programsn [7, 5]. However,
thetwo kinds of unfoundedsetsdefinedin [7, 5] cannot be usedto defineanintended
well-foundedsemanticgor disjunctive programs.

Examples. 3

aVb+
¢ < nota,not b

% This exampleis dueto JirgenDix (personatommunication)



Intuitively, not ¢ shouldbe derived from the above disjunctive programandactually
mary semanticgncluding DWFS, STATIC andWFDS assigna truth value‘falsé for
¢. However, accordingto the definitionsof unfoundedsetsin [7, 5], ¢ is notin ary n-
fold applicationof thewell-foundedoperatorontheemptyset.For thisreasonamore
reasonableéefinition of the unfoundedsetsfor disjunctive programds in order

In this section,we will definea new notion of unfoundedsetsfor disjunctive pro-
gramsandshow thatthewell-foundedsemantic&J-WFSdefinedby our notionis equiv-
alentto D-WFS* andWFDS.

We say body(r) of r € P is true wrt model stateS, denotedS = body(r), if
body(r) C S; body(r) is falsewrt modelstateS, denotedS = —body(r) if either(1)
thecomplemenbf aliteral in body(r) isin S or (2) thereis adisjunctiona; V- - -Va,, €
S suchthat{not a1, ..., not a,} C body(r).

In Example5, theseconduleis falsewrt S = {a V b}.

Definition 11. Let S be a modelstate of disjunctiveprogram P, a set X of ground
atomsis an unfoundedsetfor P wrt S if, for eath a € X andeadt rule r € P sud
thata € head(r), atleastoneof thefollowing conditionsholds:

1.thebodyofr is falsewrt S;

2.therisz € X sudthatz € body™ (r);

3.if S |= body(r), thenS |= (head(r) — X).

Notice thatthe above definition generalizedhe notionsof unfoundedsetsin [7, 5] in
two ways.Firstly, the original onesaredefinedonly for interpretationgsetsof ground
literals)ratherthanfor modelstatesAn interpretatioris amodelstatebut notvice versa.
Secondly thoughone canredefinethe original notions of unfoundedsetsfor model
statessuchunfoundedsetsarestill too weakto capturethe intendedwell-foundedse-
manticsof somedisjunctive programsConsidefExample5, let S = {aV b}. According
to definition11,theset{c} is anunfoundedsetof P wrt S, but {c¢} is notanunfounded
setin the senseof Leoneor Eiter.

Having the new notion of unfoundedsets,we arereadyto definethe well-known
operatonVp for ary disjunctive programP.

If P hasthegreatestinfoundedsetwrt amodelstatewe denoteit /p(.S). However,
Up(S) maybe undefinedor someS. For example,let P = {a V b} andS = {a, b}.
ThenX; = {a} andX, = {b} aretwo unfoundedsetswrt S but X = {a,b} is not.
Herewe will notdiscussheoperatoi/p(S) in detail.

Definition 12. Let P bea disjunctiveprogram, the operator 7p is definedas, for any
modelstatesS,

Tp(S)={A € DBp |therisaruler e P: AVay V---V ay + body(r) sud that
S k= body(r) andnot a4, ...,not a, € S}.
Noticethat7p(.S) is asetof positive disjunctionsratherthanjust a setof atoms.

Definition 13. Let P bea disjunctiveprogram,the operator Wp is definedas, for any
modelstatesS,
Wp(S) = Tp(S) U not.Up(S).

whete notUp(S) = {not p | p € Up(S)}.



In generalWp is apartialfunctionbecauseheremaybeno greatestinfoundedsetwrt
modelstateS asmentionedpreviously.

However, we can prove that Wp hasthe leastfixpoint. Given a disjunctive pro-
gram P, we definea sequencef modelstates{ Wy }rcx- WhereW, = § and W, =
WP(Wk,I) for k > 0.

Similarto Propositions.6in [7], we canprove thefollowing proposition.

Proposition 3. Let P bea disjunctiveprogram.Then
1. EverymodelstateW,, is well-definecandthe sequencd W, } rc s is increasing
2. thelimit Ug>o W}, of thesequencd Wy }ren is theleastfixpointof Wp.

Sincewe consideronly finite propositionalprogramsn this paperthereis somet > 0
suchthatW; = Wi1.
Thewell-foundedsemanticdJ-WFSis definedby

U-WFS(P) = Ifp(Wp).

For theprogramP in Exampleb, U-WFS(P) = {a V b, not c}.
An importantresultis that WFDS (and thus D-WFS") can also be equivalently
characterizeéh termof the unfoundedsetsdefinedin this section.

Theorem 6. For anydisjunctiveprogram P,
WFDSP) = U-WFSP).

Theoremb providesfurther evidencefor suitability of WFDS (equivalently, D-WFS")
astheintendedwell-foundedsemanticgor disjunctive logic programs.
By thefollowing lemma,we candirectly prove Theoren6.

Lemma4. Let P beadisjunctiveprogram.ThenW;, = S}, for anyk > 0.

Thislemmaalsorevealsakind of correspondendeetweerthewell-foundeddisjunctive
hypothesesndthe unfoundedsets.

7 Conclusion

In this paperwe have investigatedecentapproacheso definingwell-foundedseman-
tics for disjunctive logic programsWe first provided a minor modificationof the ar-
gumentatve semanticVFDS definedin [13]. Basedon someintuitive programtrans-
formations,we proposedanextensionto the D-WFSin [2]. In our approachye intro-
ducea new programtransformationcalled Headreduction.This transformatiorplays
a similar role in DLP asthe GCWA [9] in positve DLP. We have also given a new
definition of the unfoundedsetsfor disjunctive programswhich is a generalizatiorof
theunfoundedsetsinvestigatedy [7, 5]. This new notionof unfoundedsetsfully takes
disjunctiveinformationinto consideratiomndprovidesanothercharacterizatiofor dis-
junctive well-foundedsemanticsThe maincontribution of this paperis theequivalence
of U-WFS D-WFS andWFDS. We have also provided a bottom-upcomputationfor
our semanticsA top-dovn procedurds presentedn [14], which is soundand com-
pletewith respectto our semanticsTheseresultsshav thatthereexists a disjunctive



well-foundedsemanticawvhich can be characterizedn termsof argumentationpro-
gram transformationsunfoundedsetsand resolution.The fact that different starting
pointsleadto the samesemanticprovidesstrongsupportfor WFDS. Futurework will
concentrat®n moreefficientalgorithmsandapplications.
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