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Postfach6015 53,D–14415Potsdam,Germany�

linke,torsten� @cs.uni-potsdam.de

Abstract

We introducean alternative conceptualbasisfor default reasoningin Reiter’s default logic. In
fact,mostformal or computationaltreatmentsof default logic suffer from the necessityof exhaus-
tive consistency checkswith respectto the finally resultingsetof conclusions;often this so-called
extensionis just aboutbeingconstructed.On the theoreticalside, this exhaustive approachis re-
flectedby the usualfixed-pointcharacterizationsof extensions.Our goal is to reducesuchglobal
considerationsto local andstrictly necessaryones.For this purpose,we developvarioustechniques
andinstrumentsthatdraw on ananalysisof interactionpatternsbetweendefault rules,embodiedby
their mutualblocking behavior. Theseformal tools provide us with alternative meansfor address-
ing a varietyof questionsin default logic. We demonstratethe utility of our approachby applying
it to threetraditionalproblems.First, we obtaina rangeof criteria guaranteeingthe existenceand
non-existenceof extensions.Second,we get alternative characterizationsof extensionsthat avoid
fixed-pointconditions. Finally, we furnish a formal accountof default proofs that wasup to now
neglectedin theliterature.

1 Intr oduction

Default reasoningplaysanimportantrole in artificial intelligencesystemssincemany underlyingtasks
involve reasoningfrom incompleteinformation.Reiter’s defaultlogic [40] is amongthebestknown and
mostwidely studiedlogical frameworks for addressingthis form of reasoning.Apart from its natural
andlucid language,it is alsomoreexpressive thancompetingformalisms,like Datalogwith negation
[9] or even circumscription[36]. That is, it canexpresssuccinctlyknowledgesituationswhereonly
exponentialrepresentationsareavailablein thelatterformalisms[8, 24].

Default logic augmentsclassicallogic by default rules that differ from standardinferencerules in
sanctioninginferencesthat rely upongivenaswell asabsentinformation. Knowledgeis representedin
default logic by defaulttheories�����	��
 consistingof asetof formulas� andasetof default rules � . A
default rule ��
��� hastwo typesof antecedents:A prerequisite� which is establishedif � canbederived
anda justification � which is establishedif � cannotberefuted.If bothconditionshold, theconsequent� is concluded.In this way, a default theorymayinducezero,oneor multiple extensionsof thefactsin� .

Theformaldefinitionof extensionsturnsouttobemoredelicatethancouldhavebeenexpected.Thisis
dueto thecontext-sensitive natureof justifications.In fact,adefault rule’s justificationcouldberefutable
only just whenall default conclusionscontributing to anextensionareknown. This is why traditionally
thenon-refutability, or consistency, of a justificationis verifiedwith respectto thefinal extension.This
leadsto thecommonfixed-pointcharacterizationsof extensions.In suchanapproach,oneis obligedto
inspecttheentiresetof default rulesin orderto decidewhethera particulardefault ruleapplies.

Thegoalof thispaperis to furnishinstrumentsthatallow usto replacesuchexhaustive considerations
by thestrictly necessaryones.Ourapproachis basedon theobservationthattherefutationof a justifica-
tion is necessarilybasedon theexistenceof a proof for its negation.Althoughthedefault rulesin these�
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proofsarecontext-dependent,they delineatethesetof rulesthatarerelevantfor establishingtheconsis-
tency of a justification.Theideais thusto analyzedefault theoriesin orderto extractall suchinteraction
patternsamongdefault rulesin orderto draw on this informationfor eliminatingthereferenceto a final
extension.In thisway, thesetof default rulesmustbeinspectonly oncein its entirety, while subsequent
considerationscanberestrictedto theextractedinteractionpatterns.

Our objective is nicely illustratedby applyingit to theextension-membership-problem, which is con-
cernedwith decidingwhethera default theoryhasan extensioncontaininga given formula. Consider
an examplewherebirds fly, birds have wings,penguinsarebirds,andpenguinsdon’t fly alongwith a
formalizationthroughdefault theory�����	��
�� ������� �"!$#&%' � �(�*)) �&+ �,�� �-+ �.��!/#10� ' 2 �43 � '65 !/#&% � '75 !$# 0 � +98;:=< (1)

We let >@? , >BA , > % , >DCB? abbreviate thepreviousdefault rulesby appealto their consequents.An analysis
of theserulesshouldprovide us with the information that the applicationof the first rule dependson
theblockage of thelastone(andvice versa).Thesecondandthird rule canbeappliedno matterwhich
of the otherrulesapply. We may thus infer

� '
by fully ignoring the secondandthe third rule, while

assuringthatthefirst oneis blocked.Notably, our initial analysismustbetruly globalandalsoextendto
putatively unrelatedpartsof thetheory. To seethis,simply addtherule 
FEC E , abbreviated G C E , destroying
all previousextensionsconsistentwith H . Now, theapplicationof eachrule dependsadditionallyon the
blockageof G C E . Wecanonly apply >DC;? to derive

� '
, if both >@? and G C E areblocked.

Weseethattheapplicationof rulesdependson theblockageof otherrules.Theoutcomeof our anal-
ysismustthusprovide informationon which rulesmayblock otherrules(or even themselves). This is
why we provide a formal accountof rule interactionin termsof so-calledblocking sets. They provide
context-independent, candidateproofsfor refuting a default rule’s justification. But althoughwe may
allot somehow unlimitedtime to ananalysis(seenasa compilationphase)we cannotprovide unlimited
spacefor its result. This is alsocrucial in our context, sincethe blocking informationmay be expo-
nential in the sizeof the numberof defaults. We addressthis problemby proposinga so-calledblock
graph. This constructis obtainedby abstractingfrom particularblockingsituations,while keepingthe
essentialinteractionpatternsbetweendefault rules.Thesizeof theblock graphis quadraticin thenum-
berof defaults. In theworstcase,computationof theblock graphhasthesametime complexity asthe
extension-membership-problem.

In fact,theblockgraphis oursalientinstrumentfor reducingextension-basedissuesto proof-oriented
ones;its gatheredinformationcanbeusedin variousways.I We may draw on the block graphfor addressingthe existence-of-extension-problem, aiming at

decidingwhethera default theory hasan extensionor not. As a result, we obtain a rangeof
correspondingcriteriathatcanbereadoff theblock graph.

In fact,thisproblemshowsalsoupin our initial example.In additionto therulesneededfor deriv-
ing a formula,we mayfurthermorehave to considerrulesmenacinganencompassingextension,
like G C E .I Furthermore,we obtainnovel characterizationsof extensionsby appealto blockage-basedcon-
cepts.The resultingcharacterizationsdo not only avoid global consistency checks,asneededin
traditionalcharacterizations,but they moreover eliminatetheusualfixed-pointcondition.I Analogously, we obtaincharacterizationsof default proofsby meansof blockage-basedconcepts
thatavoid referringto anencompassingextension.

Moreover, theblock graphcanbeusedfor focusingtheformationof suchdefault proofson ulti-
matelynecessarydefaults.In theaboveexample,it will betheblockgraphof Theory(1) thattells
usthatthederivationof

� '
through>DC;? requiresthat >@? is inapplicableandthatthetwo otherrules

maybecompletelyignored.
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Whatmakesour approachthusdifferentfrom traditional,extension-orientedonesis thatoncewe have
extractedtheblocking informationsubsequentproblemscanbeaddressedby consideringdefault rules
only by need.

Throughoutthis paper, we have adopteda rigorousblockage-basedview. Although this notion was
implicitly presentin theliterature,it hassofar not beenusedasanexplicit tool for addressingissuesin
default logic. For illustration, let us reconsiderthe applicability of default rules(c.f. Condition3. of
Definition2.1). Theblockage-basedview letsusdistinguishthreedifferentclasseof default theories:

1. If a theorycontainsno interactionsamongdefault rules,applicabilitydependson therule in focus
only. For instance,the applicabilityof >DCB? in thepresenceof > A and > % (andthe absenceof >@? )
dependsonly on >DCB? itself. On suchnon-conflictingtheories,reasoningis reducedto deduction
andcanbeaccomplishedby meansof theconstituentrulesonly.

2. A theorycomprisesdirect interactionsonly, that is, thescopeof eachconflict affectstheinvolved
rules only. Then,applicability dependson the given rule plus the applicability of its blocking
rules. For example, in the presenceof >@? , >BA , and > % the applicability of >DC;? dependson >DC;?
itself and >@? . On suchconflictingtheories,reasoningmustbedonein aconsistentwayaccounting
for interactionsbetweenrules. Nonetheless,it canbeaccomplishedby inspectingtheconstituent
rulesand(recursively) theirblockingrules.Otherrulesthatdo not interactwith theserulescanbe
ignored.

3. A theorycomprisesindirect interactions, that is, conflictsthat affect theapplicationof rulesnot
involved in the conflict. Now, applicability dependsalsoon that of self-blockingyet unrelated
rulesandnotonly ontherulesinvolvedin theactualconflict. For instance,theapplicabilityof >DC;?
in thepresenceof >@? , >BA , > % , and G C E dependson >@? , >DCB? , and G C E . As wehaveseen,suchtheories
mayhave no extensions.

This three-foldclassificationis actuallyreflectedby many notionsthatareintroducedin thesequel.The
first classis rathertrivial, sinceit canbedealtwith by standardlogicalmeans.As wewill seethesenon-
conflicting theoriesplay nonethelessthe role of a basecasewhenever conflictsaregraduallyremoved
from conflictingtheories.Muchmoreinterestingdefault reasoning,involving conflictinginformation,is
situatedwithin thesecondclassof theories.As a matterof fact,theprofile of theunderlyingconflicting
rulesis capturedby theblockgraph.Thethird classcomprisesthetruly problematictheories.This is not
only becausethepotentiallack of extensionsindicatesa problemin thespecificationof the theory, but
alsobecauseof ill-formed yet unrelatedrulesthat necessitatesthe inspectionof all default rulesin the
generalcase.In fact,theblock graphprovidesa way out of this dilemma,sinceit allows usto decouple
theexistenceof suchill-formed rulesfrom thenecessityto inspecttheentiresetof rules.

Therestof thepaperis organizedasfollows. Section2 givesa formal introductionto default logic.
Section3 introducesblockingsetsfrom whichwe constructa default theory’s block graph.This section
elaboratesalsoupontheunderlyingformal propertiesandgivesfurther special-purposeconcepts.The
following threesectionsdealwith applicationsof theseconcepts.Section4 addressestheexistence-of-
extensions-problem.Section5 providesalternative characterizationsof extensions,while Section6 is
dedicatedto theconceptionof default proofs.Section7 graspsthepresentedapproachin its entiretyand
discussesits impacts.AppendixA resumessomegraph-theoreticalbackground,neededfor theproofs
givenin AppendixB. Sections3, 4, and6 heavily extendthework foundin [29].

An extendedversion[31] of this papercontainsfurtherapplicationsandrefinementsof theapproach,
including resultson modularand skeptical reasoningas well as further insightsinto the relationship
with variantsof default logic. Also, it providescasestudieson graphcoloring,Hamiltoniancircuitsand
taxonomiesthataimatunderpinningtheutility of ourapproach.
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Relationshipsto other work

Thereductionof globalconceptsto local oneswasalreadyanissuein Reiter’s seminalpaper[40]. For
capturingincrementalconstructions,Reiter isolatedin [40] the propertyof semi-monotonicityandal-
readyshowedthatthispropertyis only satisfiedby thesubclassof normaldefault theories(seeSection2
on formal details).This hasled in the following yearsto thedevelopmentof alternative default logics,
amongthemjustified [34], cumulative [6] andconstraineddefault logic [16], all of which enjoy semi-
monotonicityin full generality. Interestingly, ReiterandCriscuoloshowed in [41] that normaldefault
theorieslack expressivenessanddemonstratedthatat leastsemi-normaldefault theoriesareneededfor
full expressive power. Sincesuchtheorieslack semi-monotonicityin Reiter’s default logic, thedescen-
dantsof theoriginal approachseemto betheright choice.But despitethefact that they allow for local
constructionsbeyond normaldefault theories,they canalsonot accountfor the full expressive power
of Reiter’s default logic. In fact, asshown in [7], full “local constructibility”, asembodiedby semi-
monotonicity, andfull expressivepowerareincompatible.As aconsequence,wecannotadoptoneof the
seeminglycomputationaladvantageousvariantsof default logic, if we want to keepthe full expressive
powerof Reiter’s original approach.

Ourapproachresideswithin Reiter’s default logic, while aimingatshifting theemphasisfrom global,
extension-basedconceptsto local, proof-orientedones(whenever possible). For this purpose,we de-
velopvarioustechniquesandinstrumentsthatdraw on ananalysisof interactionsbetweendefault rules,
manifestedby their blocking behavior. While the basicintuition behind“blockage” is relatedto argu-
mentationsemantics[19, 5], our resultinginstrumentsandtheir applicationshave clearly takena more
profound— sincedefault logic specific— avenueof research.1 Thework closestto oursin thedomain
of default logic hasbeendonein [28] and[37], wherethenotionof conflict is treated.

The first applicationof our conceptsdealswith the existence-of-extensions-problem. Interestingly,
semi-monotonicityimplies the existenceof extensions,so that all of the above cited descendantsof
default logic guaranteeextensions.Intuitively, this is dueto thefact that “local constructibility” allows
usto incrementallyconstructextensionswithoutever reconsideringany previoussteps.Thesignificance
of theexistence-of-extensions-problem hasalreadyled to severalapproaches,identifying subclassesof
default theoriesalwayspossessingextensionsin Reiter’s default logic. Among them,we find normal
[40], ordered [21], even2 [39], andstrongly stratified [10] default theories.An algorithmicaccountof
the existence-of-extensions-problem is proposedin [48]. We show in Section4.4 that our conception
aroundtheblock graphprovidesuswith a rangeof criteriagoingbeyondmostof theseproposals.The
otheradvantageof ourapproachresidesin its syntax-independence, whichis absentin all of theprevious
approaches.To be fair, however, we note that our investmentin constructingthe block graphis also
greaterthanthat of theaforecitedapproaches.Lastly, we mentionthat notionslike even- andoddness
werealsoinvestigatedin logic programmingandtruth-maintenancesystems,whichcanbeinterpretedas
restrictedfragmentsof default logic.

Thesecondapplicationof ourconceptsresultsin aseriesof alternative characterizationsof extensions
thatavoid theusualfixed-pointcondition.Thefirst suchnon-fixedpoint characterizationswasobtained
by Etheringtonin [20] whendefiningasemanticsfor default logic. This wasaccomplishedby imposing
a strict partial orderon the classesof modelsof the initial setof facts,whosemaximumelementsare
put in correspondencewith theextensionsof theunderlyingtheory. Alternative syntactic— yet fixed-
point-based— characterizationswereproposedin [35, 23, 47, 43]: A context-sensitive operatorin the
traditionof logic programmingis usedin [35]; extensions(of severaldefault logics)aredefinedin terms
of basicproperties,like groundedness,regularity, etc. (seeSection2) in [23]; characterizationsaiming
at tableau-basedimplementationsaredevelopedin [47, 43]. An operationalspecificationbasedon so-
calledprocessesis given in [1]. Theseprocessesamountto branchesin the treescorrespondingto the
strictpartialordersof Etherington-stylesemantics[20]; thereforethey alsoavoid afixed-pointcondition.

1We comebackto theseapproachesin Section3.5,4.4,and5.4,respectively.
2In thesequel,we useps-even for referringto thenotionof evennessproposedby PapadimitriouandSideriin [39].
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As with Etherington’ssemantics,theverificationof consistency necessitatesmaximalsequencesof rules.
The principal differencebetweenall of theseapproachesandoursrestson the necessityof exhaustive
consistency checks. In our approachthe block graphdelineatesthe set of default rules that must be
inspectedfor consistency checking.Also, our avoidanceof fixed-point-conditionsis differentfrom that
employed by Etheringtonandfollowers. While ours is accomplishedby appealto blocking relations,
theirapproachreliesonapost-filteringcondition,verifying valid constructionsposteriorly[20].

Thefinal applicationof our conceptsresultsin formal characterizationsof default proofs. Although
this questionis closely relatedto the extension-membership-problem, it hasso far beenneglectedin
the literature. This is probablydue to the fact that up to now default proofswere regardedasbeing
extension-dependent. Theextension-membership-problem is thereforeusuallyapproachedby resorting
to the following loop: Generatean extension,test if a formula in questionis its member. If so, stop.
Otherwise,repeatthe loop. This procedurecanbe implementedby any of theextension-construction-
proceduresknown from the literature,e.g. [26, 47, 38, 12]. In fact,Niemel̈a improvesthis approachin
[38] by providing anextension-construction-procedure thatallows to focuson extensionscontainingan
initial query. We notethatall of theseapproachesareprimarily interestedin theconstructionof exten-
sions;theextension-membership-problem is only addressedindirectly. Proof-theoreticinvestigationsof
Reiter’s default logic weredonein [3, 4] on thebasisof naturaldeductionandsequentcalculi. In these
calculi, however, consistency checkingis alsoaddressedin an exhaustive way by meansof so-called
“anti-calculi”.

Extension-dependency andthustheneedfor exhaustiveconsiderationsvanishin thepresenceof semi-
monotonicity. This wasalreadyexploitedby Reiterin [40] for developinga query-answeringprocedure
for normaldefault theories.Otherlocal procedureswereobtainedin the aforecitedvariantsof default
logic. A local proof procedurefor constraineddefault logic wasgiven in [44]; [13] addressesthesame
taskfor Łukaszewicz’ variant.Bothapproachesarelocalin thesensethatthey allow for decidingwhether
asetof default rulesformsadefault proofby lookingat theconstituentrulesonly. Theseapproachesare
thuscenteredaroundtheconceptof a default proof, which is missingin the formerextension-oriented
approaches.Theextension-independent characterizationof defaultproofsin Reiter’sdefault logic is thus
oneof ourmajorconcerns.

2 Background

Westartby completingour initial introductionto Reiter’sdefault logic. A defaultrule �"
J�� is callednor-
mal if � is equivalentto � ; it is calledsemi-normalif � implies � . Wesometimesdenotetheprerequisite� of a default rule > by KMLON$�P>-
 , its justification � by QSR$TVUD�W>-
 andits consequent� by X"Y-Z[TS�W>&
 .3 A set
of default rules � anda setof formulas � form a defaulttheory4 \ �]�����	�^
 , thatmay induceone,
multiple or evennoextensions[40] in thefollowing way.

Definition 2.1 Let �����	��
 bea defaulttheory. For anysetof formulas _ , let `.�P_�
 bethesmallestset
of formulas _�a such that

1. � bc_daF�
2. egfh�i_ a 
"�j_ a �
3. For any �"
��� k ��� if � k _da and

� �clk _ then � k _da <
A setof formulas m is anextensionof ���n�	�^
 if `.��mo
��pm <
Observe that m is a fixed-pointof ` . Any suchextensionrepresentsa possiblesetof beliefsaboutthe
world. For example,Default theory (1) hastwo extensions: mrqs�tegfh�u�wv�3 � � ) � � ' 8 
 and myx=�egfh�u�wv�3 � � ) � ' 8 
 , while theory ���zv{3 
�EC E 8 �	�^
 (where� and � aretakenasin (1)) hasnoextension.

3This notationgeneralizesto setsof default rulesin theobviousway, e.g. |~}P�D���*�[�n�	|~}P�D���4���	�����y� .
4If clearfrom thecontext, wesometimesreferto ���,�i�s� as � andviceversa.
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Wecall adefault theorycoherent if it hassomeextension.
For simplicity, we assumefor the restof thepaperthat default theories ���n�	�^
 comprisefinite sets

only. Additionally, we assumethatfor eachdefault rule > in � , we have that ��vsQSR$TVU4�P>-
 is consistent.
This canbe donewithout lossof generalitybecausewe canclearly eliminateall rules > a from � for
which ��v�Q$R$TVUD�W>;a�
 is inconsistentwithoutalteringthesetof extensions.

For asetof formulas _ andasetof defaults � , definethesetof generating defaultrules[40] as

GD ���n�	_�
���3�> k ���"_z� �jK�L@N$�W>-
 and _pl� � � QSR$T4UV�P>-
 8s< (2)

By taking >@?/�1> A �1> % �1>DC;? to denotethe default rules in (1), we seethat the two extensionsof (1) are
generatedby GD �����Om q 
"��3B>BA��1> % �1>DC;? 8 andGD �����Om x 
���3B>@?/�1>BA"�1> % 8 , respectively.

Definea setof default rules � asgroundedin a setof formulas _ [46] iff thereexistsanenumeration� >V�P�i�F�-� of � suchthatfor all � kn� we have that_6v�X"Y�Z TS�¡3B>4¢-� <D<D< �1>V�F£ q 8 
*� �¤KMLONS�W>V�u
 < (3)

NotethatGD ���n�Om¥
 is groundedin � whenever m formsanextensionof default theory �����	�^
 . Con-
versely, theset m^�cegfh�u�wv�X"Y�Z TS� GD ���n�Om¥
@
O
 formsanextensionof �����	��
 if GD ���n�Om¥
 is grounded
in � .

Definea setof default rules � asweaklyregular wrt a setof formulas _ [28, 23] iff for each> k �
wehave that_6v�X"Y�Z TS�W�¦
,l� � � Q$RST4UV�u>&
 < (4)

Clearly, GD ���n�Om¥
 is weaklyregularwrt � whenever m is anextensionof sometheory �����	�^
 .
As shown in [43], maximal sets � a b§� of groundedand weakly regular default rules induce

extensionsof ���n�	�^
 in Łukaszewicz’ variant of default logic [34]. That is, for each such ��a ,egfh�u�wv�X"Y-Z[TS��� a 
O
 forms a, say, Łukaszewicz-extension. So, in contrastto what we have observed
on Theory(1) for Reiter’s default logic, egf9�i�¨v�3 � � ) � � ' 8 
 and egfh�¡��v�3 � � ) � ' 8 
 do actuallypro-
videvalid Łukaszewicz-extensionsof Default theory ���(v�3 
FEC E 8 �	�^
 , where� and � aretakenasin (1).
ThisworksbecauseŁukaszewicz’ variantenjoys thepropertyof semi-monotonicity:

For any setsof default rules � a b©� , we have that if m a is an extensionof ��� a �	�^
 then
thereis anextensionm of �����	��
 wheremªa�b«m .

If a theory ���n�	�^
 enjoys this property, we candecidethe extension-membership-problem for some
formula ¬ by forming sucha set mªa with ¬ k mªa . Then,semi-monotonicitytells us that thereis an
extension m of �����	�^
 with m a b]m . For forming a default proof for ¬ in Łukaszewicz’ variant, it
is hencesufficient to constructa groundedandweakly regular setof default rules ­®b¯� with �°vX"Y-Z TS��­±
*� �¤¬ , while discardingall default rulesin �³²M­ .5

Similar constructionsareimpossiblein Reiter’s default logic, dueto theaforementionedreasons.On
the otherhand,we argue that thereis no needfor always inspectingall rules in �¯²r­ . But thenthe
questionariseshow to tell which rulesmustbeconsideredandwhich rulescanbe ignored.An answer
to thisquestionis providedin thenext section.

3 Representinginteractions by block graphs

This sectionintroducesthe fundamentalconceptson which we rely for analyzingpossibleinteractions
amongdefault rules. We expresstheseinteractionsthroughblocking relationsthat tell us which rules
mayblock a rule in question.This informationis thencondensedin block graphsby abstractingfrom
particularblocking situations,while keepingthe essentialinteractionpatternsbetweendefault rules.
In the subsequentsections,we show how theseinstrumentscan be usedfor turning extension-based
conceptsinto proof-orientedones.

5We elaboratemoreupontheroleof Łukaszewicz’ variantasa “lower bound”for Reiter’sdefault logic in [31].
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3.1 Blocking sets

Our approachis foundedon theconceptof blocking sets. Givena default theory �����	�^
 anda default
rule > k � , intuitively, ablockingsetfor > is asetof default rules ´µb«� whosejoint applicationdenies
the applicationof > . Sucha blocking setprovidesa candidatefor disablingthe putatively applicable
default rule > . For this purpose,it is actuallysufficient to refutea rule’s justification,while ignoring
its prerequisite.An existing derivation of a prerequisitecanonly be counterbalancedby refuting the
justificationof oneof its default rules.

In orderto becomeeffective,however, ablockingsetmustbeincludedin thesetof generatingdefault
rulesof anencompassingextension.That is, it mustbegroundedandtherespective justificationsmust
be consistentwith the extension. In fact, groundednesscan be effectively verified by looking at the
candidateset only, while consistency is context-dependentsince it refers to a final extensions. Our
aim is however to captureblockage asan intrinsic featureof default theoriesratherthantheir resulting
extensions. Moreover, we areoften interestedin showing that a critical blocking setdoesnot apply,
which rulesoutanextension-basedcharacterization.

This leadsusto thefollowing definitionof blocking sets.

Definition 3.1 Let \ �³�����	�^
 bea defaulttheory.For > k � and ´µb«� , wedefine

1. ´ asa basicblocking setfor > , written ´©¶5¸· > , iff

BS1 �wv�X"Y-Z[TS��´{
�� � � QSR$T4U4�W>-
 and

BS2 ´ is groundedin � .

2. ´ is anessentialblocking setof > , written ´ ¹¶5 · > , iff ´³¶5 · > and

BS3 ��´j²º3B>;a 8 
�l¶5 · >»a¼a for every >»a k ´ andevery >;a¼a k ´½v�3B> 8 .
Wedefine¾ · �W>&
 ��3;´¿�-´ ¹¶5 · > 8 asthesetof all essentialblocking setsof > .
Observe thatthis definitiontreatsdefault rulesasmonotonicinferencerulesby ignoringtherules’ justi-
fications.A blockingsetfor a rule > amountsthusto a proof of

� QSR$TVU4�W>-
 in a standardlogical system
augmentedby inferencerulesobtainedfrom � by ignoring default rules’ justifications. Suchsystems
arestudiedin [35]. Notethattheconsequentsof a blockingsetarenot requiredto beconsistent.This is
needed,for instance,to detectgroupsof default ruleswhosejoint applicationblocksany otherdefault,
like À 
uÁÂ � 
 %C Â Ã . Finally, notethatfor all > k � we have Ä¦l¶5 · > becausewerequirethat �¨v�Q$R$TVU4�P>-
 is
consistent.

For illustration,considerthefollowing example.\ � �"� �ºÅÅ � � ��Å� � Å�Æ(�(� HÇ � �.� ÇÈ 2 �1Ä : (5)

Amongthebasicblockingsets,we haveÀ 
uÁÁ Ã ¶5 · 
 C Á% and À 
¡ÁÁ � 
 C Á% � Á	É % 
FEÂ Ã ¶5 · 
 C ÂÊ < (6)

In addition, all groundedsupersetsof 3 
 C Á% 8 and 3 
uÁÁ � 
 C Á% � Á	É % 
FEÂ 8 are basicblocking setsfor 
 C Á%
and 
 C ÂÊ , respectively. All theseredundantsupersetsviolate BS3, so that noneof themis an essential
blockingset.Moreover, thesecondbasicblockingsetin (6) is superfluoussinceit mayneverappearin an
extension.To seethis, observe that 3 
iÁÁ � 
 C Á% � Á	É % 
�EÂ 8 containsa blockingsetfor oneof its constituent
rules, given by the first blocking set in (6). In fact, suchsituationsarealso addressedby BS3. For
instance,taking > a � Á	É % 
�EÂ and > a¼a � 
 C Á% in BS3shows that 3 
uÁÁ � 
 C Á% � Á	É % 
�EÂ 8 is no essentialblocking
set.Hence,theabove theoryhasonly a singleessentialblockingset:À 
uÁÁ Ã ¹¶5¸· 
 C Á% <
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We seethat althoughBS1 andBS2 capturethe basiccharacteristicsof blocking sets,not all suchsets
areneededfor blockingagivenrule. This is addressedin thesecondpartof Definition 3.1. In fact,BS3
furnishesa concisespecificationimposing,first, thatessentialblockingsetsare(setinclusion)minimal
amongall blockingsetsof a rule and,second,thatessentialblockingsetsdo not containblockingsets
for their constituentrules.Wehave thefollowing result.

Theorem 3.1 Let \ �³�����	��
 bea defaulttheoryandlet > k � and ´µb«� .
Wehavethat ´ ¹¶5 · > iff thefollowingconditionshold.

1. ´©¶5 · > ,
2. ´oa ¶5 · > for no ´oa~Ë«´ , and

3. ´ a ¶5 · > a for no ´ a Ë«´ andno > a k ´ .

Condition2. capturesminimality, while Condition3. ensuresa non-inclusionproperty. Note that the
latter doesnot apply to entire blocking sets,where ´ a �Ì´ , sincetheir set of consequentsmay be
contradictory, asin 3 
uÁÂ � 
 %C Â 8 .

ThefactthatBS3only eliminatessuperfluousblockingsetsis guaranteedby thefollowing result.

Theorem 3.2 Let m beanextensionof defaulttheory \ �³�����	��
 andlet > k � .
Thenthefollowingare equivalent:

1. m¯� � � Q$RST4UV�W>-

2. there is soméµb«� with ´^¶5 · > such that ´µb GD ���n�Om¥

3. there is soméµb«� with ´ ¹¶5�· > such that ´µb GD ���n�Om¥

4. there is somé k ¾ · �W>-
 such that ´µb GD �����Omo


This theoremshows, that the existenceof blocking setsprovides necessaryand sufficient conditions
for refuting a default rule’s justification accordingto the intuitions given in the introductorysection.
It alsodemonstratesthat theblockingsetsretainedin ¾ · �W>-
 have thesameeffectivenessastheir basic
counterparts.Finally, it providesfirst evidenceof how extension-orientednotionsareexpressiblethrough
blockage-basedconcepts.This is illustratedby the fact that condition ¾ · �u>&
o�]Ä is sufficient for the
consistency of Q$R$TVU4�P>-
 with all extensionsof \ .

For furtherillustration,considerTheory(1) alongwith its blockingsetsgivenin (7)–(10):¾ · �W>@?Í
w� 3Î3B>DCB? 8�8 (7)¾ · �W>BA9
w� Ä (8)¾ · �u> % 
w� Ä (9)¾ · �W>DCB?Í
w� 3Î3B> % �1>@? 8�8 (10)

For example,3B>DC;? 8 is theonly blockingsetfor >@? ; it comprisesapossiblerefutationof
!/#B%

, thejustifica-
tion of >@? . In general,asingledefault rulemayhavemultipleblockingsets.For example,adding 
uÏÐ É C Ð to
Theory(1) augmentseachset ¾ · �W>V�P
 by À 
uÏÐ É C Ð�Ã . Theadditionof 
�EC E to (1) leavesblockingsets(7)–(10)
unaffectedandyields ¾ ·�Ñ 
WEC E[Ò �©3�3 
FEC E 8�8 , reflectingself blockage.Observe thatConditionBS3allows
usto discardblockingsetsthatblock theirown constituentrules.For instance,3B>@?/�1> % �1>DC;? 8 is aputative
blockingsetof >BA , but it is ruledoutby BS3sinceit containsboth >@? andoneof its blockingsets,3B>DCB? 8 .

Let us now look at further propertiesof the blocking setskept in ¾ · �W>-
 . In fact, they allow us to
capturethe conceptualizationof consistency found in Reiter’s default logic without any appealto an
encompassingextension,asshown next.
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Theorem 3.3 Let \ �³�����	��
 bea defaulttheoryandlet � a b«� begroundedin � .
We havethat � a is weaklyregular wrt � iff we havefor each > a k � a and each ´ bt� a that´Ólk ¾ · �P>»a�
 .
Seenasa mappingfrom default theories\ �Ô�����	��
 to setsof setsof default rules ¾ · �P>&
 (taking >

asaparameter),weobserve that Õ Ö < ¾�×��W>-
 is monotonewith respectto theadditionof default rulesto � .

Theorem 3.4 Let \ �³�����	��
 and \ a[�³����a��	�^
 bedefaulttheorieswith �Ób«�Øa .
For > k � , wehavethat

1. ´ k ¾ · �W>-
 implies ´ k ¾ ·9Ù �P>-
 and

2. ´ k ¾ ·dÙ �W>&
 and ´µb«� imply ´ k ¾ · �W>-
 .
This resultimplies thatblockingsetscanbeconstructedin an incrementalfashion(c.f. Corollary3.9).
Note that Õ Ö < ¾ × �W>-
 is not monotonewith respectto � , since, for instance,addinga default rule’s
consequentto � eliminatesthisdefault from all blockingsetsthatcontainedit previously.

Let usnow givesomeresultsestablishingupperboundsfor computationalcomplexity. Thefollowing
resultfor basicblockingsetsdraws on asimilar resultobtainedin [45].

Theorem 3.5 Let \ �³�����	��
 bea defaulttheoryandlet > k � and ´µb«� .
Decidingwhetheŕ©¶5 · > holdsis in co-NP.

For essentialblockingsets,we maythustestfor a givenset ´ anda given > whetheŕ k ¾ · �W>-
 with
a polynomialnumberof calls to anNP-oracle.This givesthefollowing resultfor determiningwhether
thereexistsanessentialblockingsetfor agivenrule.

Theorem 3.6 Let \ �³�����	��
 bea defaulttheoryandlet >;�1> a k � .
Decidingwhetherthere existsan essentialblocking set ´ k ¾ · �u>&
 such that >;a k ´ is in ÚMÛx .

As regardsspacecomplexity, wenotethatin theworstcase,atheorywith Ü rulesmaycompriseÝ��WÞ&ß 

blockingsets.This is arguablyanartifactof theproblemin generalratherthanthespecificapproachat
hand— theremaysimplybeanexponentialnumberof waysin whichasetof defaultsconflict. Consider
for exampletheclassof default theoriesdiscussedin [15], wherewehave��
��»à�á â�»à�á â for � k 3Íã-�1Þ 8 ��»à�á ä 
F� à Ù á ä¡å/â� à Ù á äiå â for �O�@� a k 3Íã-�1Þ 8 and ãªæèçØé�Ü"� and�»à�á ê9
 �� for � k 3Íã-�1Þ 8ª<
For a given Ü thereareclearly Þ ß “inferential paths”between� and � . Given � , a default rule 
 C �ë is
thusfacedwith Ý��WÞ&ß/
 blockingsets.While thischaracterizestheworstcase,in generalwemightexpect
the numberof blocking setsto be moremanageable.For example,in an inheritancehierarchywhere
a different“exception” type accountsfor eachlevel in the hierarchy, we would have a setof blocking
setsthat is linear in thesizeof thehierarchy. See[31] for detailedcase-studies.On theotherhand,the
numberof blockingsetsis not relatedto thenumberof extensionsof agiventheory. To seethis,observe
thatthedefault rules
iÁuàC Â à 
 Â àC Áuà for � k 3Íã-� <D<D< �@Ü 8
induce Þ ß extensionsbut only Þ&Ü blockingsets.That is, althoughwe encounteranexponentialnumber
of extensions,wehaveonly a linearnumberof blockingsets.Thelasttwo examplesshow thatblockage-
andextension-orientedapproachesmaywork quiteorthogonalto eachother.

Finally, we show thatblockingsetsareindependentfrom therepresentationof theunderlyingdefault
theory.For thispurpose,we definesyntacticallyequivalentdefault theoriesasfollows.
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Definition 3.2 Let \ �³�����	�^
 and \ a �³��� a �	� a 
 betwodefaulttheories.
Wedefine\ and \ a to besyntacticallyequivalentif thefollowingconditionshold.

1. egfh�i��
"�ìegfh�i�¤a�
 and

2. there is a bijectivemappingí � � 5 � a such that for each > k � , wehave� � � KMLONS�W>-
�îjK�L@N$�Pí"�W>-
@
��� � � QSR$TVU4�P>-
�î�Q$R$TVU4�Pí"�W>&
@
��� � � X"Y-Z TS�W>-
�î¯X"Y-Z[TS�Wí"�W>&
@
 <
Observe thatequivalenceis actuallydefinedmodulothesetof premises� .

We generalizemappingí to setsandsetsof setsof default rulesby putting í"��´{
M�ï3Bí"�W>-
ª�/> k ´ 8
for ´¯bc� and í"��¾M
��³3Bí"��´ð
º�Î´ k ¾ 8 for ¾½bìÞ�ñ . Then,we have thefollowing resultshowing that
blockingsetsareindependentof thesyntacticalrepresentationof theunderlyingdefault theory.

Theorem 3.7 Let \ and \ a besyntacticallyequivalentdefaulttheoriesand í � � 5 � a someassoci-
atedbijectivemapping.

Wehavefor each > k � that í"��¾ · �W>-
O
��p¾ ·dÙ �Pí"�W>-
@
 .

Two default theoriesare extensionequivalent, if they have exactly the sameextensions. Clearly,
syntacticequivalenceimpliesextensionequivalencebut not viceversa[35].

3.2 Block graph

Giventheconceptof blockingsets,we arereadyto defineour salientinstrument:Theblock graphof a
default theory.

Definition 3.3 Let \ �³�����	�^
 bea defaulttheory.
Theblock graph ` · �³�Pò · �Oó · 
 of \ is a directedgraphwith verticesò · �p� andarcsó · � À �W> a �1>&
º�-> a k ´ for somé k ¾ · �W>-
 Ã <

Theblock graphis anextractof theessentialblockinginformationcomprisedin all blockingsets.This
is doneby abstractingfrom themembershipof default rulesin specificblockingsets.Thatis, thereis an
arc �W> a �1>&
 betweendefault rules > a and > in theblock graphiff > a belongsto someblockingsetfor > .

For Default theory(1), weobtaintheblockgraphgivenin Figure1; it hasarcs �W>DCB?/�1>@?Í
 , �W>@?/�1>DCB?Í
 and�W> % �1>DC;?S
 . >@? >BA

> % >DC;?
Figure1: Block graphof Default theory(1).

Weobserve thatthesizeof theblockgraphis alwaysquadraticin thenumberof default rules,although
theremaybeanexponentialnumberof blockingsetsin theworstcase.Thecomputationalcomplexity
associatedwith block graphsis directly relatedto thatof blockingsets,asshown in thenext result.
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Theorem 3.8 Let \ �³�����	��
 bea defaulttheoryandlet ô¤�©���n�Oór
 bea directedgraph.
Theproblemof decidingwhetherô¤�p` · is in Ú Ûx .

In view of thepossiblyexponentialnumberof blockingsets,it is importantto observe thatwe neither
have to keepnor to recomputeblockingsetsduringtheconstructionof block graphs.This is expressed
by thefollowing corollaryto thefirst partof Theorem3.4.

Corollary 3.9 Let \ �¨�����	�^
 and \ a ����� a �	��
 be default theorieswith � bõ� a . Let ` · ��Pò · �Oó · 
 and ` · Ù �³�Pò · Ù �Oó · Ù 
 betheblock graphsof \ and \ a .
For >»�1> a k � , wehavethat �W>;�1> a 
 k ó · implies �W>»�1> a 
 k ó ·dÙ .

Observe thatthesecondpartof Theorem3.4is inapplicable,sinceit refersto blockingsetswhoseentity
hasdisappearedin the block graph. To seethis, considera theory \ a with rules 
iÁÁ , Áö
 %% , 
 C %Â and
no facts. Assume\ is obtainedfrom \ a by deleting 
iÁÁ . Then,we have 3 
iÁÁ � Á�
 %% 8 ¶5 · Ù 
 C %Â while3 Ág
 %% 8 l¶5 · 
 C %Â .

Anotherpropertycarryingover from blockingsetsto block graphsis thatof syntaxindependence.

Corollary 3.10 Let \ �÷�����	�^
 and \ a �÷��� a �	� a 
 besyntacticallyequivalentdefaulttheorieswith
block graphs ` · ���Pò · �Oó · 
 and ` · Ù ���Pò · Ù �Oó · Ù 
 . Let í � � 5 ��a be someassociatedbijective
mapping.

Wehavefor all >;�1> k � that �W>;�1> a 
 k ó · iff �Wí"�W>&
	�1í"�W> a 
@
 k ó ·dÙ .
Although a block graphgivesup full blocking information in return for betterspacecomplexity, it

remainsapowerful instrumentfor thepurposeselaborateduponin sections4 to 6. This is dueto thefact
thattheblockgraphdelineatesthesetof rulesthatcompriseputative inconsistencies.Amongothers,this
allows usto limit our attentionto suchsetswhencheckingtheconsistency of > ’s justification.Thenext
sectiondraws on this for providing aconceptualalternative to suchconsistency checks.

3.3 Supporting sets

Fromtheperspective of blockingsets,aconsistency checkmustguaranteethatall blockingsetsof a rule
in focusareinapplicable.This leadsus to theconceptof supportingsets, which areintuitively simply
blockingsetsfor blockingsets.

Wefirst extendthenotionof blockingsetsto setsof rules:For a default theory \ �©�����	�^
 andsets´Ø�O´oa�bz� , we call ´oa a blocking setfor ´ , written ´±aø¹¶5 · ´ , if thereis somedefault rule > k ´ such
that ´ a ¹¶5 · > , or equivalently ´ a k ¾ · �u>&
 . Notethat ´õl ¹¶5 · Ä for each́µb«� .

With this,we maydefinetheconceptof supportingsetsasfollows.

Definition 3.4 Let \ �ù�����	�^
 be a default theory. For > k � , we definethe set ú · �W>-
 of all
supportingsetsfor > asú · �P>&
w� 3;´ aq v�ûDûDû-vø´ aß �&´ a� b«� such that ´ a� ¹¶5 · ´,� for � k 3Íã-� <D<D< �@Ü 8

and ¾ · �W>-
���3;´±q»� <D<D< �O´ ß 8º8
provided ¾ · �W>-
rl�pÄ . Otherwise, wedefineit as ú · �W>&
���3BÄ 8 .
Observe that ú · �P>-
��½Ä whenever ¾ · �W> a 
��½Ä for all > a in somé � k ¾ · �P>-
 , becausethenfor ´ � there
is no setof default rules ´ a� suchthat ´ a� ¹¶5 · ´,� , thatis, ´ aq vsûDûDû&v7´ aß is undefined.

Thepurposeof supportingsetsis to rule out blockingsetsassubsetsof thegeneratingdefault rules.
Oncea supportingsetfor > hasbeenapplied(i.e. onceit is a subsetof thegeneratingdefault rules), >
itself canbeappliedsafely. Observe,however, thatsupportingsetsmaybeinapplicable,asin thecaseof
WEC E , which formsbothits own blockingandits own supportingset.Thesupportingsetsin Theory(1) are
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givenin (11)–(14):ú · �P>@?Î
w� 3Î3B> % �1>@? 8�8 (11)ú · �W>BA9
w� 3&Ä 8 (12)ú · �P> % 
w� 3&Ä 8 (13)ú · �P>DC;?Î
w� 3Î3B>DC;? 8�8 (14)

Considerthe supportingset for >@? in (11). We have to find oneblocking set for eachblocking set in¾ · �W>@?Í
��t3�3B>DC;? 8�8 . In this easycase,we have to find someblocking set for >DCB? , yielding 3B> % �1>@? 8 .
Here, 3B> % �1>@? 8 is the only supportingset for >@? . Similarly, for >DCB? , we have to find a blocking set ´oa
for 3B> % �1>@? 8 (see(10)). That is, we musthave either ´ a k ¾ · �u> % 
 or ´ a k ¾ · �W>@?S
 . Because¾ · �W> % 
 is
empty, weget 3B>DCB? 8 k ¾ · �W>@?S
 astheonly supportingsetfor >DC;? . Theoccurrenceof >DC;? in its supporting
setis dueto the fact that thereis a directconflict between>DCB? andits blockingset. This saysthat >DC;?
is safelyapplicableon its own. In generalthis neednot be the case. For example,in default theory�i3 
 %Á � 
 ÂC % � 
 ÊC Â � 8 �1ÄÎ
 thelastrule formsthesinglesupportingsetfor thefirst one.

Sinceblocking setsare context-independentthey representmerely candidateproofs for refuting a
default rule’s justification. That is, for a default rule theremay be someextensioncontainingsucha
blockingsetthat inhibits theapplicationof therule. Thus,givenonly a ruleandoneof its blockingsets,
we cannotdecidewhetherthe rule applieswithout the final extension. The situationis differentwith
supportingsets.Clearly, supportingsetsarealsocontext-independent. But unlike blockingsets,they are
supposedto applyin thesameextensionastheir supportedrule. Thiscanbemadepreciseasfollows.

Theorem 3.11 Let \ �ï�����	�^
 bea defaulttheory. For every > k � andeveryextensionm of \ , we
havethat if m÷� �¤KMLONS�u>&
 and _¸b GD ���n�Om¥
 for some_ k ú · �P>-
 , then > k GD ���n�Om¥
 .
In fact,thejoint applicationof a ruleandoneof its supportingsetscanonly bedeniedby anindependent
self-blockingpartof thetheorythatdestroys anencompassingextension.Thus,givena rule andoneof
its supportingsets,we candecidewhethertherule (andits supportingset)applieswhenever wecanrule
out sourcesof incoherence.This is oneof thekey ideasdevelopedin Section5 and6.

3.4 Detectingand reconstructingblocking sets

Although the informationgatheredin the block graphis often sufficient for addressingproblemslike
theexistence-of-extension-problem, thedetectionandreconstructionof blockingsetsremainimportant
issuesfor decidingtheapplicabilityof default rules.

For expressinghow ablockgraph̀
·

mayfacilitateaddressingtheseissues,we let � £ q �W>-
 denotethe
setof predecessorsof > in ` · andlet � £ x �W>-
 denotethesetof predecessorsof thenodesin � £ q �W>-
 . For��a~b«� , define� £ q ���Øa�
���3B> k � £ q �W>»aJ
y�->»a k �Øa 8 and � £ x ���Øa�
���3B> k � £ x �W>;a�
*�->»a k ��a 8 .

Thespecificblockingandsupportingsetsaredelineatedby theblock graphin thefollowing way.

Theorem 3.12 Let \ �³�����	��
 bedefaulttheoryandlet ` · beits block graph.
Wehavefor all defaultrules > k � that

1. ´µb � £ q �W>-
 for all ´ k ¾ · �W>-
 , and

2. _¸b � £ x �W>&
 for all _ k ú · �W>&
 .
In what follows, we give somesufficient, block graphbasedconditionsfor detectingblocking and

supportingsets. Recall from Theorem3.2 that the absenceof blocking setsfor a rule establishesthe
consistency of its justification. For illustration, considerthe predecessorsetsobtainedfrom the block
graphin Figure1:� £ q �W>@?Í
 � 3B>DC;? 8 � £ x �W>@?Í
 � 3B>@?/�1> % 8� £ q �W>BAh
 � Ä � £ x �W>BAh
 � Ä� £ q �W> % 
 � Ä � £ x �W> % 
 � Ä� £ q �W>DC;?Í
¨� 3B>@?/�1> % 8 � £ x �W>DC;?Í
¨� 3B>DC;? 8 (15)
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Our succinctexampleillustratesalreadysomesimple criteria that can be directly obtainedfrom the
block graph. First, whenever we have � £ q �W>-
ø��Ä a default rule > is applicablewithout consistency
check. Second,whenever we have � £ x �W>-
��ü3B> 8 a default rule > cansupportitself, 6 in an existing
extension.This is thusinapplicableto ruleslike 
FEC E .

In fact,thefollowing conditionsaresufficient for theabsenceof blockingandthepresenceof support-
ing sets,respectively, in asetof rules � a :� a�ý � £ q ��� a 
¨� Ä (16)� £ x ��� a 
§b � a � if for every > a k � a and > a¼a k � £ q �W> a 
	� we have � £ q �W> a¼a 
,l�jÄ < (17)

Thefirst conditiontellsusthat �Øa containsnoblockingsetfor any of its members.Thesecondcondition
makessurethatall blockingsetsof all membersof � a areinhibitedin � a becauseall supportingsetsare
present.Theconditionin (17)excludescaseswhereruleshave blockingbut nosupportingsets.

Moregenerally, wehave thefollowing sufficientcriteriafor theabsenceandpresence,respectively, of
blockingsetsfor a default rule > in agroundedsetof rules � a . Thereis noblockingsetin � a for > , if�wv�X"Y-Z T Ñ � aÍý � £ q �W>-
 Ò l� � � Q$R$TVU4�W>&
 < (18)

On theotherhand,thereis someblockingsetin � a for > , if�wv�X"Y-Z T Ñ � a ý � £ q �W>-
 Ò � � � Q$R$TVU4�W>&

andprovidedthat �Øa ý � £ q �W>&
 is grounded.

Finally, let us considerthe verification of weak regularity for a groundedset � a of default rules.
Accordingto Theorem3.3,wemustshow that �Øa containsnoblockingsetsfor its members.This is true
if (18) holdsfor each > k � a . However, given the underlyingblock graph ` · �ü�Pò · �Oó · 
 , we may
restrictourattentionto rules > thatbelongto thefollowing subsetof � a :þ a �©ÀS> k � a � �W> a �1>&
 k Ñ ��� a�ÿ � a 
 ý ó · Ò Ã <
For illustration,consider� a �¤3B>BA��1> % �1>DC;? 8 alongwith theblockgraphin Figure1. Weget

þ a ��3B>DC;? 8
and � a ý � £ q �W>DC;?S
���3B> % 8 for which (18)holds— while ignoringall rulesin � a ² þ a ��3B> A �1> % 8 .

The last criteria illustrate the block graph’s role in delineatingsetsof “critical rules”. In the worst
case,we arefacedwith a completeblock graph,from which no gain is to be expected.Otherwise,it
shouldbeclearthatthesmallerthesets� £ q �W>-
 and � £ x �W>-
 , thelarger thepay-off obtainedby meansof
theblock graph.This questionis furtherelaborateduponin [31], wherecoloringtechniquesareusedto
gathermoreinformationin block graphs.

3.5 Relatedapproaches

As mentionedin theintroductorysection,ourapproachsharessomeof its basicintuitionswith argumen-
tationsemantics.In thepioneeringwork of Dung in [19] anargumentationframework is a pair ��ó � � 

where ó is a setof argumentsand

� b³ó ÿ ó representsan “attack” relationbetweenarguments.In
this framework, a default theorycanbe(informally) interpretedvia argumentsof theform ��� ���~
 , whereQSR$TVU4�W­±
�b�� for some“default proof” ­ of � (c.f. Definition 6.1). And ��� ���~
 attacks ����aF���öa�
 if f� � k � a . Observe that this abstractsettinggivesaninfinite setof arguments,amountingto all possible
default proofsdrawablefrom anunderlyingdefault theory.

Thisframework in refinedin [5] by consideringassumption-basedframeworksof form �Jeº�Oó � 
 wheree and ó aresetsof formulasand is a mappingfrom ó in theunderlyinglanguage.ó standsfor a set
of assumptionsthatcanbeusedfor extendinga theory e ; mapsassumptionsto their contrary. Among
othernonmonotonicreasoningformalisms,default logic hasbeenshown to beaninstanceof thisabstract

6This is madeprecisein conditionPTD2 in Definition 5.1.
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framework. Givenatheory �����	�^
 , default rules �"
F�� k � areidentifiedwith monotonicinferencerules

of form ��� 	o�� . Adding theserulesto classicallogic, givesaninferencerelation 
 ñ . Further, let e½���
and ó¨� 3��¤� ��� k QSR$T4U4���¦
 8 ; the contrary �¤� of an assumption�¤� k ó is

� � . Given an
assumptionset óya�b«ó andanassumption�¤� k ó , óºa is saidto attack �¤� if f ��v¦óya

 ñ � � .

Despitetheir different objectsof discourse,blocking setscan be associatedwith redundancy-free
attacks.In fact,we have thatI ´©¶5¸· > impliesthat 3��j���&� k Q$R$TVU4�W´ð
 8 attacks�ïQ$RST4UD�W>&
 , aswell asI ´ ¹¶5 · > impliesthat 3��j���&� k Q$R$TVU4�W´ð
 8 attacks�ïQ$RST4UD�W>&
 .
To see that the converse does not hold in either case, consider theory (5). We get ó �3�� Å ��� �*Å ����H ��� � Ç 8 . However, while ó is an attack for � ��Å

and � � Ç its counterpartÀ 
uÁÁ � 
 C Á% � Á	É % 
FEÂ � 
 C ÂÊ Ã is neithera basicnor an essentialblocking set for any of its members. One
canshow thatthereis acorrespondencebetweentheminimalbasicblockingsetsof a rule > andthemin-
imal attacksof QSR$T4U4�W>-
 . Moreover, in analogyto thediscussionafter(6),wehavethat 3�� Å ��� ��Å ����H 8
attacks� Ç , which hasno essentialblockingsetascounterpart.This shows thatattackscomprisemuch
moreredundancy thanblockingsets.To befair, however, oneshouldbearin mind thattheconceptof an
attackresideswithin anabstractframework, while ourapproachprovidesaninfrastructurefor reasoning,
beingspecificto default logic. Wereturnto thisapproachin Section5.4.

As regardsotherwork specificto default logic, we mentionthat theworks in [28] and[37] treatthe
relatednotion of conflict dealingwith minimal setsof default rules having inconsistentconsequents
ratherthanproofskeletonsmenacingparticularjustifications,asin ourapproach.

4 Existenceof extensions

Determiningwhethera default theoryhasanextensionis a fundamentalproblemin default logic. This
questionis alsopertinentto theextension-membership-problem, sincereasonableconclusionsmustre-
sidein anexisting extension.In previousworks,broadsubclassesof default theoriesalwayspossessing
extensionshave beenidentified. Among themwe find normal [40], ordered [21], ps-even [39]7, and
stronglystratified [10] default theories.

Weaddressthis problemby exploiting blockingrelationsamongdefault rulesby meansof theformal
toolsdevelopedin thelastsection.Thisprovidesuswith arangeof sufficientconditionsfor thecoherence
andincoherenceof default theories.

4.1 Block graph basedcriteria

To begin with, we call a default theory �����	�^
 non-conflicting, if it hasno blockingsets,that is, if its
block graphhasno arcs;otherwisewe call it conflicting. Non-conflictingdefault theorieshave unique
extensionsandtrivially allow for inferenceswithoutconsistency checks.8

Theorem 4.1 Everynon-conflictingdefaulttheoryhasa singleextension.

For instance,default theory � À 
uÁÁ � 
 %% Ã �1ÄÎ
 is non-conflicting,yielding a block graphwith no arcs. The

sameholdsfor Theory(1), wheneliminatingeither
% 
 C������? or

0 
 C������C;? .
Moreinterestingly, wecall adefault theorywell-ordered, if its blockgraphis acyclic. Theorem4.1can

bestrengthenedby thenext result,whichshowsthatwell-ordereddefault theorieshavesingleextensions.

Theorem 4.2 Everywell-ordereddefaulttheoryhasa singleextension.
7We useps-evenfor referringto thenotionof evennessdueto PapadimitriouandSideri[39].
8Observethatalthoughnon-conflictingdefaulttheoriesignorejustifications,they arestill non-monotonicbecauseextensions

maybeinvalidatedafteraugmentinga non-conflictingtheory.
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For instance,default theory � À 
uÁÁ � 
 % É C Á% Ã �1ÄÎ
 is well-ordered;its block graphcontainsa single arc,
indicatingthatthefirst rulemayblock thesecondone(but not viceversa).

Wecall adefault theoryeven, if its blockgraphcontainscycleswith evenlengthonly. Ourmainresult
of this sectionstatesthatevendefault theoriesalwayshave extensions.

Theorem 4.3 Everyevendefaulttheoryhasan extension.

For instance,default theory � À 
¡Á	É C %Á � 
 % É C Á% Ã �1ÄÎ
 is even; its block graphcontainstwo arcs,indicating
thatthefirst rulemayblock thesecondone,andviceversa.

Evennessis alsoenjoyedby our initial default theoryin (1), ascanbeeasilyverifiedby regardingits
block graphin Figure1. Unlike this,default theory �i3 
FEC E 8 �1ÄÎ
 is noteven,sinceits block graphcontains
anoddcycle of lengthone.

Theabove criteriaprovide uswith a strict hierarchyof default theoriesalwayspossessingextensions.
Theadvantageof thesecriteria is that they areeasilyverified,oncea block graphhasbeencomputed.
That is, they canbetestedin polynomialtime andthey rely on a simpledatastructure.Moreover, they
applyto generaldefault theoriesandthey aresyntax-independent, unlike otherapproaches[21, 39] that
applyto semi-normaldefault theoriesonly andthatgive differentresultson equivalentyet syntactically
differenttheories,asdetailedin Section4.4.

4.2 A blocking setbasedcriterion for deciding coherence

Thelastcriteriawerebasedon theabstractionfrom specificblockingsetsfurnishedby theblock graph.
Although this resultsin a much betterspacecomplexity, thereis a price to pay. The criteria fail to
capturetheentireclassof coherenttheories.In fact,we candecidetheexistence-of-extension-problem
for arbitrarydefault theories,whenconsideringtheunderlyingblockingsetsinsteadof theirblockgraph.
This is to thebestof our knowledgethefirst completecharacterizationfor thisproblem.

For this,defineadirectedgraphon all blockingsetsof adefault theoryasfollows.

Definition 4.1 Let \ � ���n�	�^
 bea defaulttheory. Thegraph � · � �Pò��· �Oó��· 
 is a directedgraph
with verticesò �· ��3;´ k ¾ · �P>&
y��> k � 8 andarcsó �· � � ��´Ø�O´ a 
*�&´ ¹¶5 · ´ a�� <
Thedirectedgraph � · representsthecompleteblockinginformationof \ .

Furthermore,weneedthefollowing definition.

Definition 4.2 Let ôj�³�Pò��Oó�
 bea directedgraphand �tbcò an independentsubsetof vertices.� is
an inversekernelof ô iff for all nodes� k òp²�� existsa  k � such that �! ö�"��
 k ó .

Then,we have thefollowing result.

Theorem 4.4 Let \ �³�����	��
 bea defaulttheory.
Wehavethat � · hasan inversekerneliff \ hasan extension.

In fact,we show in Proof4.3 thatevery eventheory \ inducesaninversekernelin its graph � · .
Moreover, therearenon-even theoriesinducingsuchkernels. Let us illustratethis via the example,

usedby Etheringtonin [20] to show thatsemi-normaldefault theoriesmaylackextensions:\ � Ñ À 
uÁ	É C %Á � 
 % É C Â% � 
 Â É C ÁÂ Ã �1Ä Ò � (19)

for short > � �1>#�4�1>#$ , respectively. This theoryhasno extension.Fromsets¾ · �W> � 
*�µ3�3B>#� 8�8 , ¾ · �P>#�1
*�3�3B>#$ 8�8 , and ¾ · �P>#$1
���3�3B> � 8�8 , wegetablockgraph̀
·

with arcs �W>#$4�1>#�1
	�;�W>#�D�1> � 
	�;�W> � �1>#$1
 k ó · whose
arcsform anoddcycle. Adding formula Ç 5 �

to (19)yieldsactuallya theory \ a whoseonly extension
containsÇ . Theblock graphof this theorycontainsin additionto theoddcycle thearc �W> Â �1> Á 
 . In fact,
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this arc counterbalancestheself-blocking-behavior of theoddcycle. The last two situationscannotbe
distinguishedvia thecriteriaof Section4.1. Thus,noneof themis ableto indicateanextensionin the
secondcase,sincè

·dÙ
hasstill anoddcycle. Thisis differentfromthecriterionexpressedin Theorem4.4

that indicatesanextensionin thesecondcase.To seethis, observe that 3B> Â 8 formsaninversekernelof� · Ù .
4.3 Non-existenceof extensions

Ourexpositionwassofardominatedby testsguaranteeingtheexistenceof extensions,althoughtestsfor
their non-existencearealsoof interest.To seethis, reconsiderTheory(19). There,we observedhow an
oddcycle wascounterbalancedby anarc from outsidetheoddcycle. In fact,we canshow thatanodd
cycledestroys all extensionswhenever thereis nosucharc(andnochordsin thecycle).

Let usmake this precisein thesequel.Givena cycle
þ

in adirectedgraph,anarcbetweentwo nodes
of
þ

is calledachord, if it doesnotbelongto thearcsof
þ

.

Definition 4.3 Let \ �³�����	�^
 bea defaulttheorywith block graph ` · �³�����Oó · 
 .
Wedefinea cycle

þ b«� in ` · asharmfulto \ iff

1.
þ

hasno chordsand

2. there is no > k ���³² þ ) such that �W>»�1> a 
 k ó · for some> a k þ .

Now, wearereadyto prove thefollowing resulton thenon-existenceof extensions.

Theorem 4.5 Let \ �³�����	��
 bedefaulttheoryand
þ b«� .

If
þ

is anharmful,oddcyclein ` · , then \ hasno extension.

For illustration, considerthe odd cycle in the block graphof Theory(19). This cycle satisfiesboth
conditionsin Definition4.3,indicatingthat(19)hasnoextension.

Although Theorem4.5 doesnot furnish a completecharacterizationfor default theorieswithout ex-
tensions,it providesnonethelessaneasy, blockgraphbasedtestthatallowsusto shortenthegaptowards
thosetheorieswhoseextensionsaredetectableby meansof thecriteriagivenin Section4.1.

4.4 Relatedapproachesto the existence-of-extension-problem

Historically, normaldefault theorieswerethefirst classfor whichtheexistenceof extensionswasdemon-
strated[40]. Onemaywonderwhy they have not playeda specialrole sofar. Thereasonis thatnormal
default rulesareinvolved in the reasoningprocessasany otherrules. For instance,take a rule 
 %Â and
no facts;this givesanextensioncontainingc. But addingnormalrule

Â 
 C %C % destroys this extensionand
leavesus with an incoherenttheory. This shouldillustrate that normaldefault rulesdeserve the same
attentionasany otherrule. In fact,neitherourapproachnorany of thefollowing onesis ableto indicate
— by its propermeans9 — theexistenceof extensionsfor normaldefault theories.

Etherington’sordered default theories. Thepioneeringwork on theexistence-of-extension-problem
wasdoneby Etheringtonin [20], althoughthe problemwasalreadydiscussedin [40]. Etherington’s
approachappliesto semi-normaldefault theoriesin clausalform. Theideais toextractfrom suchtheories
a relationon literals. Intuitively, this relationwasmeantto capturethe inferentialdependency among
literals.Then,asemi-normaldefault theorywassaidto beorderedif theresultingrelationwasirreflexive,
thatis, no literal dependedon itself.

Orderedtheorieswerethensupposedto possessat leastoneextension.Unfortunatelythis turnedout
to bewrong.To seethis,considerdefault theoryÑ À 
 Â É %Â � Â 
 C %C % Ã �1Ä Ò <

9Thatis, withoutproviding a priori a specialcasehandlingnormaldefault rules,asdonein [10].
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Althoughthissemi-normaldefault theoryis orderedaccordingto [20, p. 86,Definition % and % ], it has
noextension.This counterexampleappliesalsoto theimprovementsmadein [2].

Weobtainfrom theprevioustheoryablock graphhaving two arcspointingfrom bothdefault rulesto
thefirst one.Thisgraphhasthusanoddcycle thatrenderstheunderlyingtheoryincoherent.

Papadimitriou and Sideri’s even default theories. PapadimitriouandSideri generalizedEthering-
ton’s approachin [39]. Their approachis alsorestrictedto semi-normaldefault theoriesin conjunctive
normalform. In analogyto [20], arelationis extractedfrom thesetheoriesin orderto capturethedepen-
dency amongliterals. This relationis usedto definea directedgraphwith nodes� . Papadimitriouand
Siderishow in [39] thatany default theory, whosecorrespondinggraphhasonly evencycles,possesses
anextension.For clarity, wereferto suchtheoriesasbeingps-even.

ConsiderthetheoriesÑ À 
 ÂÂªÃ �1Ä Ò and & � 
 Â É(' Â�) C Â�*Â � �1Ä,+
bothof which have thesameextensionegfh�¡3 Ç 8 
 . However, both theoriesyield a differentgraphin the
approachof PapadimitriouandSideri. While the first onesatisfiesps-evenness,the seconddoesnot
satisfyps-evenness.This demonstratesthatps-evennessis syntax-dependent.

Our approachyields for both theoriesthesameblock graph,having a singlenodeandno arcs.Both
theoriesarethusrecognizedasbeingnon-conflictingandaspossessinga singleextension.This shows
thatthereareevendefault theoriesthatarenot ps-even.Conversely, wehave thefollowing result.

Theorem 4.6 Let \ bea semi-normaldefaulttheoryin conjunctivenormalform.
If \ is ps-even,thenit is even.

We seethat theblock graphbasedcriterion of evennessis moregeneralthanits counterpartin theap-
proachof PapadimitriouandSideri: (i) it is not restrictedto a fragmentof default logic, (ii) it is syntax-
independent,and(iii) it is moreexpressive on the fragmentdealtwith by PapadimitriouandSideri. To
be fair, however, we notethat our investmentin constructingthe block graphis alsogreaterthanthat
neededfor constructingthegraphsfor ps-evenness10.

Cholewiński’s stratified default theories. Cholewiński adaptsin [10] the notion of stratification,
known from logic programming,for default logic. He thenprovesthatso-calledstrongly stratifiedde-
fault theoriesalwayspossessextensions.Intuitively, this criterion distinguishesdefault theorieswhose
rulescanbeorderedby meansof astratificationfunction.

In additionto this orderingcondition,however, stratifieddefault theoriesimposea ratherseverere-
striction on the interplay betweenthe premises� of a default theory and its default rules � . For
stratifieddefault theoriesitis requiredthat the languageof � and X"Y-Z TS���¦
 mustbe disjoint. For in-
stance,this preventsstratificationtechniquesto recognizetheexistenceof simplenormaltheories,likeÑ À 
iÁÁ � 
 %% Ã �43 ��Å.-6�y� 8 Ò .As opposedto all aforementionedapproaches,thedefinitionof stratificationprovidesa particularac-
countfor normaldefault rules,having syntacticallyequivalentjustificationsandconsequents(see[10]).
However, theapproachfails to capturetheexistenceof extensionsfor semanticallynormaldefault theo-
ries,dueto a lackof syntax-independence. To seethis,considertheoriesÑ À 
¡ÁÁ � 
 %% Ã �1Ä Ò and & � 
uÁ	É('�E ) C E *Á	É('0/ ) C / * � 
 % É('0/ ) C / *% É(' E ) C E * � �1Ä,+��
bothof whichhavethesameextensionegf9� 3 Å � � 8 
 . As detailedin [31], thefirst default theoryis strongly
stratified,which is not the casefor the secondone. This demonstratesthat stratificationis syntax-
dependent.Of course,this is rectifiableby replacingtheunderlyingconceptof “syntacticalequivalence”
by “logical equivalence”;however, thismeansalsopassingfrom asubproblemin P to onein NP.

10Notethat[17, 18] usesimilargraphsandkernelsto ensureexistenceof extensionsfor therestrictedclassof propositional,
prerequisite-free,conjunctive default theories.
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Ourapproachyieldsfor boththeoriesthesamearclessblockgraph,indicatingtheexistenceof asingle
extension.To befair, we recallthatthecomputationof theblockgraphis probablybeyondNP.

Bondarenko et al.’sorder-consistentassumption-basedframeworks. In [5], aminimality condition
is imposedon attacksin orderto defineanattack relationshipgraph for assumption-basedframeworks.
This graphis usedto definestratified andorder-consistentassumption-basedframeworks (see[5] for
details).Wehave thefollowing result.

Theorem 4.7 Let �����	�^
 bea defaulttheoryandlet
� ey�Oó � � bethecorrespondingassumption-based

framework.

1. If
� ey�Oó � � is stratifiedaccording to [5], then �����	�^
 is well-ordered.

2. If
� ey�Oó � � is order-consistentaccording to [5], then �����	�^
 is even.

To seethat stratificationandorder-consistencearestrictly weaker conceptsthanwell-orderednessand
evenness,respectively, considerthefollowing extensionof theory(5)Ñ À 
¡ÁÁ � 
 C Á% � ÁVÉ % 
FEÂ � 
 C ÂÊ � 
 C ÊC Á Ã �1Ä Ò
This theoryis neitherstratifiednor order-consistent,whilst it is well-orderedandthusalsoeven. Let us
explain this in termsof minimal basicblockingsets,sincethey correspondto minimal attacks.WehaveÀ 
uÁÁ � 
 C Á% � Á	É % 
�EÂ Ã ¶5 · 
 C ÂÊ � À 
 C ÂÊ Ã ¶5 · 
 C ÊC Á and À 
 C ÊC Á Ã ¶5 · 
uÁÁ <
This inducesan odd cycle between 
 C ÂÊ , 
 C ÊC Á , and 
¡ÁÁ in the correspondingattackrelationshipgraph.
In contrastto this, theessentialblockingsetsof theabove theoryinduceanacyclic block graph,which
allows usto establishtheexistenceof asingleextension.

5 Alter nativecharacterizationsof extensions

This sectionfurnishesalternative characterizationsof extensionsby appealto blockingsets.It lays the
formal foundationsfor ourelaborationuponlocal,proof-orientedconceptsfor default logic. To thisend,
weshift theemphasisfrom extensionsto theirunderlyingsetsof generatingdefault rules.Theapplication
of a setof default rulesdependson several issues.Apart from groundedness,it involvesprotectingthe
constituentdefault rulesagainstblockageandassuringanencompassingextension.Westartby giving a
formal accountof thefirst issue,while thesecondonecanbeaddressedby thecriteriadevelopedin the
lastsection.

5.1 Protectedness

Theconceptof asetof default rulesbeing“protectedagainstblockage”canbemadepreciseasfollows.

Definition 5.1 Let \ �³�����	�^
 bea defaulttheory.
A setof defaultrules � a b«� is protectedin \ iff for each > k � a wehavethat

PTD1 ´µb«�Øa for no ´ k ¾ · �W>-
 and

PTD2 _�bz��a for some_ k ú · �W>&
 .

In words,asetof defaultsis protectedif it containsnoblockingsetfor any of its defaultsandif it contains
somesupportingsetfor eachconstituentdefault. For example, �Øa �Ô3B> % �1>@? 8 is protectedin (1). A set
like 3 
WEC E 8 cannot be protected.Although 3 
FEC E 8 is its own supportingset,which establishesPTD2, it
fails to satisfyPTD1.
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We notethat protectednessdependsexclusively on the rulesin � a andthoseconnectedto � a in the
block graph. In fact, PTD1 refersto rules in � a only so that it remainsunaffectedwhen increasing�¯²ª��a . It is thereforemonotonicwrt the additionof default rules to � . Semantically, PTD1 is the
blockage-orientedcounterpartof weakregularity (c.f. Theorem3.3). As opposedto the local character
of PTD1, conditionPTD2 controlstheinteractionwith rulesexternalto �Øa . PTD2 guaranteesthatthere
areno blocking setsoutsideof � a . The scopeof this interactionis delineatedby thepre-predecessors
of � a in theblock graph,amongwhich we find thesupportingsetsneededfor protecting� a againstits
blocking sets. In all, (grounded)protectedsetscanbe regardedas fully independentcomponentsfor
generatingdefault rules.This importantfactis madeprecisein Theorem5.3below.

In fact,thegeneratingdefault rulesof anextensionform themselvesaprotectedsetof default rules.

Theorem 5.1 Let \ �³�����	��
 bea defaulttheoryandlet m bea setof formulas.
If m is an extensionof \ , thenGD �����Omo
 is protectedin \ .

5.2 Characterizing extensionswithout fixed-points

By combiningthenotionof protectednesswith a coherencecondition,we obtaina seriesof alternative
characterizationsof extensions,all of whicharebasedon Theorem5.3below.

For expressingthis result,we first needthefollowing definition.

Definition 5.2 Let \ �³�����	�^
 bea defaulttheoryand � a b«� .
Wedefine\ � � a as

Ñ �^²ª��� a v � a 
.�M��v�X"Y�Z T Ñ � a ÒºÒ
where � a ��3B> k ���Î�¨v�X"Y-Z TS�P� a 
�� � � Q$R$TVUD�W>&
 8 .
The purposeof � a is to eliminatedefaults whosejustification is inconsistentwith the factsof \ � ��a .
Intuitively, theoperation\ � � a resultsin adefault theory, simulatingtheapplicationof theruleset � a to
theory \ . This is madeprecisein thefollowing theorem.

Theorem 5.2 Let \ �Ó���n�	�^
 bea defaulttheoryand let m bea setof formulas. Further, let � a b
GD �����Omo
 begroundedin � .

Wehavethat m is an extensionof \ iff m is an extensionof \ � � a .
Usingthisconcept,we canformulatethefollowing majorresult.

Theorem 5.3 Let \ �³�����	��
 bea defaulttheoryandlet m bea setof formulas.
Wehavethat m is an extensionof \ iffm³�cegf Ñ �¨v«X"Y-Z T Ñ � a Ò vøm a Ò

for some�Øa�bz� such that

1. � a is groundedin � ,

2. � a is protectedin \ , and

3. \ � �Øa hasextensionmªa .
Theutility of this resultstemsfrom its decompositionof thedefinitionof anextensioninto theformation
of grounded,protectedsets��a andacoherenceconditionon thetheorysimulatingtheapplicationof the
rulesin � a . Notably, in a coherentcontext, the applicationof sucha setof rulesis fully independent
of the restof the theory. Observe alsothat verifying conditions1. and2. involves inspecting�Øa and
predecessorsof � a in the block graphonly (seeTheorem5.9 below). The treatmentof the remaining
rulesis (roughly)mappedontoanexistence-of-extension-problem.

Taking � a in the “only-if ”-direction of the last theoremasthegeneratingdefault rulesof m yieldsa
non-conflictingdefault theory, asshown next.
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Theorem 5.4 Let \ �³�����	��
 bea defaulttheory.
If m is an extensionof \ , thendefaulttheory \ �GD �����Omo
 is non-conflicting.

Thatis, we getanarclessblock graph ` ·21GD ' ñ � 3 * �³���³²r� GD ���n�Om¥
hv GD �����Omo
O
	�1ÄÎ
 .
The “if ”-direction of Theorem5.3 is of greatsignificance,sinceit furnishesconstructionprinciples

for extensions,dependingon thenatureof theunderlyingdefault theory.

Theorem 5.5 Let \ �³�����	��
 bea non-conflictingdefaulttheoryandlet m bea setof formulas.
We havethat m is an extensionof \ iff mÓ�Ôegf9�i�¨v�X"Y-Z T$��� a 
@
 for a greatestset � a b©� being

groundedin � .

Technically, this resultis obtainedasaby-productin theproofof Theorem4.1.
Themoreinterestingcaseis theconflictingyet coherentone.

Theorem 5.6 Let \ �³�����	��
 beanevendefaulttheoryandlet m bea setof formulas.
We havethat m is an extensionof \ iff m¿�©egfh�i�¨v¸X"Y�Z T$��� a 
@
 for somemaximal � a b�� being

groundedin � andprotectedin \ .

That is, oncetheblock graphindicatesthata default theoryissevenits extensionsareinducedby max-
imally groundedandprotectedsetsof default rules.This definitiondoesnot only avoid a globalconsis-
tency check,asneededin traditionalones,but it moreover getsrid of theusualfixed-pointcondition.

Evenmoresurprisingly, this canalsobeachievedin thegeneralcase.

Theorem 5.7 Let \ �³�����	��
 bea defaulttheoryandlet m bea setof formulas.
We havethat m is an extensionof \ iff mõ�Ôegf9�u�wv�X"Y-Z TS���Øa�
@
 for somemaximal ��a�b©� such

that � a is groundedin � , � a is protectedin \ and \ � � a is non-conflicting.

In contrastto eventheories,we needin thegeneralcaseanadditionalfilter, stipulatingthattheresulting
set � a inducesanarclessblock graph ` ·21 ñ Ù . As a matterof fact, this is neededfor covering theentire
setof default rules � . While � a is conditionedby multipleconstraints,���c²h� a 
 is takencareof through` ·21 ñ Ù . Thus,therulesin ���©².��a�
 arenotnecessarily(re)inspecteddueto theblock graph.

We seethatbothTheorem5.3and5.7 rely on block graph ` ·�1 ñ Ù . In fact, theseblock graphscanbe
obtainedfrom ` · by arc-deletiononly, asshown next.

Theorem 5.8 Let \ �³�����	��
 bea defaulttheorysuch that ` · �³�����Oó · 
 containsnoself loops.
If � a b«� is groundedin � andprotectedin \ , then ó ·�1 ñ Ù b«ó · .

Thusnew arcscanonly appearin ` ·21 ñ Ù in thepresenceof self loops.11

Theobviousquestionis now: Wherehavetheglobalconsistencycheck alongwith its underlyingfixed-
point constructiongone?Theansweris: They havebeencompiledaway! A fixed-pointconstructionis
usuallyneededfor guessingthe resultingextension. During the reconstructionof suchan extension,
all default rulesarethenalreadyappliedrelative to the consistency requirementsimposedby the final
extension.In thisway, it is impossiblethattheapplicationof adefault rule > is subsequentlyinvalidated
by applyinganotherdefault rule > a , whoseconsequentcontradictsthejustificationof > . Thatis, checking
consistency againstthe pre-guessedextensionmakes it impossibleto apply default rulesunderwrong
consistency assumptions.Now, the block graphmakessuchkind of guessesobsolete,sinceit tells us
whichrulesthreatentheapplicationof otherrules.Thatis, whenconsidering> for application,theblock
graphindicateswhetherit is threatenedby > a , andif this is the casewhich defaultsarecandidatesfor
supportingtheapplicationof > (by blocking > a ). Formally, this is accomplishedby stipulatingprotected-
ness. In addition,we mustaccountin thegeneralcasefor default rulesmenacingtheoverall extension.
This is addressedby requiringthat thetheorysimulatingtheapplicationof thegeneratingdefault rules
is non-conflicting,or equivalently, thatits blockgraphhasno arcsanymore.

11This is dueto ConditionBS3in Definition3.1,which relieson theeliminationof singlerules;sucharule mayconstitutea
self loop.

20



Considerourrunningexample(1). Thefirst extensionm q is generatedby GD ���n�Om q 
���3B>BA"�1> % �1>DCB? 8 .
Clearly, GD ���n�OmªqV
 is grounded;its protectednessis establishedby the sufficient conditionsin (16)
and(17). For maximality, we observe thattheadditionof >@? would violatePTD1. Finally, we notethat\ �GD �����Om q 
 leavesuswith anemptysetof rules,giving anemptyblock graph.

For a complement,considerthetheory \ a obtainedby adding 
�EC E to (1). ThesetGD ���n�Om q 
hvs3 
FEC E 8violatesPTD1, so thatwe consideroncemoreGD ���n�Om q 
 , whosegrounded-andprotectednessarees-
tablishedasabove. Now, however, \ a �GD ���n�OmªqV
 yields a block graph,whosesinglearc is a loop at
node 
FEC E . Sinceall furthersubsetsof GD �����Om q 
 bearevenricherblock graphs,\ a hasno extension.

5.3 Restrictedsemi-monotonicity

An importantquestionis whichrulesin � mustactuallybeinspectedfor decidingwhether� a is asubset
of thesetof generatingdefault rulesof someextension.Recallthat this questionhasa trivial answerin
semi-monotonicdefault logics: It is just � a andno otherrules. In Reiter’s default logic, theanswercan
bereadoff theblockgraph:It is ��a alongwith its reachablepredecessors.

By letting �
4 ��� a 
 denotethesetof all reachablepredecessors12 of rulesfrom � a in ` · , weobtainthe
following result.

Theorem 5.9 (Restricted Semi-monotonicity)Let \ �Ó�����	�^
 be a defaulttheoryand let � a b^�
bea setof defaults.

If � � 4 ���Øa�
	�	�^
 hasan extensionm 4 and \ �GD � � 4 ���Øa�
	�Om 4 
 is coherent, then \ hasan extensionm
with m 4 b«m .

This resultmakesprecisetheblock graph’s role for limiting the searchspaceby delineatingthesetof
default rulesthatmustbeinspectedfor validatingtheapplicationof asetof default rules.

As mentionedin the introductorysection,semi-monotonicitywasalreadyisolatedby Reiterin [40],
wherehe showed that it is only satisfiedby normaldefault theoriesin his default logic. This hasled
in thefollowing yearsto thedevelopmentof variousalternative default logics,all of which enjoy semi-
monotonicityin full generality. Theresultgiven in Theorem5.9 is — to thebestof our knowledge—
thefirst resulton semi-monotonicitycapturingnon-normaldefault theoriesin Reiter’s default logic.

5.4 Relatedapproachesfor characterizing extensions

As mentionedabove, thefirst non-fixed-pointcharacterizationof extensionswasgivenin [20]. A rough
syntacticcharacterizationof Etherington’ssemanticsamountsto constructingmaximalsequences

� >V�u�i�F�&�
of default rulesthataregroundedandthatsatisfy�wv�X"Y-Z TS�i3B>4¢-� <D<D< �1>V�F£ q 8 
�l� � � Q$R$TVU4�P>V�W
 for all � k6� < (20)

Suchasequenceis calledstableif it is weaklyregular. Stablesequencescorrespondto generatingdefault
rulesof extensionsandviceversa[20]. Condition(20)givesanapproximationof weakregularity, which
is thenverifieda posteriori.

Another interestingcharacterizationof extensionis given in [43]: m is an extensionof �����	��
 if f
thereis agroundedsubset� a b«� suchthat m³�cegfh�i�¨v¸X"Y�Z T$��� a 
@
 andfor all > k � we have

1. If > k ��a then K�L@N$�P>-
 k m and
� Q$R$TVU4�P>&
rlk m ,

2. If >Ølk � a then K�L@N$�P>-
�lk m or
� Q$R$TVU4�W>&
 k m .

Unlike above, this characterizationmakesexplicit referenceto the rules in �¿²�� a . This referenceis
usuallydealtwith implicitly by appropriatemaximality conditions. In fact, any valid � a is a maximal
groundedsetsatisfyingCondition1.

12SeeSectionA for a formal definition.
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Let us now returnto the argumentationframeworks discussedin Section3.5. Dung gives in [19] a
correspondencebetweenextensionsandhis stablesets, definedas: _p�]3;óõ�öó is notattackedby _ 8 .
This conceptis refinedin assumption-basedframeworks [5], wherestablesetsaredefinedas setsof
assumptions_ satisfyingthefollowing conditions:

1. _ doesnotattackitself, and

2. _ attackseachassumption� lk _ .

Equivalently, givenanassumptionbasedframework �Jeº�Oó � 
 for some ���n�	�^
 , aset _ is stableiff_(��3��¤�¸�-� k Q$RST4UD���7
 and �¨v¦_jl
 ñ � � 8 ��3;ó©�&ó is notattackedby _ 8,< (21)

In [5], extensionsarethenput in correspondencewith setsof form egf9�i�¨v6_�
 . This givesa charac-
terizationof extensionsin termsof setsof justifications,asopposedto setsof generatingdefault rules.
Condition1. enforcesweakregularity. Similar to Risch’s secondcondition,Condition2. stipulatesthat
any rule (or justification)not contributing to the stablesetcannot be applied. As above, this induces
maximalsetssatisfyingCondition1.

Our family of characterizationsdiffers in several respectsfrom thoselisted above. First, our basic
characterizationin Theorem5.3 doesnot rely on maximal setsof rules; it is applicableto arbitrary
subsets� a of � . Second,it dealswith rulesin �©²�� a by appealto coherence,which canbeaddressed
in several ways. For instance,by usingthe block graph,it allows us to avoid the commonfixed-point
characterizationof extensions(c.f. Theorem5.7).Third,weusesupportingsetsfor protecting� a instead
of (meta)conditionsforbiddingblockingsetsoutsideof � a .

Among the computationallymotivated characterizationsof extensions,Niemel̈a describesin [38]
sophisticatedconflict-resolutiontechniquesfor an extension-construction-procedure. Interestingly, as
assumption-basedframeworks, it relieson characterizingextensionsby setsof justifications,calledfull
sets. Full setscontainthosejustificationsthat areconsistentwith the set,obtainedby closingthe ini-
tial setof factsunderclassicalinferencesandthosedefault rules(usedasmonotonicinferencerules)
whosejustificationsbelongto the full set. By definition, this is equivalent to the notion of stablesets
givenin (21). Computationally, full setsaredeterminedby techniquesborrowedfrom theDavis-Putnam-
Procedure[14]. In contrastto this,Mareket al. advocatein [11] stratificationtechniquesastheprimary
tool of their extension-construction-procedure.

Finally, let usbriefly returnto argumentationframeworks in orderto investigatethe relationshipbe-
tweenso-calledadmissibleassumptionsetsandprotectedsets. A setof assumptions_ is admissible
if

1. _ doesnotattackitself, and

2. for all setsof assumptions_�a , if _da attackssome� k _ , then _ attackssome�öa k _da .
Maximal admissiblesets _ areusedin [5] for definingextensionsof form egf9�u�wv6_�
 thatdiffer from
Reiter’s extensions.Considertheory

Ñ À 
 C ÁÁ � Ág
 %Â � 
 C ÂC ÂªÃ �1Ä Ò . While theonly admissiblesetis Ä , we get
anadditionalprotectedset,namely À 
 C ÂC ÂªÃ . Theconceptof extensionsdefinedby maximalprotectedsets
is elaborateduponin [30].

6 Characterizationsof default proofs

Thissectionaddressestheextension-membership-problem. Thisproblemhasactuallythreedimensions:
First, the decision-orientedone that is merelyconcernedwith the abstractquestionwhethera default
theoryhasanextensioncontainingagivenformula.Second,theproof-orientedonethataimsatproviding
an adequatenotion of a default proof. And finally the algorithmic dimensionthat dealswith query-
answeringprocedureswhoseaim is thento find theaforementioneddefault proofs.In whatfollows,our
emphasislies on thecharacterizationof default proofsratherthanthealgorithmicaspectsdealingwith
thesearchfor theseproofs.
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6.1 Formal foundationsfor default proofs

Thediscussionin thelastsectionwasdominatedby theconsiderationof maximalsetsof default rules � a
in Theorem5.3. It is however equallyimportantto noticethat �Øa needsnot to bemaximal. This is be-
causeclassicallogic allows usto sanctionviablepartsof anextensionm , givenby egf9�i�¨v�X"Y-Z TS�P� a 
@
 ,
without constructingthe remainingpart, namely m a . In fact, taking � a asa groundedsubsetof some
generatingdefault rulesattributesto it thecharacterof anextension-dependent defaultproof: Giventhe
setof generatingdefault rulesGD �����Omo
 for anextensionm , adefaultproofof someformula ¬ is simply
agroundedset �Øa~b GD �����Omo
 suchthat � v7X"Y-Z TS�W�Øa�
�� ��¬ . In thecontext furnishedby m , wedonei-
therhave to careabouttheconsistentapplicationof therulesin � a (this is assuredby � a b GD �����Omo
 )
nor (trivially) abouttheexistenceof anencompassingextension.Both issues,addressedby conditions2.
and3. in Theorem5.3,arehowever of crucialimportance,whenever nosuchextensionis provided.

For example,in Default theory(1), theset � a �¤3B> % �1>@? 8 mayserveasadefaultproof for f . It satisfies
conditions1. and2. in Theorem5.3 becauseit is groundedandprotectedwrt (1). For showing that

'
belongsto anexistingextension,wemustshow that \ � � a is coherent.Thiscanbeaccomplishedwithout
computingsuchanextension.Wegetanon-conflictingtheory\ � � a � ���^²ª�i3B> % �1>@? 8 v�3B>DC;? 8 
	�	� vn3 ' � � 8 
s�ù�i3B> A 8 �43 + � !/#10 � ' � � 8 

which musthave a singleextensiondueto its arclessblock graph. Hence,we have shown that f is a
default conclusionof (1) withoutcomputingthecorrespondingextension.

Thefollowing corollaryto Theorem5.3makesthepreviousideasprecise.

Corollary 6.1 Let \ �³�����	��
 bea defaulttheoryandlet ¬ bea formula.
Wehavethat ¬ k m for someextensionm of \ iff�wv�X"Y-Z T Ñ � a Ò � ��¬

for some� a bz� such that

1. �Øa is groundedin � ,

2. �Øa is protectedin \ , and

3. \ � �Øa is coherent.

Theformationof default proofsthusboils down to finding a groundedandprotectedsetof default rules
thatallows for deriving aquery, providedthatit is applicablewithin anexistingextension.

Whenever Condition 3. can be addressedby one of the criteria given in Section4, Corollary 6.1
representsa characterizationof default proofsexpressedentirely in termsof blocking andsupporting
sets.In case\ � � a agreeswith thesyntacticformatsstipulatedin eitherof [21, 39,10], theseapproaches
work justasfine. Thetestis trivial if \ � �Øa is normalor non-conflicting.

6.2 Default proofsfr om non-conflicting default theories

For conceptualclarity, westartwith defaultproofsfor thesimplecaseof non-conflictingdefault theories.

Definition 6.1 (Pure default proof13) Let \ �³�����	�^
 bea defaulttheoryand ¬ a formula.
A setof defaultrules ­©b«� is a pure defaultproof for ¬ from \ iff

P1 �wv�X"Y-Z TS��­±
y� �j¬ ,

P2 ­ is groundedin � .

13Observe thatalthoughpuredefault proofsignorejustifications,they arestill non-monotonicbecausethey maybe invali-
datedafteraugmentingtheunderlyingnon-conflictingtheory.
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Weseethatbasicblockingsetsarepuredefault proofsfor negatedjustifications.Observe thatthesimple
natureof non-conflictingtheoriesmakesconsistency checksobsolete.For example,let \ a a be the de-
fault theoryobtainedfrom (1) by leaving out

% 
 C������? . Then, \ a a is non-conflictingand ­ � 3 0 
 C������C;? 8
is a puredefault proof for

� '
. This proof canbefoundwithout consistency checkingnor any measures

guaranteeingtheexistenceof anencompassingextension.
Weobserve thefollowing resultfor non-conflictingdefault theories.

Theorem 6.2 Let \ bea non-conflictingdefaulttheoryand ¬ a formula.
Wehavethat ¬ k E for an extensionE of \ iff there is a pure defaultproof for ¬ from \ .

6.3 Default proofsfr om conflicting yet coherent default theories

Wheneverwehaveaconflictingyetcoherentdefault theory,wehave to takesupportingsetsinto account
becausethenit is necessaryto protecttheconstituentdefault rulesof adefault proof. This leadsusto the
conceptof protecteddefaultproofs.

Definition 6.2 (Protecteddefault proof) Let \ �©���n�	�^
 bea defaulttheoryand ¬ a formula.
A setof defaultrules ­©b«� is a protecteddefaultproof for ¬ from \ iff

PP1 ­ is a pure defaultproof for ¬ from \ ,

PP2 ­ is protectedin \ .

Notethat this characterizationsubstitutesglobalconsistency checksby thedeterminationof supporting
sets.In fact,any protecteddefault proofconsistsof rulesneededfor deriving ¬ andsupplementaryrules
neededfor protectingthe derivation againstblocking sets. Hence,we have to make surethat thereis
somesupportingsetfor eachdefault in theproof,asexpressedin thefollowing definition.

Thenext resultshows thatit is sufficient to inspecttheset �54 ��­±
 of all reachablepredecessors(in the
blockgraph)of apuredefault proof ­ whencheckingits protectedness.

Theorem 6.3 Let \ �¿�����	�^
 bea defaulttheoryandlet ­¿b¤� bea pure defaultproof for ¬ from\ .
If defaulttheory � � 4 ��­±
	�	�^
 hasextensionm with ¬ k m , thenthere is a protecteddefaultproof for¬ from �����	��
 .

Observe thatwithout any restrictionon thetheory, theexistenceof a protecteddefault proof for ¬ does
not guaranteean extensioncontaining ¬ . That is, soundnessand completenessnecessitatecoherent
theories(c.f. Theorem6.4).

For illustration,let usreturnto theevendefault theoryin (1). Wehave seenin Section6.2 that­���3B>DCB? 8 � � 0 
 C���� �C;? � (22)

is apuredefault proof for
� '

, thatis, PP1holds.For verifying PP2, we mustaddressPTD1 andPTD2.
For PTD1, it is sufficient to observe that themembersof ­ arenot connectedin theblock graph. The
fact that ú · �u>DC;?Í
M�ï3�3B>DC;? 8�8 establishesPTD2. Hence­ is a protecteddefault proof for

� '
from (1).

Providedthatoneusesapproximationcondition(17) for establishingPTD2, this proof is foundwithout
any consistency checksandno measuresguaranteeingtheexistenceof anencompassingextension.

Similarargumentsshow that­ a � � 0 
 %% � % 
 C���� �? � and ­ a a � � 0 
 %% � % 
 AA � (23)

areprotecteddefaultproofsfor
'

and
)

from Theory(1), respectively. Notethatweonly haveto warrant
a supportingsetfor

% 
 C���� �? sinceit is theonly default rule in ­ a v6­ a a having a predecessorin theblock
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graph.As with

0 
 C������C;? above,however,

% 
 C������? supportsitself, sothatno otherdefaultshave to betaken
into account.Theseconddefault proof is formedwithout any supportingsets.

As a result,we getthatprotecteddefault proofsfurnisha soundandcompleteconceptfor addressing
theextension-membership-problem on coherent,or in ourcaseevendefault theories.

Theorem 6.4 Let \ �³�����	��
 bea evendefaulttheoryand ¬ a formula.
Wehavethat ¬ k E for an extensionE of \ iff there is a protecteddefaultproof for ¬ from \ .

Thestipulationof evennessstemsfrom the fact that it relies,asprotectedness,on theunderlyingblock
graph. Thusthe interplayof both conceptscanbe characterizedin a direct way. Therefore,evenness
shouldnotbeseenasarestrictiononcoherenttheories.Thereshouldbemoregeneralclassesof coherent
default theories,guaranteeingcorrectnessandcompletenessof protecteddefaultproofsthatremainto be
discovered.

As a corollaryto Theorem6.6,we obtainthatdecidingwhetherthereis a protecteddefault proof for
formula ¬ from adefault theoryis in Ú Ûx .

6.4 Default proofsfr om generaldefault theories

Whendealingwith arbitrarydefault theories,wemustguaranteethatadefaultproofresidesin anencom-
passingextension.Clearly, this shouldbedonewithout computingsuchanextension.Givenaprotected
default proof ­ from a theory \ , this canbeaccomplishedby checkingwhether\ � ­ is coherent.

Definition 6.3 (General default proof) Let \ �³���n�	�^
 bea defaulttheoryand ¬ a formula.
A general defaultproof for ¬ from \ is a setof defaultrules ­ïb«� such that

DP1 ­ is a protecteddefaultproof for ¬ from \ and

DP2 \ � ­ is coherent.

For illustration, let us add self-circulardefault rule GDCB?c� 
 ?C;? to the theory in (1). The resulting
theory \ a hasasingleextension:egfh�u�wvn3 � � ) � � ' 8 
 . Theblock graphof \ a is givenin Figure2. It is>@? >BA

> % >DC;?
GDC;?

Figure2: Block graphof \ a .
obtainedfrom theonein Figure1 by addingarcs �WGDC;?$�1GDCB?Í
 , �W>DC;? �1GDCB?Î
 , and �WGDC;?/�1>@?S
 . In what follows,
wereconsiderthepreviousprotecteddefault proofsin thelight of this change.

Westartwith theprotecteddefault proof givenin (22),viz.­���3B>DCB? 8 � � 0 
 C������C;? � <
For establishingDP1, we observe that thesetof predecessorsof >DCB? remainsunchanged.For verifying
DP2, we considertheblock graphof \ aP� ­ , which is obtainedfrom ` ·dÙ by deletingarcsandvertices.
First,we deletein ` ·9Ù all defaultsin ­³�^3B>DCB? 8 alongwith all adjacentarcs.Thesameis donewith >@?
and GDC;? because� v«X"Y�Z TS�i3B>DC;? 8 
�� � � Q$RST4UV�W>-
 for > k 3B>@?/�1GDC;? 8 (c.f. Definition 5.2). As a result,we
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obtainagraphwith vertex set 3B>BA��1> % 8 andnoarcs.This impliesthat \ a � ­ is coherentandhencethat ­
is ageneraldefault proof for

� '
from \ a .

Next, considerthefirst protectedproof in (23),viz.­ a ��3B> % �1>@? 8 � � 0 
 %% � % 
 C���� �? � < (24)

Unlike above,we encounteranadditionalpredecessorof ­ra in theaugmentedblock graph,namely GDCB? .
The predecessorsof GDC;? yield two candidatesfor forming a supportingset: >DC;? and GDC;? . We seethat
their commonconsequent

� '
is inconsistentwith thosein ­ a . In otherwords,augmenting­ a by either

of themwould violatePP2, that is, PTD1. Hencethereis no way to form a supportingsetfor >@? andso­ a is noprotecteddefaultproof from \ a . This is reflectedby thefactthat \ a hasnoextensioncontaining'
.
Finally, let usconsiderthesecondprotectedproof in (23),viz.­ a a ��3B> % �1> A 8 � � 0 
 %% � % 
 AA � <

Althoughtheabsenceof predecessorsof ­ra¼a in ` ·dÙ01 Û Ù Ù establishesDP1, therulesin ­ra a areinsufficient
to guaranteeanencompassingextensionsincethereis anoddcycle in ` · Ù 1 Û Ù Ù , asshown in Figure3. In>@?

>DC;?
GDC;?

Figure3: Block graphof \ a � ­ a a .
contrastto theproof in (24), we maystrengthen­ra a in orderto establishDP2. To seethis, observe that
thereis anarcenteringtheoddcycle,namely �W>DC;? �1GDC;?Î
 . This indicatesthat >DC;? mayblock GDCB? . Hence,
consider­ªa a/v�3B>DCB? 8 . The fact that 3B> % �1>BA 8 v(3B>DC;? 8 satisfiesDP1 is establishedasshown above. For
DP2, we mustinspecttheblock graphof \ a � ��­ a¼a v(3B>DCB? 8 
 , which turnsout to be theemptygraph. In
all, ­ra aÍv�3B>DC;? 8 is thusavalid default proof for w from \ a .

We notehow theblock graphindicateda way to eliminatetheoddcycle in theresultingblock graph.
ConditionDP2 maythusbeverifiedby first eliminatingthedefaultsinvolved in thedefault proof from
theblock graphandthenby checkingwhetherthe resultingblock graphis even,acyclic, or arcless.In
orderto applythesecriteria,however, we might have to addadditionalruleseliminatingdangerousodd
cycles.Theseadditionalrulescanbeidentifiedby meansof theresultsin Section4.3.

Wehave thefollowing result,establishingsoundnessandcompletenessin thegeneralcase.

Theorem 6.5 Let \ �³�����	��
 bea (general) defaulttheoryand ¬ a formula.
Wehavethat ¬ k E for an extensionE of \ iff there is a general defaultproof for ¬ from \ .

Wehave seenthattheformationof default proofsbenefitsconsiderablyfrom theusageof block graphs.
That is, we may restrict our attentionto ultimately necessarydefault rulesandso avoid constructing
entireextensions.

Finally, it follows from Theorem6.5 that theexistenceof generaldefault proofsis decidablewithin
thecomplexity classof theextension-membership-problem,asmadeprecisein thefollowing theorem.

Theorem 6.6 Let \ �³�����	��
 bea defaulttheoryand ¬ a formula.
Theproblemof decidingwhetherthere is a general defaultproof for ¬ from \ is in Ú Ûx .
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7 Conclusion

We have introducednew theoreticalfoundationsfor default logic. The fundamentalideawasto avoid
global conceptslike fixed-pointconditionsand exhaustive consistency checksby replacingthem by
ratherlocal conceptsthat allow for consideringonly strictly necessarydefault information. This was
accomplishedby putting forward the notion of blockage.Our formal accountof blockageis given by
theconceptof an(essential)blockingset;this canberegardedasaspecific,redundancy-free instanceof
attackingarguments,usedin theabstractframeworksof argumentationsemantics[19, 5]. In contrastto
theseunifying frameworks,however, our elaborationis specificto default logic. This hasled to much
strongerandmany additionalresultsthanobtainedat theabstractlevel in [19, 5].

In our specificsetting,blockingsetsrepresentcontext-independent proof skeletonsthatmaybeused
for refuting a default rule’s justification. That is, for a default rule theremay be someextensioncon-
tainingsucha blockingsetthat inhibits theapplicationof the rule. Thus,given only a rule andoneof
its blocking sets,we cannotdecidewhetherthe rule applieswithout any informationaboutthe exten-
sion at hand. The situationis differentwith supportingsets.Clearly, supportingsetsarealsocontext-
independent.But unlike blocking sets,they aresupposedto apply in the sameextensionastheir sup-
portedrule. In fact, the joint applicationof a rule andoneof its supportingsetscanonly bedeniedby
a self-blockingpartof the theorythatdestroys anencompassingextension.Thus,givena rule andone
of its supportingsets,we candecidewhethertherule (andits supportingset)applieswhenever we can
ruleoutsourcesof incoherence.Fromageneralcomplexity-theoreticpoint of view, solvingacoherence
problemis ashardasconstructingan encompassingextension. In our case,however, the block graph
makesthedifferencesinceit indicatessourcesof incoherence.

The block graphfurnishesour instrumentfor abstractingfrom particularblocking situations,while
keepingthe essentialinteractionpatternsbetweendefault rules. In view of the possiblyexponential
numberof blocking sets,it is thus a trade-off betweenfull blockageinformation and feasiblespace
complexity. In fact, for improving the quality of the resultingblock graphs,we tried to eliminateas
many redundantblockingsetsaspossible.This hasled usto theconceptof essentialblockingsetsthat
areprovably aseffective asbasicblockingsets.

In fact, theblock graphtells usexactly which default rulesmustbeconsideredfor applyinga rule in
question.This canbemademorepreciseby returningto theclassificationof default theories,given in
theintroductorysection.Considertheapplicabilityof asetof rules ­ :

1. The fact thata theorycontainsno interactionscorrespondsto an arclessblock graph. For estab-
lishing theapplicabilityof ­ , it is thussufficient to verify groundednessof ­ ; nootherrulesmust
beinspected.

2. Thefactthata theorycontainsmerelydirectinteractionsis mirroredby aneven(or acyclic) block
graph.For establishingtheapplicabilityof ­ , it is sufficient to verify groundednessandprotect-
ednessof ­ . This necessitatestheinspectionof � 4 ��­±
 , namely ­ andall reachablepredecessors
of rulesin ­ in theblock graph.

3. The fact that a theorycomprisesboth direct andindirect interactionsamountsin our framework
to a non-even block graph. For establishingthe applicability of ­ , we areobliged to verify in
additionto groundednessandprotectednessof ­ , alsothe coherentinterplayof ­ with the rest
of the theory. This necessitiesthe inspectionof all default rules � : While �
4 ��­o
 is considered
for establishinggroundednessandprotectednessof ­ , thecoherentinterplayof ­ and ���©²M­o
 is
takencareof throughtheblockgraphof \ � ­ .

Theblock graph’s role for limiting thesearchspaceby delineatingthescopeof default rulesthatmust
be inspectedfor validatingtheapplicationof a setof default rulesis madeprecisein a restrictedsemi-
monotonicityresult.Thisresultis to thebestof ourknowledgethefirst onecapturingsemi-monotonicity
beyondnormaldefault theoriesin Reiter’s default logic.
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Practically, theblock graphis obtainedfrom aninitial analysisof thedefault theory. Notably it is of
quadraticspacecomplexity, unlikeotherapproacheslike [26, 47] thatfaceanexponentialblow-up in the
worst case.The computationalcomplexity of theblock graphamountsin the worst caseto thatof the
extension-membership-problem. Theinitial effort put into theblockgraphpaysoff themore,thesparser
theblockgraph.

In all, theblock graph(alongwith its underlyingblockingsets)provide a powerful structuraltool for
analyzingdefault theories,asdemonstratedby avarietyof applications:

Existence-of-extension-problem. We addressthis problemby furnishinga rangeof criteriaguarantee-
ing theexistenceof extensions,eachof whichcanbereadoff theblock graphin polynomialtime.
We show that thesecriteriaaresimplerandgo beyondexisting approaches.Our criteriaarefully
syntax-independent andallow for treatinggeneraldefault theories.

For a complement,we give alsoa criterion indicatingnon-existenceof extensions.Althoughall
thesecriteriaprovidenocompletecharacterizationof default theorieswith andwithoutextensions,
they furnishnonethelesseasy, blockgraphbasedteststhatallow usto shortenthegapbetweenboth
classesof theories.

Notably, we candecidetheexistence-of-extension-problem, whenconsideringblockingsets.Al-
thoughthis facesexponentialspacecomplexity in practice,this resultis to thebestof our knowl-
edgethefirst completecharacterizationfor coherentdefault theories.

Characterizationsof extensions.By appealto the block graph,we obtainnovel characterizationsof
extensionsthatdo notonly avoid globalconsistency checks,asneededin traditionalcharacteriza-
tions.Moreover, theusualfixed-pointconditionis fully eliminated.

Thesecharacterizationsare not only of theoreticalimportance,but they are also of practical
relevance,sincethey lead to a basicprocedurefor constructingextensions. In fact, we show
in [31] suchaconstructioncanbedecomposedinto anincrementalconstructionof aŁukaszewicz-
extension[34] andablock graphbasedcondition.

Extension-membership-problem. We provide a seriesof characterizationsof default proofsalongthe
classificationof default theoriesdescribedabove. In eachcase,wegiveasoundnessandcomplete-
nessresult.

To thebestof our knowledge,thesecharacterizationsfurnishthefirst definitionsof default proofs
in Reiter’s default logic thatdo not referto anouterextension.This is reflectedby thefactthatup
to now all computationalapproachesto theextension-membership-problem areextension-oriented
[26, 47, 38, 12]. In contrastto this,ourcharacterizationsof defaultproofsavoid exhaustiveconsis-
tency checkswith respectto anouterextensionby focusingon thestrictly necessarydefault rules
by meansof theblock graph.

Apart from theseapplications,ourblockage-basedconceptsallow for addressingvariousotherissues.
First, theblockgraphfurnishessufficient conditionsfor restrictingor evenomitting consistency-checks.
Second,as detailedin [32], it provides meansfor supportingskeptical andmodularreasoning.And
finally its resultingconcepts,like protectedness,allow us to make the relationshipto Łukaszewicz’s
interpretationof default theoriesmuchmoreprecise,asshown in [30].

Given this fundamentalframework, one may now divide a computationalproblem like query-
answeringin an off-line and an on-line process:One may start with an analytic compilationphase
resultingin the block graph ` · of a default theory \ . The subsequentquery-answeringphaseaims
at finding a default proof ­ suchthat \ � ­ possessesanextension.Theunavoidableexaminationof the
entiresetof default rulesis thendoneonly oncein thecompilationphase;thisallows for inspectingonly
the ultimately necessarydefault rulesduring the actualqueryansweringphase.To be moreprecise,a
default rule belongsto ­ only (i) if it contributesto thederivationof thequeryor if it is needed(ii) for
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supportinga constituentrule of theproof or (iii) for supportinganencompassingextension.While (i) is
fixedby thestandardinferentialrelation,(ii) and(iii) aredeterminedby theblockgraph.For delineating
sucha proof, we candraw on ` · for detectingandeventuallyrecomputingtheblocking andsupport-
ing setsof its constituentrules. Blocking setsarefoundamongthedirectpredecessorsof a rule, while
the searchfor its supportingsetscanbe restrictedto its pre-predecessors.Analogousdecompositions
of othercomputationalproblemslike extension-construction arestraightforwardandshouldarguablybe
mutuallybeneficialfor existing computationalapproaches.Of particularinterestarealsocomputational
approachesto argumentation,e.g.[27].

To sum up, the salientcontribution of our paperwas to shift global, extension-basedconceptsin
default logic towardslocal, proof-orientedones. For instance,we have shown how to replaceglobal
consistency checksby ratherlocal proof-basedconstructionsthat areguidedby the underlyingblock
graph.This providesa formal accountof “local constructibility” thatwasup to now alwaysassociated
with semi-monotonicdefault theories.

Thenext majorstepsonthisresearchavenuearemanifold.Onesuchavenuewill dealwith algorithmic
andimplementation-oriented issuesthat exploit the theoreticalframework proposedin this paper. An-
otheronehasto addressmorefine-grainedcomplexity issues.For instance,is it possibleto characterize
restrictedclassesof theorieshaving particularblock graphsthat leadto reducedcomplexity? Dually,
onemay alsoconsiderwell-known fragments,like logic programming,andinvestigatetheir particular
blockagestructure.
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A Graph-theoretical background

Definition A.1 A directedgraph ô is a pair ôj�³�Pò��Oór
 such that ò is a finite, non-emptysetof vertices
and ó�b÷ò ÿ ò is a setof arcs. If ô is a directedgraph ô £ q � �Pò��OóºaJ
 denotesthe directedgraph
where theorientationfor all arcsin ô is switched,formally, �!�h�"  
 k ó a iff �! ö�"�~
 k ó .

A directedcyclein ôj�©�Pò"�Oór
 is afinite subset
þ bcò suchthat

þ ��36 Sq»�DûDûDû9�" ß 8 and �! � �" �87 qV
 k ó
for each ã¥æì�*épÜ and �! ß �" q 
 k ó . Thearcs óo� þ 
 of a cycle

þ
aredefinedas óo� þ 
��³3S�! -� �" -�87 q 
,�ã æc�.ézÜ 8 v�3S�! ß �" Sq	
 8 . The lengthof a directedcycle in a graphis thetotal numberof arcsoccurring

in thecycle. Additionally, wecall acycle even(odd) if its lengthis even(odd).

Definition A.2 Let ô��Ô�Pò��Oó�
 bea directedgraphand 9ïbpò a subsetof vertices. 9 is independent
wrt ô iff for all �h�" k 9 wehave �!�h�"  
rlk ó .

Thusasubset9³bcò is independentwrt agraph �Pò��Oór
 if thereis no arcbetweennodesin 9 .

Definition A.3 Let ô³�µ�Pò"�Oór
 bea directedgraphand �¨bjò an independentsubsetof vertices. �
is a kernelof ô iff for all nodes� k òì²�� existsa  k � such that �!�9�" /
 k ó .

A kernel � is an independentsetof verticessuchthat for every vertex not in K thereis anarc to some
vertex in � .

Theorem A.1 [42] Let ô¤�³�Pò"�Oór
 bea directedgraphwithoutoddcycles,then ô hasa kernel.
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For a directedgraph ô � �Pò��Oó�
 anda vertex  k ò , we definethe setof all predecessors of  as� £ q �! /
���36��� �!�9�" /
 k ó 8 . All reachablepredecessors �
4 �! /
 of  aredefinedasfollows:� 4 �!  
��;: �F�-� � £[� �! /

where� £ö¢ �!  
.�©36 8 andfor all �=<^ã we have � £[� �!  
��³36�=���!�9�">�
 k ó and > k � £ ' �F£ q * �! /
 8 . For a
setof vertices9�bcò , we define� 4 ��9ª
�� :@? ��A � 4 �!  
 <
B Proofsof results

B.1 Auxiliary technical results

First,we recallthefollowing specificationof extensions[40].

Theorem B.1 Let ���n�	�^
 bea defaulttheoryandlet m bea setof formulas.
Definemy¢*�j� andfor �CBEDm*�87 q � egf9�Pmy�W
6v � �GFFF ��
��� k �n�1� k my�i� � �clk m � <

Then,m is an extensionof �����	��
 iff m³�;: �!Hö¢ m*� <
Theabove procedureis not strictly iterative sincem appearsin thespecificationof m*�87 q .

Weneedthefollowing lemmasandtheoremswhenproving theresultsof thispaper. All proofsfor the
resultsin this subsectionarestraightforwardandcanbefoundin [33]. Thenext lemmagivesa further
propertyof groundedsetsof default rules,namelythattheunionof groundedsetsis alsogroundedunder
certainconditions.

Lemma B.2 Let � q and � x be enumerable setsof default rules, �¨�õ� q v(� x and � be a setof
formulas.If � q is groundedin � and � x is groundedin �¨v«X"Y-Z TS��� q 
 , then � is groundedin � .

Now we arereadyto formulatean alternative characterizationof the extensionsof a default theory
whichservesasa theoreticalbasisfor proving thefurtherresults.

Theorem B.3 Let �����	�^
 bea defaulttheoryandlet m bea setof formulas.Then,E is anextensionof���n�	�^
 iff

1. m³�cegfh�u�wv¸X"Y-Z[T$� GD ����� E 
@
O
 and

2. GD ���n� E 
 is groundedin � .

Lemma B.4 Let \ �µ���n�	�^
 bea defaulttheoryand � q b½� a subsetof defaultrulessuch that de-
fault theory ��� q �	��
 hasextensionm q anddefaulttheory �����Om q 
 hasextensionm x . If GD ��� q �Om q 
�b
GD �����Om x 
 , then m x is anextensionof \ .

Lemma B.5 Let \ �³�����	�^
 bea defaulttheory.Theǹ
·

hasanoddcycleiff � · hasan oddcycle.

Lemma B.6 Let \ �ï�����	�^
 bea defaulttheory, > k � a defaultrule and
þ

a subsetof � . If
þ

is a
completesupportof > then

þ
is groundedin � .
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B.2 Proofsof resultsoccurring in the text

Proof 3.1 Let ´¿bp� and > k � . If ´µ��Ä thepropositiontrivially holds.Thuslet ´ l��Ä for therest
of thisproof.

By Definition 3.1 ´ k ¾ · �W>-
 is equivalentto ´©¶5 · > andBS3. Thatis, ´³¶5 · > and��´½²y3B> a 8 
�l¶5¸· > a¼a for each> a k ´ andeach> a¼a k ´jv�3B> 8 .
This is equivalentto ´©¶5 · > and��´½²y3B>;a 8 
�l¶5 · > for each>;a k ´ and��´½²y3B> a 8 
�l¶5 · > a¼a for each> a k ´ andeach> a¼a k ´ .

Accordingto Definition3.1,this is equivalentto ´©¶5 · > and´±a�l¶5 · > for each́oa�Ëz´ and´ a l¶5 · > a¼a for each́ a Ëz´ andeach> a¼a k ´ .

Finally, this is equivalentto´^¶5 · > and´ a ¶5¸· > for no ´ a Ë«´ and´±a[¶5 · >»a¼a for no ´oa�Ë«´ andno >;a¼a k ´ .

Proof 3.2 Let m beanextensionof default theory \ �©���n�	�^
 and > k � . Accordingto TheoremB.3
wehave m��cegf9�i�¨v�X"Y-Z TS� GD ����� E 
@
O
 andGD ����� E 
 is groundedin � .

First we prove that 1. and 3. are equivalent. If m°� � � Q$RST4UV�u>&
 then � v�X"Y-Z TS� GD ���n�Om¥
@
è� �� QSR$T4UV�W>-
 . Thenthereis a minimal set ´Ìb GD �����Omo
 suchthat ´ ¶5 · > . That is, ´oa�¶5 · > for no´ a Ë«´ .
Now let > a �1> a a k ´ . If ´¸²�3B> a 8 is notgroundedin � thenby Definition3.1wehave ´ ²�3B> a 8 l¶5¸· > a¼a .Now let ´©²o3B> a 8 be groundedin � . Becausé̈ b GD �����Omo
 , it follows m§l� � � QSR$T4UV�P> a¼a 
 for each> a¼a k ´ . By monotonicityof � � we obtainthat �ùvpX"Y-Z TS�W´½²º3B> a 8 
øl� � � Q$RST4UV�W> a¼a 
 for each > a¼a k ´ .

Hencé¤²º3B>»a 8 ¶5 · >;a¼a for no >»aW�1>;a¼a k ´ , which implies ´±ag¶5 · >»a¼a for no ´oa Ëì´ andno >»a¼a k ´ . By
Theorem3.1we concludé k ¾ · �P>-
 . Theotherdirectiontrivialy holds.

Next, we prove that 1. and2. areequivalent. If m is an extensionsuchthat m¨� � � QSR$T4UV�P>-
 , then� v�X"Y�Z TS� GD ���n�Om¥
@
y� � � Q$R$TVU4�W>&
 . Hencethereis aminimalsubset́ a b GD ���n�Om¥
 suchthat ´ a ¶5 ·> . Accordingto Definition 3.1theotherdirectionalsoholds.
Trivially, 2. and4. areequivalentby Definition3.1.

Proof 3.3 Let � a b«� beagroundedsetof default rules.
If � a is weakly regular, thenfor each > k � a we have � v½X"Y-Z[TS��� a 
6l� � � Q$R$TVUD�W>&
 . Assumethat

thereis a > k � a andthereis a ´ k ¾ · �W>-
 suchthat ´®bµ� a . Thenby Definitions3.1 and3.1 we
have � vzX"Y-Z TS�W´ð
,� � � QSR$T4UV�P>-
 . Becausé]b½�Øa it follows � v«X"Y-Z TS�P��a�
�� � � QSR$T4UV�W>-
 which is a
contradictionto thefactthat � a is weaklyregular. Hencefor each> k � a andeach́ k ¾ · �W>&
 we have´Ólb�� a .

For the otherdirectionlet ´ lk ¾ · �W>&
 for each > k ��a andfor each ´®bÔ�Øa . By definition, this
implies ´ l¶5 · > andthus ´ is not groundedin � or � v�X"Y-Z T/��´{
 l� � � QSR$T4UV�P>-
 for each> k � a and
for each́]b½�Øa . Assumingthat �Øa would not beweaklyregularmeansthat thereis some> k �Øa s.t.�§vpX"Y-Z TS�P� a 
{� � � Q$R$TVUD�W>&
 . It follows that thereis a minimal subset́tb©� a s.t. ´ is groundedin� (since � a is groundedin � ) and �ùv½X"Y�Z TS��´ð
�� � � QSR$T4UV�P>-
 . Sincethis contradictsthe fact that
accordingto our premisewe have ´ is not groundedin � or �°v¤X"Y�Z TS��´ð
�l� � � QSR$T4UV�P>-
 for each> k � a andfor each́Ôbz� a it follows that � a is weaklyregular.
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Proof 3.4 Let \ � �����	��
 and \ a � ��� a �	�^
 be default theorieswith � bÓ� a and > k � . Let´ k ¾ · �P>-
 . Then ´¿bp� a and ´µ¶5¸· > andBS3by Definition 3.1. BecauseConditionś l¶5¸· > and
BS3areindependentfrom �©²�´ it follows that they arealsoindependentfrom �ØaÎ²*´ andthus ´ is a
setof default rulesfulfilling theseconditionswrt \ a . Thatis, ´ k ¾ ·dÙ �W>&
 .

Underthepremisethat ´µb«� thesameargumentshows that ´ k ¾ · Ù �W>-
 implies ´ k ¾ · �P>&
 .
Proof 3.5 For thisproofwe needthefollowing proposition.

Proposition B.7 [22, Propsition1.1] Let
�

be a setof monotonicinferencerules of the
form I â �KJKJKJL� I êM < Let e be themodaltheoryobtainedby replacingeach rule in

�
by N.¬ q ÆûDûDû Æ N.¬ ß 5 O < Thenfor every setof propositionalformulas � and every propositional

formula P , we havethat P belongsto the least set of formulascontaining � and closed
underpropositionalconsequenceandtherule from

�
iff � vØe^� �RQSP .

For adefault rule >r�µ��
��� defineT�U �W>-
��VN.� 5 � <
Observe that

T�U �W>-
 is amonotonicinferencerule. For asetof defaults �Øa defineT U ��� a 
��¤3 T U �W>&
º��> k � a 8Î<
Let \ �³�����	��
 beadefault theoryandlet > k � and ´Ôb«� .
Accordingto [45, Theorem6], we know thatreasoningin N andNT is computationallyequivalentto

reasoningin propositionallogic. That is, theproblemof decidingif � � �XW=¬ for a givenfinite set � of
modalformulasandagivenmodalformula ¬ is co-NP-complete(for ú beingmodallogicsN or NT).

Sincein Definition 3.1defaultsaretreatedasmonotonicinferencerules(justificationarenot consid-
ered)it follows from PropositionB.7 that ´ ¶5 · > if f

T ß ��´ð
"v(� � �YW � Q$RST4UV�W>-
 . Thusthe problem
of decidingwhetherrelation ¶5 · holdsfor a givensetof defaultsanda givendefault is reducibleto the
problemof decidingwhetherrelation � �YW holdsfor a givensetof formulasanda givenformula. There-
fore the first problemis at leastashardas the secondone,which is co-NP-complete.Thusdeciding
whetheŕ³¶5 · > holdsis in co-NP14.

Proof 3.6 Let ´°b � be a subsetof default rules and let > k � be a default rule. According to
Definition3.1wehave that ´ is ablockingsetfor > if f´©¶5¸· > and (25)Z > a k ´ � Z > 4 k ´jv�3B> 8 � ´j²y3B> a 8 l¶5 · > 4 < (26)

Therefore,to verify thatagivenset ´ is ablockingsetfor agivendefault > canbedoneby �FÜ��FÜ\[cã;
][ã;
.�jÜ x [�Ü^[½ã timestestingtherelation ¶5 · . Accordingto Theorem3.5,testingwhetherfor a given
set ´ andagivendefault > we have ´³¶5 · > is in co-NP. Thustestingwhetheŕ k ¾ · �P>-
 canbedone
with apolynomialnumberof callsto anNP-oracle.

In orderto show thatthereis ablockingsetfor agivendefault > wemayguessasubset́µb«� nonde-
terministicallyandcheckthat >»a¼a k ´ andthat ´ k ¾ · �P>-
 . Thustheproblemof decidingwhetherthere
is a blockingsetfor > is nondeterministicallyTuring-reducibleto a co-NP-completeproblem(proposi-
tional SAT) andhencein ÚMÛx .

Proof 3.7 Let > k � . ´ a k í"��¾ · �W>-
O
 if f ´ a � í"��´{
 for some ´ k ¾ · �W>-
 . This is accordingto
Definition3.1equivalentto thefollowing conditions:�wv�X"Y�Z TS��´ð
*� � � Q$R$TVU4�W>&
 and´ is groundedin � andZ > a k ´ � Z > a¼a k ´½v�3B> 8 � ´½²º3B> a 8 l¶5 · > a a .

14Sincethereis a one-to-onecorrespondencebetweenmodal logic N and reasoningwith monotonicinferencerulesand
propositionallogic theproblemis co-NP-complete.
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By definitionthis is equivalentto�wv�X"Y�Z TS��´ð
*� � � Q$R$TVU4�W>&
 and´ is groundedin � andZ > a k ´ � Z > a¼a k ´½v�3B> 8 ��P�wv�X"Y-Z TS�W´½²º3B>;a 8 
�l� � � Q$R$TVU4�W>»a¼a�
 or´j²y3B> a 8 is notgroundedin �^
 .
Sinceegf9�i�^
"�cegf9�u� a 
 this is equivalentto� a v�X"Y-Z TS�P´{
�� � � QSR$T4UV�W>-
 and´ is groundedin � a andZ >»a k ´ � Z >;a¼a k ´½v�3B> 8 ��P� a v�X"Y�Z TS�W´j²y3B> a 8 
rl� � � Q$RST4UV�W> a¼a 
 or´j²y3B>»a 8 is notgroundedin �¤a�
 .
Accordingto Definition3.2this is equivalentto�¤aÎv�X"Y-Z TS�P´±a�
*� � � Q$R$TVU4�Pí"�W>-
@
 and´ a is groundedin � a andZ í"�W> a 
 k ´ a � Z í"�W> a a 
 k ´ a vn3Bí"�W>&
 8 ��P�¤a�v�X"Y�Z TS�W´oa�²,3Bí"�W>»a�
 8 
�l� � � QSR$TVU4�Pí"�W>;a a�
@
 or´ a ²º3Bí"�W> a 
 8 is notgroundedin � a 
 .
By definitionthis is equivalentto ´oa k ¾ ·dÙ �Wí"�W>-
@
 . In all for each> k � we getí"��¾ · �W>-
O
��½¾ ·9Ù �Pí"�W>-
@
 <
Proof 3.8 Let \ �õ�����	�^
 bea default theorys.t. Üz�Ó� ��� andlet ô¯�õ�����Oó�
 bea directedgraph
with nodes� .

In orderto decidewhether ô¯�÷` · we mayguessa set ´ '`_�� _ Ù * b³� for eachpossiblearc �W>;�1> a 
 k� ÿ � in ô nondeterministically. Thatis,weguessÜ x subsetsof defaultrulesnondeterministically. Next,
for eachof this subsetś '`_�� _ Ù * we checkthat > k ´ '`_�� _ Ù * andthat �W>;�1> a 
 k ó andthat ´ 'a_�� _ Ù * k ¾ · �W> a 
 .
Observe that thefirst andsecondof this checkscanbedonedirectly (without calling anoracle)andthe
lastcheckcanbedonewith a polynomialnumberof calls to anNP-oracle(seeproof of Theorem3.6).
Altogetherweneedapolynomialnumberof callsto anNP-oracle,becausewehaveto processÜ x subsets´ 'a_�� _ Ù * andthemultiplicationof polynomialsleadsto polynomials.Thustheproblemof decidingwhetherôj�p` · canbedonewith apolynomialnumberof callsto anNP-oracleandhenceis in Ú Ûx .

Proof 3.9 This is animmediateconsequenceof Theorem3.4.

Proof 3.10 This is animmediateconsequenceof Theorem3.7.

Proof 3.11 Let \ �¯�����	�^
 bea default theory, > k � andlet m beanextensionof \ . Furthermore
let _ k ú · �P>-
 beasupportingsetof > . If _¸b GD �����Omo
 thenby Definition 3.4thereis no blockingset
for > in GD �����Omo
 . Thereforefrom m¯� ��KMLON$�W>&
 it follows by definitionof thegeneratingdefaultsof an
extensionthat > k GD �����Omo
 .
Proof 3.12 1. and2. follow immediatelyfrom Definition3.1and3.4,respectively.

Proof 4.1 If \ �³�����	��
 is non-conflictingthenwe have ó · �½Ä .
Let � a beamaximalsubsetof � , which is groundedin � . Observe that � a is unique.Definem³�cegf Ñ �wv�X"Y-Z T Ñ � a Ò»Ò < (27)
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Wenow prove that m is anextensionof \ �³�����	��
 by showing thefollowing two statementsm³�cegfh�;X"Y-Z TS� GD ���n� E 
@
 v6��
 and (28)

GD ���n� E 
 is groundedin � < (29)

Thenby TheoremB.3 m is an extensionof \ . It is sufficient to show that ��aM� GD ���n�Om¥
 , because
this implies(28) and(29). Becauseof (27), � a is groundedin � and mï�½egf9�u�wv�X"Y-Z TS��� a 
O
 , for all>»a k �Øa we havem¯� �jKMLON Ñ > a Ò < (30)

Assumethereis a > a k � a suchthat m � � � Q$R$TVU4�W> a 
 . Then � a is not weakly regular wrt � and
Theorem3.3 implies that thereis > k � a and ´ b � a suchthat ´ k ¾ · �W>-
 . Thus, accordingto
Definition 3.3 and3.1, for each > k ´ we have �W>;�1>»aF
 k ó · , which is a contradictionto the fact that\ is non-conflicting.Thus,thereis no > a k � a with mõ� � � QSR$TVU4�P> a 
 andit follows m l� � � Q$R$TVU4�W> a 
 for
each>;a k �Øa . Hence,with (30)we have ��a�b GD ���n�Om¥
 .

By definition, if > k GD �����Omo
 then m �¿egfh�u�wv¸X"Y-Z T/��� a 
@
7� �ÓK�L@N$�W>-
 . Thus > k � a , because
otherwise� a would not bea maximalsubsetof � , which is groundedin � . Finally, we obtain � a �
GD �����Omo
 andaredone.

Proof 4.2 Thatevery well-ordereddefault theoryhasat leastoneextensionis a directconsequenceof
Theorem4.3,sincetheproof of Theorem4.3doesnot rely onTheorem4.2.

It remainsto show thateverywell-orderedtheoryhasexactlyoneextension.Assumethat \ �³�����	��

is well-orderedandhastwo differentextensionsmªq and mºx . Thenthecorrespondingsetsof generating
defaultsGD ���n�Om q 
 andGD �����Om x 
 aredifferentandbothgroundedin � . Clearly, thereareenumera-
tions

� > � � �F�-� of GD ���n�OmªqV
 and
� > a� ��b �dc of GD ���n�Omºx;
 suchthat(3) holdsfor bothof themandthereis a

maximal e for which thefollowing conditionholds:> � �½> a� for all �O�uçØæEe and >#f 7 q l�p> af 7 q < (31)

Thatis, thereareno otherenumerationsof GD �����Om q 
 andGD ���n�Om x 
 with a greatere fulfilling Condi-
tion (31).

Observe that 3B> q �DûDûDûh�1>#f 7 q 8 and 3B>;aq �DûDûDû9�1>»af 7 q 8 aregroundedin � . Furthermore,wehave that �ÌvX"Y-Z TS�i3B>Bq;�DûDûDû �1>#f 7 q 8 
*� � � QSR$T4U Ñ > af 7 q Ò and � vsX"Y-Z T Ñ 3B> aq �DûDûDû9�1> af 7 q 8 Ò � � � Q$R$TVU4�W>#f 7 q 
 , becauseoth-
erwisee wouldnotbemaximal.Since 3B> q �DûDûDû9�1>#f 7 q 8 b GD �����Om q 
 and 3B>»aq �DûDûDûh�1>;af 7 q 8 b GD ���n�Om x 
 ,
accordingto Theorem3.2, thereareminimal subsetś�bÓ3B> q �DûDûDû9�1>#f 7 q 8 and ´ a bÓ3B> aq �DûDûDû9�1> af 7 q 8
suchthat ´ k ¾ ·�Ñ >;af 7 q Ò and ´oa k ¾ · �P>#f 7 q 
 . By Definition3.3this impliesthat \ is notwell-ordered,
which is acontradiction.Hence,every well-ordereddefault theoryhasasingleextension.

Proof 4.3 If ` · hasno oddcycles,thenaccordingto LemmaB.5 � · hasno oddcycles.Trivially, � £ q·
hasno odd cycles. With TheoremA.1 thereis a kernel � for � £ q· . Accordingto Definition A.3 of a
kernel,thefollowing two conditionshold for � :

� is independentwrt � · and (32)Z ´ k ò �· ²�� ��g ´ a k � suchthat ��´ a �O´ð
 k ó �· < (33)

Thatis, � is aninversekernelof � · . Accordingto Theorem4.4, \ hasanextension.

Proof 4.4 Let \ �³�����	�^
 beadefault theorysuchthat � · hasaninversekernel � . Thenwehave

� is independentwrt � · and (34)Z ´ k ò �· ²�� ��g ´ a k � suchthat ��´ a �O´ð
 k ó �· < (35)
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Define � 4 �jvihd�dj,´ , theunionof all blockingsetsin � . Becauseeachblockingsetis groundedin � ,
with LemmaB.2 it follows that � 4 is groundedin � . Additionally, we have thatfor each> k � 4 there
is ablockingset ´ k � with > k ´ .

Let > k � 4 and assume� v�X"Y�Z T$��� 4 
è� � � QSR$TVU4�P>-
 . Then � 4 is not weakly regular wrt � .
Accordingto Theorem3.3,it follows thatthereis >;a k � 4 andthereis ´oa�bk� 4 suchthat ´±a k ¾ · �W>;a�
 .
If ´ a k � we obtaina contradictionto (34), becauseotherwisetherewould bea ´ k � with > a k ´
andthus ��´ a �O´ð
 k óY�· . If ´ a lk � thereis a ´ k � suchthat ��´ø�O´ a 
 k ó��· (see(35)). Then,by
definitionthereis a > a¼a k ´ a with ´ k ¾ · �W> a¼a 
 . Becausé a bl� 4 , it follows > a¼a k � 4 . Hence,thereis´ a a k � with > a¼a k ´ a a . Puttingall together, we obtain ´Ø�O´ a a k � , > a¼a k ´ a a and ´ k ¾ · �W> a¼a 
 . This
implies ��´ø�O´oa a�
 k ó �· , which againis a contradictionto (34). Thereforewe have that theassumption
wasfalseand � 4 is weaklyregularwrt � , thatis, for all > k � 4 we obtain�wv�X"Y-Z[TS��� 4 
�l� � � QSR$T4UV�W>-
 < (36)

Now definem 4 �cegfh�u�wv�X"Y�Z TS�L� 4 
@
 < (37)

With the fact that � 4 is groundedin � andwith (36) we concludeGD ��� 4 �Om 4 
��m� 4 . Thus,with
TheoremB.3m 4 is anextensionof default theory ��� 4 �	�^
 < (38)

Next we show thatdefault theory \ 4 �Ô��� 4 �Om 4 
 hasanextensionm . Without lossof generality, let� 4 �p�³²º3B>{�-m 4 � � � QSR$T4UV�W>-
 8 . Thatis, for each> k � 4 thefollowing conditionholds:m 4 l� � � Q$RST4UV�u>&
 < (39)

Assumetherearedefaults >»�1>;a k � 4 suchthat �W>;�1>»a�
 k ó ·on for theblock graph ` ·pn �Ó�Pò ·on �Oó ·on 
 .
Then,by Definition3.3thereis ´ 4 b«� 4 with > k ´ 4 suchthat ´ 4 k ¾ ·on �W> a 
 . Because� 4 is grounded
in � andbecauseof (37) and(39) thereis a superset́ of ´ 4 suchthat ´ k ¾ · �P>;a�
 . We distinguish
thefollowing threecases.

1. Let ´ k � and >;a k � 4 . We immediatelygeta contradictionto (34), becausethentherewould
bea ´ a k � with > a k ´ a suchthat ��´ø�O´ a 
 k ó��· .

2. Let ´ k � and > a lk � 4 . Then ´ bq� 4 . According to Definition 3.1 ´ k ¾ · �W> a 
 implies�§vìX"Y-Z[TS��´{
o� � � QSR$T4UV�P>;a�
 andit follows m 4 � � � QSR$TVU4�W>;a�
 . But this is a contradictionto (39)
since > a k � 4 .

3. For thelastcaselet ´ülk � (for >»a k � 4 or >»a*lk � 4 ). Then(35) impliesthat thereis a ´oa k �
suchthat ��´ a �O´ð
 k ó��· , which impliesthatthereis a > k ´ with ´ a k ¾ · Ñ > Ò . By Definition 3.1
it follows that �°vjX"Y-Z[TS��´±a�
6� � � Q$R$TVU Ñ > Ò . Since ´oa k � we have that �°v½X"Y-Z T/��� 4 
¦� �� Q$R$TVU Ñ > Ò andwith (37) this is acontradictionto > k ´µb«� 4 and(39).

In any casewe obtaina contradiction,which shows that theassumptionwasfalse,hence,thereareno
defaults >»�1> a k � 4 suchthat �W>;�1> a 
 k ó · n for theblockgraph̀

· n
. In otherwords \ 4 is non-conflicting

andthushasanextensionm , accordingto Theorem4.1.
Next we prove that � 4 b GD ���n�Om¥
 . Let > k � 4 , then mõ� �^KMLONS�u>&
 , because� 4 is groundedin �

and m 4 �cegfh�i�¨v«X"Y-Z TS��� 4 
O
 . Accordingto Theorem3.2thefollowing conditionis truemÓl� � � Q$R$TVU4�W>&
 if f thereis no ´ a b GD ���n�Om¥
 suchthat ´ a k ¾ ·on �P>-
 < (40)

Assumethereis a ´oa~b GD �����Omo
 suchthat ´oa k ¾ ·on �W>&
 . Thenwedistinguishthefollowing two cases.
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1. Let ´ a k � . Because> k � 4 , thereis a ´ k � with > k ´ andaccordingto Definition 4.1we
have ��´ a �O´{
 k ó��· and ´ø�O´ a k � . But this is impossibleaccordingto (34).

2. Let ´ a lk � . Thenthereis a ´ k � suchthat ��´ø�O´ a 
 k ó��· . Therefore,thereis a > k ´ a
suchthat mü� � � Q$RST4U Ñ > Ò , becauséübr� 4 bÔm 4 b©m andthus >¸lk GD �����Omo
 . But this is a
contradictionto > k ´ a b GD �����Omo
 .

With (40) it follows that mÌl� � � Q$R$TVU4�P>&
 andwe get that > k GD �����Omo
 . Hence,� 4 b GD �����Omo
 . To
sumup, we have seenthat m 4 is anextensionof ��� 4 �	��
 , ���n�Om 4 
 hasextensionm (becausetrivially\ 4 � ��� 4 �Om 4 
 and ���n�Om 4 
 have thesameextensions)andGD ��� 4 �Om 4 
ob GD ���n�Om¥
 . Accordingto
LemmaB.4 m is anextensionof �����	��
 .

Let m beanextensionof \ �µ���n�	�^
 anddefine �Ì�Ô3;´ �$´ k ¾ · �W>&
 for some> k � and ´Ób
GD �����Omo
 8 . Weshow that � is aninversekernelwrt � · by proving (34)and(35) for � .

Sincéµb GD �����Omo
 for each́ k � it follows by Definition4.1that � is independentwrt � · , that
is (34)holdsfor � . OtherwiseGD ���n�Om¥
 wouldnotbeweaklyregular(seeTheorem3.3).

Now let ´ k ò �· ²@� . Then thereexists a > k ´µ² GD ���n�Om¥
 s.t. � v^X"Y-Z[TS� GD �����Omo
@
�� �� QSR$T4UV�W>-
 . If therewould be no such > in ´ then ´ would be a subsetof GD �����Omo
 becausé is
groundedin � . But this would imply that ´ is in � , which is a contradictionto ´ k ò �· ²�� . From�¨vzX"Y-Z TS� GD �����Omo
@
,� � � QSR$TVU4�W>-
 we concludewith Theorem3.3 thatthereis somé a b GD �����Omo

s.t. ´ a k ¾ · �P>&
 . This meansthat for each́ k òs�· ²t� thereis somé a k � s.t. ��´ a �O´ð
 k óY�· , that
is (35). Hence� is aninversekernelwrt � · .

Proof 4.5 If
þ

is an(directed)harmful,oddcycle in ` · thenthereareonly arcsbetweendefaultsin
þ

which belongto thecycle. Let
þ �Ô3B> q �DûDûDû9�1> x ß 7 q 8 andfor each ã�æ½�ºæ¤Þ&Üu[jã let ´,� theblocking

setof > �v7 q suchthat > � k ´ � (seeDefinition 3.3). Since
þ

is harmful we have ´ � �t3B> � 8 for eachãræ�� æzÞ&Ü^[½ã .
Now assume\ hasanextensionm . Thenwe have m©�cegfh�¡��v�X"Y�Z TS� GD ���n�Om¥
@
O
 andtrivially not

all of theabove ´,� canbesubsetsof GD ���n�Om¥
 . Thuswithoutlossof generality, assumé q lb GD ���n�Om¥
 .
Sincé q is theonly blockingsetof ´ x it followsthat ´ x b GD �����Omo
 . Hence,́Xw{lb GD �����Omo
 , because´ x k ¾ · �W>#w;
 and >#w k ´Xw . After repeatingthis argumentÜ timesit follows that ´ x ß 7 q lb GD ���n�Om¥
 .
But know we areableto concludethat ´ q b GD ���n�Om¥
 with thesameargumentationasabove. This is,
because

þ
is harmful. Thereforewe obtaina contradiction,which shows thatour assumptionwasfalse,

andthus \ hasno extension.

Proof 4.6 Weprove thepropositionby showing that \ is notps-evenundertheassumptionthat \ is not
even. For definitionof ps-even, ôð� \ 
 andoddcyclesof ô{� \ 
 usedin this proof see[39]. Solet \ be
not even,that is, thereis anoddcycle

þ �Ô3B>Bq;�DûDûDû �1>4x ß 7 q 8 in ` · . Thenwe have �W> � �1> �v7 qV
 k ó · for
eachãræ«� ézÞ&Üx[cã and �W> x ß 7 q �1> q 
 k ó · . Accordingto Definition3.3,for each� wehave >V� k ´,� for
somé,� k ¾ · �W>V�87 q 
 . Thusby thedefinitionof blockingsets�wv�X"Y-Z[TS��´ � 
*� � � QSR$TVU4�W> �87 qV
 and (41)´,� is groundedin � < (42)

Before we continue,we give a translationof the secondpropositionof Lemma1 in [39] into our
terminology. Let ó±�O´ b¤� besubsetsof defaultsand >»�1> a k � defaults. Thenthesecondproposition
in Lemma1 in [39] states�P�wv�X"Y-Z[TS�Wó�
�� �¤KMLON Ñ > a Ò and �¨v�X"Y-Z TS�W´ð
,l� � � QSR$TVU Ñ > a Ò 
 and�P�wv�X"Y-Z[TS�Wó�
,l� �¤KMLON Ñ > a Ò or �wv�X"Y-Z TS��´jv�3B> 8 
y� � � QSR$TVU Ñ > a Ò 
 (43)

implies �W>»�1> a 
 k m q <
Now let >V�87 q k ´,�87 q , óï�©´,�87 q , ´ �©´,��²ª3B>V� 8 and >��Ô>V� and > a �Ô>V�87 q . Then(41), (42) and(43)
imply �W> � �1> �v7 qV
 k mrq for each ãsæÔ�¥éµÞ&Üy[^ã andwith the sameargumentation�W>4x ß 7 q»�1>Bq4
 k mrq .
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Hencethereis an odd cycle (asdefinedin [39]) in ôð� \ 
 . That is, \ is not ps-even andthe proof is
finished.

Proof 4.7 Let \ � ���n�	�^
 be a default theory and let z · � � ey�Oó±� � be the corresponding
assumption-basedframework.

Beforestaringwith theactualproof,observe thatwe have thefollowing lemma:

Lemma B.8 If �W>;�1>;aF
 is an arc in theblock graphof \ then �¡QSR$T4U4�u>&
V�DQ$R$TVUD�W>;a�
1
 is an arc
in theattack relationshipgraphof z .

This lemmais animmediateconsequencefrom thedefinitionof anattackandthedefinition
of theattackrelationshipgraphin [5].

For thefirst partof thetheoremlet z · bestratifiedaccordingto [5]. Thenby Definition 7.2 in [5] there
is no cycle in theattackrelationshipgraphof z · . Thus,accordingto LemmaB.8 thereis no cycle in
theblockgraphof \ . Hence\ is well-ordered.

Now let z · beorder-consistentaccordingto [5] andlet ô©�÷�Pò��Oó�
 betheattackrelationshipgraph
correspondingto z · . Bondarenko et al. definea relation { betweentwo nodes and  Ía (  S{| Ía ) iff
thereexistsbotha pathwith anevennumberof edgesanda pathwith anoddnumberof edgesfrom  
to  Sa in ô (see[5, Definition 7.6]). z · is order-consistentiff thegraph �Pò��43S�! ö�" SaF
¥�
 }{~ Ía 8 
 hasno
cycles.Now assumethatthereis anoddcycle

þ
in ô . Thenfor any two nodes ö�" a in þ thereis botha

pathwith anevennumberof edgesanda pathwith anoddnumberof edgesfrom  to  a . If theshortest
paththroughthecycle

þ
from  to  Ía is even(odd)thepathfrom  to  Ía over  Sa (addingonerunthrough

thecycle to theoriginal pathfrom  to  a ) is odd (even). Hencefor any two nodes g�" a in
þ

we have ^{S Sa andgraph �Pò"�43S�! g�" ÍaF
*�� �{S Sa 8 
 hasacycles.Thatis, z · is notorder-consistent.
Since z · is order-consistentthe correspondingattackrelationshipgraphhasno odd cycles. Then,

accordingto LemmaB.8 thereis no oddcycle in theblock graphof \ and \ is even.

Proof 5.1 Let \ �]�����	�^
 bea default theoryandE anextensionof \ . Thenwith TheoremB.3 we
have m³�cegfh�i�¨v¸X"Y�Z T$� GD ���n� E 
@
O
 and (44)

GD ���n� E 
 is groundedin � < (45)

For proving that GD ���n�Om¥
 is protectedin \ let > k GD ���n�Om¥
 . By definition of the generatingde-
fault rules for m , we know that m � � K�L@N$�P>-
 and m l� � � Q$R$TVU4�P>-
 . ThereforeGD ���n�Om¥
 containsno
blockingsetof > . Thusfor each́ k ¾ · �P>&
 thereexistsa >»a k ´ suchthat mµ� � � Q$RST4UV�W>;a�
 , becauseby
Definition3.1eachblockingset ´ of > is groundedin � . Otherwisefrom (45)andaneasyinduction,it
would follow that ´µb GD �����Omo
 . More formally we haveZ ´ k ¾ · �u>&
 �(g > a k ´ suchthat �wv�X"Y-Z[TS� GD �����Omo
@
º� � � Q$RST4U Ñ > a Ò < (46)

Accordingto Theorem3.2this impliesZ ´ k ¾ · �u>&
 �(g > a k ´ ��g ´ a k ¾ · Ñ > a Ò suchthat ´ a b GD ���n�Om¥
 < (47)

Thus,by Definition 3.4for each> k GD �����Omo
 existsa _ k ú · �W>-
 suchthat _�b GD ���n�Om¥
 andthatis
GD �����Omo
 is protectedin \ .

Proof 5.2 Let � a b GD �����Omo
 be a setof default rules s.t. � a is groundedin � . First, recall the
following definition. For a set � a of default rules we define � a � �¨3B> k � �º� v�X"Y-Z[TS��� a 
(� �� QSR$T4UV�W>-
 8 . Let �Øa a � �p�³²r���ØaÍv � a 
 for therestof thisproof.

Let m beanextensionof \ . Accordingto TheoremB.3, wehavem��cegf9�u�wv�X"Y-Z TS� GD ����� E 
@
O
 and
GD ����� E 
 is groundedin � < (48)
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Next we show GD �����Omo
r� GD ��� a¼a �Omo
"v�� a . Let > k GD �����Omo
 . Accordingto definition, it followsmw� � K�L@N$�W>-
 and mùl� � � QSR$T4UV�P>-
 . If > k � a we areready. Let >ìlk � a . Because� a b GD �����Omo

from m l� � � QSR$TVUD�W>-
 with (48) it follows � v^X"Y�Z TS�W�Øa�
ìl� � � Q$R$TVU4�P>-
 . That is, >ïlk � a and we
conclude> k � a a . Since m � �¯K�L@N$�W>-
 and m l� � � Q$R$TVU4�W>&
 it follows that > k GD ��� a¼a �Om¥
"vn� a . Now
let > k GD ���Øa aJ�Om¥
Mv(�Øa . If > k ��a we are ready, because�Øa±b GD �����Omo
 . Let >jlk �Øa , that is,> k GD ��� a a �Omo
 . By definition,we have m¿� ��KMLONS�W>-
 and mõl� � � Q$R$TVU4�W>&
 , that is, > k GD ���n�Om¥
 . All in
all we obtain

GD �����Omo
�� GD ���Øa¼aJ�Om¥
 v7�Øa < (49)

From(48), (49) andthefactthat ��a is groundedin � we conclude(seeLemmaB.2)m��cegf9�u�wv�X"Y-Z TS�W� a v GD ��� a a �Om¥
@
1
 and
GD ���Øa aJ�Om¥
 is groundedin �wv¸X"Y-Z T$���Øa�
 < (50)

Accordingto TheoremB.3, m is anextensionof \ � ��a .
For theotherdirectionlet m beanextensionof \ � � a . Accordingto TheoremB.3,wehave(50). Since��a is groundedin � , accordingto TheoremB.2, it follows that �Øa�v GD ���Øa¼aJ�Om¥
 is groundedin � . By

using(50) insteadof (48), a similar argumentationasabove shows that (49) andthus(48) is alsotrue
underthecurrentpremises.As above, it follows that m is anextensionof \ .

Proof 5.3 Let \ �]�����	�^
 bea default theoryandE anextensionof \ . Thenwith TheoremB.3 we
have m³�cegfh�i�¨v¸X"Y�Z T$� GD ���n� E 
@
O
 and (51)

GD ���n� E 
 is groundedin � < (52)

If we set m a �µm and �Øa�� GD �����Omo
 then \ � ��a�� ���¯² GD ���n�Om¥
	�	� vjX"Y-Z TS� GD ���n�Om¥
@
1
 < With
theabbreviations � a a �µ�¯² GD �����Omo
 and � a �]�ùv½X"Y-Z TS� GD ���n�Om¥
@
 andTheoremB.3 m a is an
extensionof \ � �Øa if fm³�cegf Ñ � a v�X"Y�Z T Ñ GD ��� a a � Ea 
 ÒBÒ and (53)

GD ��� a a � Ea 
 is groundedin � a < (54)

Assume> k GD ��� a a � Ea 
 . Then > is not in GD �����Omo
 because� a a �½�^² GD �����Omo
 , thatis m]l� ��KMLON$�W>&

or mõ� � � QSR$T4UV�W>-
 . Becausemµ�^m a , this impliesthat > is not in GD ��� a a � Ea 
 , which is a contradiction.
ThusGD ���Øa aJ� E a 
 is empty. Now we have seen(54) becausetheemptysettrivially is groundedin �¤a
and(53) follows from (51). Thatis m a is anextensionof \ � � a .

It remainsto show that � a is groundedin � andprotectedin \ . That � a is groundedin � follows
immediatelyfrom (52) and � a is protectedin \ accordingto Theorem5.1.

For theotherdirectionletm��cegf9�u�wv�X"Y-Z TS�W� a 
�v7m a 
 (55)

for a ��a*b÷� suchthat �Øa is groundedin � , �Øa is protectedin \ and mªa is an extensionof default
theory \ � � a . If we set � a a �½�^²M� a thenfor \ � � a �³��� a a �	�wv�X"Y�Z TS�W� a 
@
 we havem a �ìegf Ñ ��v�X"Y�Z T Ñ � a v GD ��� a a � Ea 
 Ò;Ò and (56)

GD ��� a a � Ea 
 is groundedin �wv�X"Y�Z T Ñ � a Ò (57)

accordingto TheoremB.3. Thereforewe havem³�pm a < (58)
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Next we show � a b GD ���n�Om¥
 . Accordingto Definition 5.1 for each> k � a we have thefollowing
two conditions:´µb«� a for no ´ k ¾ · �W>&
 (59)_¸bz� a for some_ k ú · �W>-
 < (60)

Let > k �Øa . With thegroundednessof �Øa and(56)wehave mµ� �jKMLON$�P>-
 . Assumem÷� � � QSR$TVU4�P>-
 . Then
with (56)and(58)wehave that � a v GD ��� a¼a � Ea 
 is notweaklyregular. Accordingto Theorem3.3there
is some>;a k �Øa�v GD ���Øa¼aJ� Ea 
 andsoméoa�bz��aÍv GD ����a aF� Ea 
 s.t. ´oa k ¾ · �P>»a�
 . With (55)and(56) it
follows that m a � � � QSR$TVU4�W> a 
 . Therefore> a lk GD ��� a¼a � Ea 
 (61)

Wedistinguishthefollowing cases:

1. ´ a bz� a and > a k � a �
In thiscaseweobtainacontradictionto (60),because�Øa containsadefaultandoneof its blocking
sets.

2. ´oa�bz��a and >;a"lk ��a �
In this casewehave > a k GD ��� a a � Ea 
 which is acontradictionto (61).

3. ´oadlbz��a and >;a k ��a �
In this casewehave � a ý GD ��� a a � Ea 
,l�½Ä .

4. ´oadlbz��a and >;a"lk ��a �
Again,we have > a k GD ��� a¼a � Ea 
 which is acontradictionto (61).

Thereforetheassumptionis falseandwe have mÓl� � � Q$RST4UV�W>-
 which implies� a b GD �����Omo
 < (62)

Finally, we show thatGD ���n�Om¥
��p� a v GD ��� a a �Om a 
 .
Let > k GD ���n�Om¥
 , thenby definition m�� �©KMLON$�W>&
 and mül� � � Q$RST4UV�u>&
 . If > k �Øa we areready, be-

causeof (62). Let >ølk � a . From mµ� �jKMLON$�P>-
 and(58)weconcludem a � �jKMLON$�W>&
 . From mÓl� � � Q$R$TVU4�W>&

weget mªa"l� � � QSR$TVU4�P>-
 . Therefore> k GD ���Øa a��Om a�
 which impliesGD ���n�Om¥
�b«�Øa�v GD ���Øa aJ�Om a�
 .

Now let > k � a v GD ��� a a �Om a 
 . If > k GD ��� a¼a �Om a 
 thenby definitionwe have m a � �µKMLON$�P>&
 which
implies mµ� ��KMLON$�P>&
 and m a l� � � Q$R$TVU4�W>&
 . From(58) it follows mõl� � � QSR$T4UV�P>-
 andalso > k GD ���n�Om¥
 .
Thatis, for thefirst caseweget � a v GD ��� a a �Om a 
.b GD ���n�Om¥
 . For thesecondcaselet >ølk GD ��� a a �Om a 
 ,
thatis > k � a . With (62) it follows > k GD �����Omo
 .

Finally we obtain GD �����Omo
��ù�Øa v GD ����a aF�Omªa�
 . According to (55) and (56) it follows m �egfh�u�wv GD ���n�Om¥
O
 . Because� a is groundedin � with (57) we concludethatGD �����Omo
 is grounded
in � . ThereforeTheoremB.3 impliesthat m is anextensionof \ .

Proof 5.4 If E is anextensionof ���n�	�^
 thenaccordingto TheoremB.3 we havem��cegf9�u�wv�X"Y-Z TS� GD ����� E 
@
O
 (63)

Accordingto definitionof generatingdefaults(see(2)) for eachdefault rule > not in GD �����Omo
 we havem]l� �jK�L@N$�P>-
 or m÷� � � QSR$T4UV�P>-
 < (64)

Set \ a �ï��� a �	� a 
.� \ �GD �����Omo
 thenby definitionwe have � a �¤�©²r� GD ���n�Om¥
hv GD �����Omo
O
 and� a �j�¨v�X"Y-Z TS� GD �����Omo
@
 . It remainsto show that ó · Ù �½Ä , becausethen \ a is non-conflicting.
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Assume�W> q �1> x 
 k ó ·dÙ for > q �1> x k � a , thatis > q and > x arenot in thegeneratingdefaultsof extension
E, that is (64) holds for >Bq and >4x . According to Definitions3.3 and3.1, exists a ´wb]� a suchthat> q k ´ and ´ k ¾ · �W> x 
 , because�W> q �1> x 
 k ó ·dÙ . Thatis in particulaŕ is groundedin �¤a < According
to thedefinitionof � , we have � a l� � � Q$RST4UV�W>-
 for each> in ´ . For each> in ´ we have � a l� �^KMLON$�W>&

becauseof (63) and(64). This implies that ´ is not groundedin �¤a which is a contradictionto (63).
Thusour assumptionwasfalseandfor all > q �1> x k ´ we have �W> q �1> x 
ðlk ó ·dÙ That is, theblock graph` ·21GD ' ñ � 3 * hasno arcsandby definition \ a � \ �GD �����Omo
 is non-conflicting.

Proof 5.5 This resultis obtainedasadirectconsequenceof theproof of Theorem4.1.

Proof 5.6 Let m beanextensionof \ . Theorems5.1and5.4imply thatGD �����Omo
 is protectedin \ and` ·21GD ' ñ � 3 * is arcless,respectively.
Assumethat GD �����Omo
 is not maximals.t. GD �����Omo
 is groundedin � andprotectedin \ . Then

thereis a superset�Øa a of GD �����Omo
 for which theabove conditionshold. Thatis, thereis a > k �Øa a and>�lk GD �����Omo
 s.t. m�� �ïK�L@N$�W>-
 . Since � a a is protectedin \ , accordingto Theorem3.3, � a a is weakly
regular. Thereforewe have mtl� � � QSR$T4UV�W>-
 andit follows that > k GD �����Omo
 which is a contradiction.
HenceGD �����Omo
 is amaximalsetwith thedesiredproperties.

For theotherdirectionlet m^�cegf9�u�wv�X"Y-Z TS���Øa�
O
 for somemaximal �Øa�b«� s.t. �Øa is groundedin� andprotectedin \ . Set ��� a a �	� a a 
"� \ � � a , then � a a �p�³²���� a v � a 
 and � a a �j�wv�X"Y-Z[TS��� a 
 .
Accordingto Theorem5.8, we have ó ·21 ñ Ù b¯ó · . Since \ is even \ � � a is even andthushasan

extensionm a . Accordingto Theorem5.3,we have that m a��©egfh�u�wv¸X"Y-Z[T$����aÎv GD ����a a��Omªa�
@
O
 is an
extensionof \ . TheoremsB.3 and5.1imply that � a v GD �����Omo
 is groundedin � andprotectedin \ .

Since��a wasamaximalsetbeinggroundedin � andprotectedin \ wehave

GD ��� a a �Om a 
��½Ä <
Finally, this implies m a �pm andwe obtain m is anextensionof \ .

Proof 5.7 Let m beanextensionof \ . Accordingto TheoremB.3,we havem��cegf9�u�wv�X"Y-Z TS� GD �����Omo
@
O
 and
GD �����Omo
 is groundedin � <

Theorems5.1and5.4 imply thatGD ���n�Om¥
 is protectedin \ and ` ·21GD ' ñ � 3 * is arcless,respectively.
AssumethatGD ���n�Om¥
 is not maximals.t. GD �����Omo
 is groundedin � , protectedin \ and ` ·�1 ñ Ù is

arcless.Thenthereis a superset�Øa a of GD �����Omo
 for which theabove conditionshold. That is, thereis
a > k � a a and >�lk GD �����Omo
 s.t. m�� �³KMLONS�u>&
 . Since � a a is protectedin \ , accordingto Theorem3.3,� a a is weaklyregular. Thereforewe have mtl� � � QSR$T4UV�P>-
 andit follows that > k GD ���n�Om¥
 which is a
contradiction.HenceGD �����Omo
 is amaximalsetwith thedesiredproperties.

For theotherdirectionlet m¿�^egfh�u�wv�X"Y-Z[TS����a�
O
 for somemaximal �Øa�b¤� s.t. �Øa is grounded
in � andprotectedin \ and ` ·�1 ñ Ù is arcless(thatis, \ � � a is non-conflicting).Set ��� a a �	� a a 
�� \ � � a ,
then � a a �ì�^²r��� a v � a 
 and � a a �j�wv¸X"Y-Z T$��� a 
 .

Next, we show � a � GD �����Omo
 . Since � a is groundedandprotected,by definition, we know that��a�b GD �����Omo
 . Let > k GD �����Omo
 then mÌ� � KMLON$�P>&
 and mwl� � � QSR$T4U4�W>-
 . Assume>«lk �Øa . Then>zlk � a v � a , that is, > k � a a . Since � a is maximalsetwith the above properties,for � a v 3B> 8 not
all properties(groundedin � andprotectedin \ and ` ·21 ' ñ Ùa��� _"� * arcless)hold. Because��a vè3B> 8 is
groundedin � , we know that � a v�3B> 8 is not protectedin \ or for � a v�3B> 8 we have that ` ·21 ' ñ Ùa��� _"� *
is notarcless.But ` ·21 ' ñ Ù`��� _"� * is arclesssince ` ·�1 ñ Ù is arclessand �Øa~bc��aÍv�3B> 8 . Thatis, �Øa�vs3B> 8 is
not protectedin \ . Then � a vs3B> 8 is not weaklyregularor it containsno supportingsetfor > . Assume� a v�3B> 8 is not weaklyregular. Accordingto Theorem3.3,we have thatthereis a > a k � a v�3B> 8 anda´±a k ¾ · �W>;a�
 s.t. ´oa~b«�Øa�v�3B> 8 . Wehave thefollowing two cases.

1. If ´ a bc� a then �¨v«X"Y-Z TS�W� a 
º� � � Q$R$TVU4�W> a 
 . But this is a contradictionto � a protectedin \ or> k GD ���n�Om¥
 , dependingon whether> a k � a or > a �½> , respectively.
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2. If ´ a lb«� a thenwe know that > k ´ a . Againwe have two cases:

(a) >;a k �Øa . Since �Øa is protectedthereis a supportingset _ of >»a s.t. _ìb½�Øa and _ k ¾ · �W>&

becauseotherwise� a wouldnotbeprotected.Hencem÷� � � Q$R$TVU4�P>-
 whichis acontradiction
to m l� � � QSR$TVU4�P>-
 (seeabove).

(b) > a lk � a implies > a �÷> . We have that ` ·21 ñ Ù is not arcless,because3B> 8 k ¾ ·21 ñ Ù �W>&
 . This
followsform thefactthatfor eachsingledefault > andeachdefault theory \ form 3B> 8 ¶5 · >;a
it follows that 3B> 8 k ¾ · �u> a 
 . Again this is acontradiction.

Thereforetheassumptionwasfalseand �ØaSv�3B> 8 is weaklyregularwrt � . Now assumethat ��aÍv�3B> 8
containsno supportingset for > . That is, > hassupportingsetsdifferent from emptyset. Therefore,
accordingto Definition 3.4, ¾ · �P>-
¸l�ÌÄ . And for all blocking sets ´ k ¾ · �W>&
 we have that ´ lb��a�vz3B> 8 , becauseotherwise ��a�vz3B> 8 would not be weakly regular wrt � . Since ��a containsno
supportingsetfor > it follows thatthereis a ´ k ¾ · �W>-
 s.t. ´¿bp� a v7� a a . From > k � a a we conclude�ja a���� v�X"Y-Z T$���Øa�
rl� � � QSR$T4UV�P>-
 . Thereforethereexistsa minimal ´oa a bì´ ý ��a a s.t. ´oa ag¶5 ·21 ñ Ù > .
Thatis, ´ a a b«´ < (65)

If we assuméoa aylk ¾ ·21 ñ Ù �u>&
 thereis a ´oa�Ë^´oa a anda >»a k ´oa a s.t. ´oad¶5 ·21 ñ Ù >»a (seeTheorem3.1).
Now (65) implies ´ a Ë¤´ and > a k ´ . Then ´ a v=��´�²y´ a a 
ªË�´ and ´ a v ��´^²*´ a a 
º¶5 · > a , that is,´Ólk ¾ · �P>&
 . But this is acontradictionandwe obtain ´ a a k ¾ ·21 ñ Ù �W>-
 . Now thisagainis acontradiction
to thefactthat ` ·21 ñ Ù is arcless.Thusour initial assumptionwasfalse,thatis thereis asupportingsetfor> in � a v�3B> 8 andtherefore� a v�3B> 8 is protectedin \ . This is a contradictionto themaximalityof � a
andhencetheassumptionthat >ølk �Øa wasfalse.

Wehave seenthat � a � GD �����Omo
 andaccordingto TheoremB.3, m is anextensionof \ .

Proof 5.8 Let �ØaØbt� a set of default rules which is is groundedin � and protectedin \ . Set\ � � a �³��� a a �	� a a 
 . Thenby Definition 5.2of � wehave�¤a aö�j��v«X"Y-Z TS�W�Øa�
�Øa a[�½�^²r���ØaÎv � a 
 where � a ��3B> k �����wv�X"Y-Z TS���Øa�
y� � � Q$RST4UV�u>&
 8Î< (66)

If �W> 4 �1>&
 k ó ·�1 ñ Ù thenby Definition 3.3 thereis somé 4 k ¾ ·21 ñ Ù �W>&
 suchthat > 4 k ´ 4 . By Defini-
tion 3.1 we have that ´ 4 ¶5 ·�1 ñ Ù > andBS3hold for ´ 4 . From ´ 4 ¶5 ·21 ñ Ù > it follows that thereis a
minimal ´÷Ëz� with ´^�p´ 4 v ´ for a ´÷bz� a and ´©¶5 · > . Accordingto Theorem3.1, ´ k ¾ · �W>&

if f for each >;a k ´ andeach ´oa�Ë]´ we have ´oaol¶5 · >;a . Assumé lk ¾ · �W>&
 , that is, thereis a> a k ´ anda ´ a Ë]´ suchthat ´ a ¶5 · > a . By definition it follows �°vjX"Y�Z TS�W´ a 
¦� � � Q$RST4UV�W> a 
 .
Furthermore,by monotonicityof � � , we obtain � vzX"Y�Z T$��´ð
r� � � Q$R$TVU4�W>»a�
 and >»a k ´ . That is, ´ is
notweaklyregular. Theorem3.3 impliestheexistenceof > a¼a k ´ and ´ a a Ëc´ suchthat ´ a a k ¾ · �W> a¼a 
 .
Wedistinguishthefollowing cases:

1. ´ a a b«� a and > a¼a k � a �
In this casewe obtaina contradictionto the fact that �Øa is a protecteddefault proof, becauseit
containsadefault andoneof its blockingsets(seeDefinition 6.2).

2. ´oa a�b«�Øa and >;a¼a�lk �Øa �
Since > a¼a k ´ and ´¯�©´ 4 v ´ for ´õb¤� a and ´ 4 b�� a a we conclude> a¼a k ´ 4 b¤� a a . Since´oa a is ablockingsetof >»a¼a with (66)and ´oa a�b«�Øa wehave >;a¼adlk ��a a , which is acontradiction.

3. ´ a a lb«� a and > a¼a k � a �
In this casethereexists a > k ´±a a suchthat > lk �Øa (that is > k �Øa a ). Furthermore,�Øa contains
a blockingsetof > , because� a is protectedin \ and > a¼a k � a . Thusby (66) >�lk � a a which is a
contradiction.
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4. ´ a a lb«� a and > a¼a lk � a �
Then > a¼a k ´ 4 . If > a¼a k ´ a a we obtainacontradictionto thefactthat ` · hasno self loops.If > a¼a lk´oa a we have that ´ 4 l�½´oa a . Thereforé 4 ý ´oa a Ëz´ 4 and >;a¼a k ´ 4 suchthat ��´oa a ý ´ 4 
�¶5 · >»a¼a .
But this is acontradictionto ´ 4 k ¾ ·21 ñ Ù �W>&
 .

Hencetheabove assumptionwasfalseand ´ k ¾ · �W>-
 . Finally, we concludethat ó ·21 ñ Ù b«ó · .

Proof 5.9 Let \ �Ô�����	�^
 , � 4 � � 4 ����a�
 for some�Øa9bp� and \ 4 �÷��� 4 �	�^
 . Furthermorelet m 4
beanextensionof \ 4 . ThenGD ��� 4 �Om 4 
 is protectedin \ 4 . Clearly, GD ��� 4 �Om 4 
 is alsoprotectedin\ since � 4 b«� .

Let m a beanextensionof \ �GD ��� 4 �Om 4 
 , which existsbecause\ �GD ��� 4 �Om 4 
 is coherent.Because
GD ��� 4 �Om 4 
 is groundedin � , Theorem5.3impliesthat m³�cegf9�u�wv¸X"Y-Z T$� GD ��� 4 �Om 4 
@
 v7m a 
 is an
extensionof \ . Sincem 4 �cegfh�¡��v«X"Y-Z TS� GD ��� 4 �Om 4 
@
@
 we concludem 4 b«m .

Proof 6.1 ThisCorollaryfollows directly from Theorem5.3.

Proof 6.2 Let \ �õ�����	�^
 bea non-conflictingdefault theoryandE anextensionof \ with ¬ k E.
Thenwith TheoremB.3 we have m³�ìegf9�u�wv�X"Y-Z TS� GD ����� E 
@
@
 andGD ����� E 
 is groundedin � < Let�.� � GD �����Omo
 , thenP2 andP1aretrivially true.Thus �.� is apuredefault proof for ¬ from \ .

For theotherdirectionlet �.� be a puredefault proof for ¬ from \ . Thenby Definition 6.1 P2 and
P1 hold for �.� . Since \ is non-conflictingit hasanuniqueextensionmÔ�jegfh�i�¨v�X"Y-Z[T$��� a 
@
 where� a bj� is a maximalsubsetof defaultswhich is groundedin � (seeproof of Theorem4.1). Because
accordingto P1 �.� is groundedin � it follows that �.�6b¤�Øa . Thereforefrom P2 it follows that m is
anextensionof \ with ¬ k m .

Proof 6.3 Without lossof generality, let ­®b � be minimal, puredefault proof for ¬ from \ . Let\ 4 �³� � 4 ��­±
	�	�^
 . If default theory \ 4 hasanextensionm with ¬ k m then,accordingto Theorem5.1
thecorrespondingsetof generatingdefaultsGD � �54 ��­±
	�Om¥
 is protectedin \ 4 andgroundedin � . Ac-
cordingto thedefinitionof � 4 ��­±
 therearenoarcs �W>;a��1>&
 in ` · suchthat >»a k �è² � 4 ��­±
 and > k � 4 ��­±
 .
Thus ´ k ¾ · �W>-
 implies ´tb �
4 ��­±
 for each > k �
4 ��­±
 . Since �54 ��­±
ðbï� with Theorem3.4 we
have ¾ ·on �W>&
¦b¯¾ · �W>&
 for each > k � 4 ��­o
 . ´ k ¾ · �W>-
 implies ´¨b � 4 ��­±
 . Hence,accordingto
Theorem3.4 we have ´ k ¾ ·on �W>&
 . In all we get ¾ ·on �W>&
ð� ¾ · �u>&
 for each > k �
4 ��­±
 . Therefore
GD � �
4 ��­±
	�Omo
 is alsoprotectedin \ (seeDefinition 5.1 andTheorem3.4). HenceGD � �54 ��­±
	�Om¥
 is a
protecteddefault proof for ¬ from \ .

Proof 6.4 Let \ �¿�����	�^
 bea evendefault theoryandE anextensionof \ with ¬ k m . Thenwith
TheoremB.3 we havem³�cegfh�i�¨v¸X"Y�Z T$� GD ���n� E 
@
O
 and (67)

GD ���n� E 
 is groundedin � < (68)

We set � I � GD �����Omo
 andprove that � I is a protecteddefault proof for ¬ from \ . (67) and(68)
imply thatconditionsP2andP1holdfor � I . ThusPP1holds.Theorem5.1impliesthat � I is protected
in \ (thatis PP2) andthusaprotecteddefault proof fpr ¬ .

For the otherdirection let � I be a protecteddefault proof for ¬ from \ . Then by Definition 6.2
we have PP1andPP2 for � I . Accordingto Theorem5.8 we have that ó ·21 ñp� b©ó · , which implies
that \ � � I is even, because\ is even. Now let mªa be an extensionof \ � � I ( mªa exists accordingto
Theorem4.2)andset m^�cegfh�u� I v7m a 
 . Then,accordingto Corollary6.1, m is anextensionof \ with¬ k m .

Proof 6.5 Let \ �w���n�	�^
 be a default theoryandE an extensionof \ with ¬ k m . Set � I �
GD �����Omo
 . Observe thatin thefirst half of theproofof Theorem6.4wedonothaveusedthat \ is even.
Thereforeherethesameargumentationappliesto show DP1, thatis � I is aprotecteddefaultproof for ¬
from \ . Accordingto Theorem5.4 \ � � I is non-conflicting,thatis DP2. Thus � I is a(general)default
proof for ¬ .
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For the otherdirectionlet � I be a (general)default proof for ¬ from \ , that is DP1 andDP2 hold
for � I . Therefore � I is a protecteddefault proof, that is PP1 and PP2 hold for � I , accordingto
Definition 6.2. Accordingto Definition 6.1 P2 andP1 follow for �.� because�.� is alsoa puredefault
proof. By DP2 \ � � I is hasan extension m a . Set m �õegfh�W� I v¦m a 
 , thenby Corollary 6.1 m is a
classicalextensionof \ with ¬ k m .

Proof 6.6 This theoremfollows immedialelyfrom Theorem6.5 becausethe extension-membership-
problemis in ÚMÛx [25].
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