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Abstract

We introducean alternatve conceptuabasisfor default reasoningn Reiter’s default logic. In
fact, mostformal or computationatreatmentf default logic suffer from the necessityof exhaus-
tive consisteng checkswith respecto the finally resultingsetof conclusions;often this so-called
extensionis just aboutbeing constructed.On the theoreticalside, this exhaustive approachs re-
flectedby the usualfixed-pointcharacterizationsf extensions. Our goalis to reducesuchglobal
considerationso local andstrictly necessarypnes.For this purposewe developvarioustechniques
andinstrumentghatdrav on ananalysisof interactionpatternsdetweerdefault rules,embodiedoy
their mutual blocking behavior. Theseformal tools provide us with alternatve meansfor address-
ing a variety of questiondn default logic. We demonstratehe utility of our approachoy applying
it to threetraditional problems. First, we obtaina rangeof criteria guaranteeinghe existenceand
non-eistenceof extensions.Secondwe get alternatve characterizationsf extensionsthat avoid
fixed-pointconditions. Finally, we furnish a formal accountof default proofsthat wasup to now
neglectedin theliterature.

1 Intr oduction

Defaultreasoningplaysanimportantrole in artificial intelligencesystemssincemary underlyingtasks
involve reasoningrom incompleteinformation. Reiters defaultlogic [40] is amongthe bestknown and
mostwidely studiedlogical frameworks for addressinghis form of reasoning.Apart from its natural
andlucid languagejt is alsomore expressie than competingformalisms,like Datalogwith negation
[9] or even circumscription[36]. Thatis, it canexpresssuccinctlyknowvledgesituationswhereonly
exponentialrepresentationareavailablein thelatterformalisms[8, 24].

Default logic augmentslassicallogic by defaultrules that differ from standardinferencerulesin
sanctioningnferenceghatrely upongivenaswell asabseninformation. Knowledgeis representeth
defaultlogic by defaulttheories(D, W) consistingof asetof formulasi? andasetof defaultrulesD. A
defaultrule 222 hastwo typesof antecedentsA prerequisitea which is establishedf « canbederived
andajustifications whichis establishedf 5 cannotberefuted.If bothconditionshold, theconsequent
~ is concluded.In this way, a default theorymayinducezero,oneor multiple extensionsof the factsin
w.

Theformaldefinitionof extensiongurnsoutto bemoredelicatethancouldhave beenexpected.Thisis
dueto thecontet-sensitve natureof justifications.In fact,adefaultrule’sjustificationcouldberefutable
only justwhenall default conclusionsontrituting to anextensionareknown. This is why traditionally
the non-refutability or consistencyof a justificationis verified with respecto thefinal extension.This
leadsto the commaonfixed-pointcharacterizationsf extensions.In suchanapproachpneis obligedto
inspectthe entiresetof defaultrulesin orderto decidewhethera particulardefault rule applies.

Thegoalof this paperis to furnishinstrumentghatallow usto replacesuchexhaustve considerations
by thestrictly necessargnes.Our approachs basedn the obserationthatthe refutationof ajustifica-
tion is necessarilypasedn the existenceof a proof for its negation. Althoughthe default rulesin these
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proofsarecontet-dependentthey delineatehe setof rulesthatarerelevantfor establishinghe consis-
teng of ajustification. Theideais thusto analyzedefault theoriesn orderto extractall suchinteraction
patternsamongdefault rulesin orderto draw on this informationfor eliminatingthereferencdo afinal
extension.In thisway, the setof default rulesmustbeinspectonly oncein its entirety while subsequent
considerationsanberestrictedto the extractedinteractionpatterns.

Our objectie is nicely illustratedby applyingit to the extension-membship{problem, whichis con-
cernedwith decidingwhethera default theory hasan extensioncontaininga given formula. Consider
an examplewherebirds fly, birds have wings, penguinsarebirds, andpenguinsdon't fly alongwith a
formalizationthroughdefaulttheory

(D,W) = ({ b fabba b ;Uwa P b ba P .ﬁfabp}a{_'f — aby, [ — abpaP}) . (1)
We let o7, 04, 05, 0—y abbreviate the previous default rulesby appealto their consequentsAn analysis
of theserulesshouldprovide us with the information that the applicationof the first rule dependson
the blockage of the lastone(andvice versa). The secondandthird rule canbe appliedno matterwhich
of the otherrulesapply We may thusinfer —f by fully ignoring the secondandthe third rule, while
assuringhatthefirst oneis blocked. Notably, ourinitial analysismustbetruly globalandalsoextendto
putatvely unrelatedpartsof thetheory To seethis, simply addtherule =2, abbreiated(-, destrging
all previous extensionsconsistentvith z. Now, the applicationof eachrule dependsadditionallyon the
blockageof ¢-,. We canonly applyd—; to derive —f, if bothé; and(-, areblocked.

We seethatthe applicationof rulesdepend®n the blockageof otherrules. The outcomeof our anal-
ysis mustthusprovide informationon which rulesmay block otherrules(or eventhemseles). This is
why we provide a formal accountof rule interactionin termsof so-calledbloding sets They provide
contet-independentcandidateproofsfor refuting a default rule’s justification. But althoughwe may
allot somehav unlimitedtime to ananalysis(seenasa compilationphase)we cannotprovide unlimited
spacefor its result. This is alsocrucial in our context, sincethe blocking information may be expo-
nentialin the size of the numberof defaults. We addresghis problemby proposinga so-calledblodk
graph This constructis obtainedby abstractingrom particularblocking situations while keepingthe
essentiainteractionpatternsbetweerdefault rules. The sizeof the block graphis quadratidan the num-
berof defaults. In the worst case computationof the block graphhasthe sametime compleity asthe
extension-membership-giblem.

In fact,theblock graphis our salientinstrumentor reducingextension-basetsuedo proof-oriented
ones;its gatherednformationcanbe usedin variousways.

e We may draw on the block graphfor addressinghe existence-of-gersion-problem aiming at
decidingwhethera default theory hasan extensionor not. As a result, we obtain a range of
correspondingriteriathatcanbe readoff the block graph.

In fact,this problemshavs alsoupin ourinitial example.In additionto therulesneededor deriv-
ing a formula, we may furthermorehave to considerulesmenacingan encompassingxtension,
like (—;.

e Furthermorewe obtainnovel characterizationsf extensionsby appealto blockage-basedon-
cepts. Theresultingcharacterizationgo not only avoid global consisteng checks,asneededn
traditionalcharacterizationdyut they morewer eliminatethe usualfixed-pointcondition.

¢ Analogously we obtaincharacterizationsf default proofsby meansof blockage-basedoncepts
thatavoid referringto anencompassingxtension.

Moreover, the block graphcanbe usedfor focusingthe formationof suchdefault proofson ulti-
matelynecessargefaults. In theabove example,it will betheblock graphof Theory(1) thattells
usthatthederiationof —f throughd-; requireshatd; is inapplicableandthatthetwo otherrules
may be completelyignored.



What makesour approachthusdifferentfrom traditional, extension-oriente@nesis thatoncewe have
extractedthe blocking information subsequenproblemscan be addressedby consideringdefault rules
only by need.

Throughoutthis paper we have adopteda rigorousblockage-basesiew. Although this notion was
implicitly presenin theliterature,it hassofar not beenusedasanexplicit tool for addressingssuesn
default logic. For illustration, let us reconsideithe applicability of default rules(c.f. Condition3. of
Definition 2.1). The blockage-basediew letsusdistinguishthreedifferentclasseof default theories:

1. If atheorycontainsnointeractionsamongdefault rules,applicabilitydepend®ntherule in focus
only. For instancethe applicability of 6 in the presencef §,, andd, (andthe absencef ;)
dependsonly on d-; itself. On suchnon-conflictingtheories reasonings reducedo deduction
andcanbeaccomplishedy meansof the constituentulesonly.

2. A theorycomprisedlirectinteractionsonly, thatis, the scopeof eachconflict affectstheinvolved
rulesonly. Then, applicability dependson the given rule plus the applicability of its blocking
rules. For example, in the presenceof 6, 6,,, and d, the applicability of 6-; dependson é-;
itself andd;. Onsuchconflictingtheoriesyeasoningnustbedonein aconsistentvay accounting
for interactionsbetweerrules. Nonethelessit canbe accomplishedy inspectingthe constituent
rulesand(recursiely) their blockingrules. Otherrulesthatdo notinteractwith theserulescanbe
ignored.

3. A theorycomprisedndirectinteractions thatis, conflictsthat affect the applicationof rulesnot
involved in the conflict. Now, applicability dependsalso on that of self-blockingyet unrelated
rulesandnotonly ontherulesinvolvedin theactualconflict. For instancetheapplicability of 6
in thepresencef é;, 0y, 6, and(—, depend®n iy, -, and(-,. As we have seensuchtheories
may have no extensions.

Thisthree-foldclassificatioris actuallyreflectedoy mary notionsthatareintroducedn thesequel.The

first classis rathertrivial, sinceit canbedealtwith by standardogical means As we will seethesenon-

conflicting theoriesplay nonethelesshe role of a basecasewheneer conflictsare graduallyremoved

from conflictingtheories.Much moreinterestingdefault reasoninginvolving conflictinginformation,is

situatedwithin the secondclassof theories.As a matterof fact, the profile of the underlyingconflicting

rulesis capturedoy theblock graph.Thethird classcompriseghetruly problematicheories.Thisis not

only becausehe potentiallack of extensionsndicatesa problemin the specificationof the theory but

alsobecausef ill-formed yet unrelatedrulesthat necessitatethe inspectionof all default rulesin the

generakase.In fact,the block graphprovidesa way out of this dilemma,sinceit allows usto decouple
the existenceof suchill-formed rulesfrom the necessityto inspectthe entiresetof rules.

Therestof the paperis organizedasfollows. Section2 givesa formal introductionto default logic.
Section3 introducesblocking setsfrom which we constructa default theorys block graph. This section
elaborateslsouponthe underlyingformal propertiesand givesfurther special-purposeoncepts.The
following threesectionsdealwith applicationsof theseconcepts.Sectiond addressethe existence-of-
extensions-problemSection5 provides alternatve characterizationsf extensionswhile Section6 is
dedicatedo the conceptiorof default proofs. Section7 graspghe presente@dpproachn its entiretyand
discussedts impacts. AppendixA resumessomegraph-theoreticabackgroundneededor the proofs
givenin AppendixB. Sections3, 4, and6 heavily extendthework foundin [29].

An extendedversion[31] of this papercontainsfurther applicationsandrefinementof theapproach,
including resultson modularand skeptical reasoningas well as further insightsinto the relationship
with variantsof default logic. Also, it providescasestudieson graphcoloring, Hamiltoniancircuitsand
taxonomieghataim atunderpinninghe utility of ourapproach.



Relationshipsto other work

Thereductionof global conceptdo local oneswasalreadyanissuein Reiters seminalpaper40]. For
capturingincrementalconstructionsReiterisolatedin [40] the propertyof semi-monotonicityandal-
readyshavedthatthis propertyis only satisfiedby the subclas®f normaldefault theorieqseeSection2
on formal details). This hasled in the following yearsto the developmentof alternatve default logics,
amongthemjustified [34], cumulatve [6] andconstraineddefault logic [16], all of which enjoy semi-
monotonicityin full generality Interestingly Reiterand Criscuoloshaved in [41] that normaldefault
theorieslack expressienessanddemonstratethat at leastsemi-normaldefault theoriesare neededor
full expressie power. Sincesuchtheorieslack semi-monotonicityin Reiters defaultlogic, the descen-
dantsof the original approactseemto be the right choice. But despitethe factthatthey allow for local
constructiondeyond normal default theories,they canalsonot accountfor the full expressie power
of Reiters default logic. In fact, asshavn in [7], full “local constructibility”, asembodiedby semi-
monotonicity andfull expressie powerareincompatible As aconsequenceaye cannotadoptoneof the
seeminglycomputationabhdwantageousariantsof default logic, if we wantto keepthe full expressie
power of Reiters original approach.

Ourapproachresideswithin Reiters defaultlogic, while aimingat shifting the emphasigrom global,
extension-basedonceptgo local, proof-orientedones(wheneer possible). For this purpose we de-
velopvarioustechniquesandinstrumentghatdrav on ananalysisof interactiondbetweerdefault rules,
manifestedoy their blocking behaior. While the basicintuition behind“blockage” is relatedto argu-
mentationsemanticg§19, 5], our resultinginstrumentsandtheir applicationshave clearly takena more
profound— sincedefault logic specific— avenueof research. Thework closesto oursin the domain
of defaultlogic hasbeendonein [28] and[37], wherethe notionof conflictis treated.

The first applicationof our conceptsdealswith the existence-of-gtengons-problem. Interestingly
semi-monotonicityimplies the existenceof extensions,so that all of the abore cited descendantsf
default logic guaranteextensions.Intuitively, thisis dueto the factthat“local constructibility” allows
usto incrementallyconstructextensionsvithout ever reconsideringry previous steps.Thesignificance
of the existence-of-gtensins-problem hasalreadyled to several approachesdentifying subclassesf
default theoriesalways possessingxtensionsin Reiters default logic. Among them,we find normal
[40], ordered [21], ever? [39], andstrongly stratified [10] default theories. An algorithmicaccountof
the existence-of-gtensons-problem is proposedn [48]. We shav in Section4.4 that our conception
aroundthe block graphprovidesuswith arangeof criteriagoing beyond mostof theseproposals.The
otheradvantageof ourapproactresidesn its syntax-independer, whichis absentn all of the previous
approaches.To be fair, however, we note that our investmentin constructingthe block graphis also
greaterthanthat of the aforecitedapproachesLastly, we mentionthat notionslike even- andoddness
werealsoinvestigatedn logic programmingandtruth-maintenancsystemswhich canbeinterpretedas
restrictedfragmentsf default logic.

Thesecondapplicationof our conceptsesultsin a seriesof alternatve characterizationsf extensions
thatavoid the usualfixed-pointcondition. Thefirst suchnon-fixed point characterizationaasobtained
by Etheringtonin [20] whendefininga semanticgor default logic. This wasaccomplishedby imposing
a strict partial orderon the classef modelsof the initial setof facts,whosemaximumelementsare
putin correspondenceith the extensionsof the underlyingtheory Alternative syntactic— yet fixed-
point-based— characterizations/ere proposedn [35, 23, 47,43]: A contt-sensitve operatorin the
traditionof logic programmings usedin [35]; extensiongof severaldefault logics)aredefinedin terms
of basicproperties]ike groundednessegularity, etc. (seeSection2) in [23]; characterizationaiming
at tableau-baseimplementationsre developedin [47, 43]. An operationakpecificationbasedon so-
calledprocessess givenin [1]. Theseprocessesmountto branchesn the treescorrespondingdo the
strict partialordersof Etherington-stylssemantic$20]; thereforethey alsoavoid afixed-pointcondition.

"We comebackto theseapproachein Section3.5,4.4,and5.4, respectiely.
2In the sequelwe useps-aren for referringto the notion of evennesproposedy PapadimitriouandSideriin [39].



As with Etherington$ semanticstheverificationof consisteng necessitatesaximalsequencesf rules.
The principal differencebetweenall of theseapproachesnd oursrestson the necessityof exhaustve
consisteng checks. In our approachthe block graphdelineateghe set of default rulesthat mustbe
inspectedor consisteng checking.Also, our avoidanceof fixed-point-conditionss differentfrom that
emplo/ed by Etheringtonand followers. While oursis accomplishedy appealto blocking relations,
their approaclrelieson a post-filteringcondition,verifying valid constructiongosteriorly[20].

The final applicationof our conceptgesultsin formal characterizationsf default proofs. Although
this questionis closely relatedto the extension-membershiprgblem, it hasso far beenneglectedin
the literature. This is probablydueto the fact that up to now default proofs were regardedas being
extension-dependent he extension-membership-piolem is thereforeusuallyapproachedby resorting
to the following loop: Generatean extension,testif a formulain questionis its member If so, stop.
Otherwise repeatthe loop. This procedurecanbeimplementedby ary of the extension-construion-
procedure&nown from theliterature,e.g. [26, 47, 38, 12]. In fact, Niemekimprovesthis approachin
[38] by providing an extension-construitin-procedure thatallows to focuson extensionscontainingan
initial query We notethatall of theseapproachesare primarily interestedn the constructiorof exten-
sions;the extension-membership-dotem is only addressethdirectly. Proof-theoretignvestigationof
Reiters default logic weredonein [3, 4] on the basisof naturaldeductionandsequentalculi. In these
calculi, however, consisteng checkingis alsoaddressedn an exhaustve way by meansof so-called
“anti-calculi”.

Extension-dependep@andthustheneedfor exhaustve considerationsanishin the presencef semi-
monotonicity This wasalreadyexploited by Reiterin [40] for developinga query-answeringrocedure
for normaldefault theories. Otherlocal proceduresvere obtainedin the aforecitedvariantsof default
logic. A local proof procedureor constrainediefault logic wasgivenin [44]; [13] addressethe same
taskfor Lukaszevicz’ variant.Bothapproachearelocalin thesensehatthey allow for decidingwhether
asetof default rulesformsadefault proof by looking at the constituentulesonly. Theseapproacheare
thus centeredaroundthe conceptof a default proof, which is missingin the former extension-oriented
approachesTheextension-independé characterizationf default proofsin Reiters defaultlogicis thus
oneof our majorconcerns.

2 Background

We startby completingour initial introductionto Reiters defaultlogic. A defaultrule 2:8 s callednor-
malif 3 is equivalentto ~; it is calledsemi-normalf 8 impliesy. We sometimeglenotethe prerequisite
« of adefaultrule § by Pre(6), its justification 3 by Just(6) andits consequeny by Cons(8).2 A set
of default rules D anda setof formulasW form a defaulttheory* A = (D, W), thatmayinduceone,
multiple or evenno extensiong40] in thefollowing way.

Definition 2.1 Let(D, W) bea defaulttheory For anysetof formulassS, let'(S) bethe smallestset
of formulasS’ sud that

1L.wcCg,

2. Th(S") =5,

3. Forany®2 e D,ifa € §'and-B ¢ Stheny € §'.
A setof formulasE is anextensionof (D, W) if I'(E) = E.

Obsenre that E is a fixed-pointof I'. Any suchextensionrepresents possiblesetof beliefsaboutthe
world. For example, Default theory (1) hastwo extensions: E; = Th(W U {b,w,—f}) and B2 =
Th(W U {b,w, f}), while theory(DU{ %]}, W) (whereD andW aretakenasin (1)) hasno extension.

3This notationgeneralizeso setsof default rulesin the obviousway; e.9. Pre(D) = {Pre(d) | § € D}.
“If clearfrom the context, we sometimeseferto (D, W) asA andvice versa.
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We call adefaulttheorycoheent if it hassomeextension.

For simplicity, we assumdor the restof the paperthat default theories(D, W) comprisefinite sets
only. Additionally, we assumehatfor eachdefaultrule § in D, we have thatW U Just(6) is consistent.
This canbe donewithout loss of generalitybecauseve can clearly eliminateall rules §’ from D for
whichW U Just(4') is inconsistentithout alteringthe setof extensions.

For asetof formulasS anda setof defaults D, definethe setof geneating defaultrules[40] as

D(D,S)={deD| Sk Pre(d) andS = —Just(d)} . 2

By taking 6y, 6., 0y, 6y to denotethe default rulesin (1), we seethat the two extensionsof (1) are
generatedy GD(D, E1) = {dy,0p, 0} and@(D, Ey) = {05, 0y, dp }, respectiely.

Definea setof defaultrules D asgroundedin a setof formulasS [46] iff thereexistsanenumeration
(0;)ic1 Of D suchthatfor all 7 € I we have that

S U Cons({do,---,0;-1}) = Pre(d;) . (3)

Notethat@(D, E) is groundedn W wheneer E formsanextensionof default theory (D, W). Con-
verselythesetE = Th(W U Cons(@(D, E))) formsanextensionof (D, W) if @(D, E) is grounded
inW.

Definea setof default rules D asweaklyregular wrt a setof formulassS [28, 23] iff for eachd € D
we have that

S U Cons(D) = ~Just() . (4)

Clearly @D(D, FE) is weaklyregularwrt W wheneer E is anextensionof sometheory (D, W).

As shawvn in [43], maximal sets D’ C D of groundedand weakly regular default rules induce
extensionsof (D, W) in tukaszevicz' variant of default logic [34]. That is, for eachsuch D',
Th(W U Cons(D")) forms a, say tukaszevicz-extension. So, in contrastto what we have obsered
on Theory(1) for Reiters default logic, Th(W U {b, w, —f}) andTh(W U {b, w, f }) do actually pro-
videvalid t ukaszevicz-extensionof Defaulttheory(DU{ =7}, W), whereD andW aretakenasin (1).
Thisworksbecausé ukaszaicz' variantenjoys the propertyof semi-monotonicity

For ary setsof defaultrules D' C D, we have thatif E’ is anextensionof (D', W) then
thereis anextensionE of (D, W) whereE’ C E.

If atheory (D, W) enjoys this property we candecidethe extension-membership-plem for some
formula ¢ by forming sucha set E’' with ¢ € E’. Then,semi-monotonicitytells us that thereis an
extensionE of (D, W) with E' C E. For forming a default proof for ¢ in Lukaszevicz’ variant, it
is hencesufiicient to constructa groundedand weakly regular setof default rulesP C D with W U
Cons(P) = ¢, while discardingall defaultrulesin D \ P.°

Similar constructionsareimpossiblein Reiters default logic, dueto the aforementionedeasonsOn
the otherhand,we argue thatthereis no needfor alwaysinspectingall rulesin D \ P. But thenthe
questionariseshow to tell which rulesmustbe considerecandwhich rulescanbeignored. An answer
to this questionis providedin the next section.

3 Representinginteractions by block graphs

This sectionintroducesthe fundamentatonceptson which we rely for analyzingpossibleinteractions
amongdefault rules. We expresstheseinteractionsthroughbloding relationsthat tell us which rules
may block arule in question. This informationis thencondensedn blodk graphsby abstractingrom
particularblocking situations,while keepingthe essentialinteractionpatternsbetweendefault rules.
In the subsequensections,we shav how theseinstrumentscan be usedfor turning extension-based
conceptsnto proof-orientecbnes.

SWe elaboratenoreupontherole of Lukaszevicz’ variantasa “lower bound”for Reiter’s defaultlogic in [31].



3.1 Blocking sets

Our approaclhis foundedon the conceptof bloding sets Givena default theory (D, W) anda default
ruled € D, intuitively, ablockingsetfor § is asetof defaultrulesB C D whosejoint applicationdenies
the applicationof §. Sucha blocking setprovidesa candidatefor disablingthe putatively applicable
default rule §. For this purpose,it is actually suflicient to refute a rule’s justification, while ignoring
its prerequisite. An existing derivation of a prerequisitecanonly be counterbalancedly refuting the
justificationof oneof its default rules.

In orderto becomeeffective, however, ablockingsetmustbeincludedin the setof generatinglefault
rulesof anencompassingxtension. Thatis, it mustbe groundedandthe respecitie justificationsmust
be consistentwith the extension. In fact, groundednessan be effectively verified by looking at the
candidateset only, while consisteng is contet-dependensinceit refersto a final extensions. Our
aim is however to captureblockage asanintrinsic featureof default theoriesratherthantheir resulting
extensions. Moreover, we are often interestedn shaving that a critical blocking setdoesnot apply
which rulesout anextension-basedharacterization.

Thisleadsusto thefollowing definitionof bloding sets

Definition 3.1 LetA = (D, W) beadefaulttheory.For § € D andB C D, wedefine

1. B asabasicblocking setfor 4, written B +> 4, iff
BS1 W U Cons(B) = —~Just(d) and
BS2 Bisgroundedn W.

2. Bisanessentiablodking setof §, written B r»A 0, iff B—a d and
BS3 (B\{d}) ~a 0" foreveryd € B andeveryd” € BU{d}.

We defineBa (0) = {B | B +>a 6} asthesetof all essentiabloking setsof 4.

Obserne thatthis definitiontreatsdefault rulesasmonotonicinferencerulesby ignoringtherules’ justi-
fications. A blocking setfor arule § amountsthusto a proof of = Just(é) in a standardogical system
augmentedy inferencerulesobtainedfrom D by ignoring default rules’ justifications. Suchsystems
arestudiedin [35]. Notethatthe consequentef a blockingsetarenotrequiredto be consistentThisis
neededfor instanceto detectgroupsof default ruleswhosejoint applicationblocksary otherdefault,
like {=—c“, :’;} Finally, notethatfor all § € D we have () & A § becauseve requirethatW U Just(d) is
consistent.
For illustration, considerthe following example.

A:({ :aa’ :b—|a’ a/\lz:x’ :(j—'c}’@) 5)

Amongthebasicblockingsets,we have
{5} Pa

In addition all groundedsupersetof {72} and {22, 3¢ 8Ab:2} are pasicblocking setsfor <34

and =<, respectiely. All theseredundan'supersetylolate Bsa sothatnoneof themis an essentlal
bIocklngset. Moreover, thesecondasicblockingsetin (6) is superfluousinceit mayneverappeain an
extension. To seethis, obsere that { <2, -3¢, anb: 422} containsa blocking setfor oneof its constituent
rules, given by the first blocking setin (6). In fact suchsituationsare also addressedy BS3. For

and %, :;a’aAZ:z}HA :;c_ (6)

instancetakingd’ = % andd” = 74 in BS3shavsthat {2, 74, anb: 4221 is no essentiablocking
set.Hence theabove theoryhasonly a singleessentiablocking set:
{Z) a5t



We seethat althoughBS1 and BS2 capturethe basiccharacteristic®f blocking sets,not all suchsets
areneededor blockingagivenrule. Thisis addresseth the secondpartof Definition 3.1. In fact,BS3
furnishesa concisespecificationimposing,first, thatessentiablocking setsare (setinclusion) minimal
amongall blocking setsof a rule and, secondthat essentiablocking setsdo not containblocking sets
for their constituentules. We have thefollowing result.

Theorem3.1 LetA = (D, W) beadefaulttheoryandletd € D andB C D.
We havethat B ~» A ¢ iff thefollowing conditionshold.

1. B—a 4,
2. B'—A d fornoB' C B, and
3. B'—A ¢ fornoB' c Bandnoé’ € B.

Condition2. capturesminimality, while Condition3. ensuresa non-inclusionproperty Note thatthe
latter doesnot apply to entire blocking sets,where B’ = B, sincetheir setof consequentsnay be
contradictoryasin {<%, £2}.

ThefactthatBS3only eliminatessuperfluouslockingsetsis guaranteedtby thefollowing result.

Theorem 3.2 Let E beanextensionof defaulttheoryA = (D, W) andlet§ € D.
Thenthefollowing are equivalent:

1. E E ~Just(9)

2. therissomeB C D with B —a ¢ sudhthatB C @D(D, E)
3. thereis someB C D with B +>A d sudithat B C @D(D, E)
4. thereis someB € Ba(d) sudthatB C (D(D, E)

This theoremshaws, that the existenceof blocking setsprovides necessaryand sufficient conditions
for refuting a default rule’s justification accordingto the intuitions given in the introductory section.
It alsodemonstratethatthe blocking setsretainedin Ba (d) have the sameeffectivenessastheir basic
counterpartsFinally, it providesfirst evidenceof how extension-orientedotionsareexpressiblehrough
blockage-basedoncepts.This is illustratedby the factthat condition Ba (§) = @ is sufiicient for the
consisteng of Just(§) with all extensionsf A.

For furtherillustration, considerTheory(1) alongwith its blocking setsgivenin (7)—(10):

Ba (d5) {011} (7)
Ba(6y) = 0 (8)
Ba(dp) = 0 9)
Ba(6-f) = {{dp,0s}} (10)

Forexample,{4_; } is theonly blockingsetfor d;; it comprisesapossiblerefutationof aby, thejustifica-
tionof é;. In generalasingledefaultrule mayhave multiple blockingsets.For example,adding, 1% to
Theory(1) augmentgachsetBa (d;) by { Py } Theadditionof =7 to (1) leavesblockingsets(7)—(10)
unafectedandyields Ba (££) = {{2Z}}, reflectingself blockage.Obsere that ConditionBS3allows
usto discardblockingsetsthatblock their own constituentules. For instance{dy, 65, 6 } is aputative
blockingsetof d,,, butit is ruledoutby BS3sinceit containsbothd; andoneof its blockingsets {d-}.

Let us now look at further propertiesof the blocking setskeptin Ba(d). In fact, they allow usto
capturethe conceptualizatiorof consisteng found in Reiters default logic without ary appealto an

encompassingxtension,asshavn next.




Theorem3.3 LetA = (D, W) bea defaulttheoryandlet D' C D begroundedn W.
We havethat D’ is weaklyregular wrt W iff we havefor eah &' € D' andeah B C D’ that
B & BA(d").

Seenasa mappingfrom default theoriesA = (D, W) to setsof setsof default rulesBa (4) (takingd
asaparameter)ye obsere that\z.B, (6) is monotonewith respecto theadditionof defaultrulesto D.

Theorem3.4 LetA = (D,W) andA’ = (D', W) bedefaulttheorieswith D C D'.
For § € D, wehavethat

1. B € Ba(d) impliesB € Ba/(d) and
2. B € Bar(6) andB C D imply B € Ba(9).

This resultimplies that blocking setscanbe constructedn anincrementafashion(c.f. Corollary 3.9).
Note that A\z.B,(d) is not monotonewith respectto W, since, for instance,addinga default rule’s
consequentd W eliminatesthis default from all blocking setsthatcontainedt previously:.

Let usnow give someresultsestablishingupperboundsfor computationatompleity. Thefollowing
resultfor basicblocking setsdravs on a similar resultobtainedn [45].

Theorem3.5 LetA = (D, W) beadefaulttheoryandleté € D andB C D.
DecidingwhetherB A ¢ holdsis in co-NP

For essentiablocking sets,we may thustestfor a givenset B anda given ¢ whetherB € Ba () with
a polynomialnumberof callsto anNP-oracle.This givesthe following resultfor determiningwhether
thereexistsanessentiablockingsetfor agivenrule.

Theorem3.6 LetA = (D, W) beadefaulttheoryandletd, ¢’ € D.
Decidingwhetherthere existsan essentiablocking setB € Ba (§) sudithatd’ € Bisin ©1.

As regardsspacecomplexity, we notethatin theworstcase atheorywith n rulesmaycompriseO (27)
blocking sets.This is arguablyan artifact of the problemin generalratherthanthe specificapproachat
hand— theremaysimply beanexponentiaihumberof waysin whicha setof defaultsconflict. Consider
for examplethe classof default theoriesdiscussedn [15], wherewe have

%éj’l for i€{1,2},

%fﬁ for 4,4’ € {1,2} andl < j <n, and
1)

ﬂi,n Y -
=2 for e {1,2}.
For a givenn thereareclearly 2" “inferential paths”betweenx and~y. Given e, adefaultrule —2 is
thusfacedwith O(2™) blockingsets.While this characterizetheworstcasejn generawe mightexpect
the numberof blocking setsto be more manageable For example,in aninheritancehierarchywhere
a different“exception” type accountdor eachlevel in the hierarchy we would have a setof blocking
setsthatis linearin the sizeof the hierarchy See[31] for detailedcase-studiesOn the otherhand,the
numberof blockingsetsis notrelatedto the numberof extensionsof a giventheory To seethis, obsere
thatthedefaultrules
=4 4 for je{l,...,n}

e -

induce2™ extensionsbut only 2n blocking sets. Thatis, althoughwe encountean exponentialnumber
of extensionsye have only alinearnumberof blockingsets.Thelasttwo examplesshawv thatblockage-
andextension-oriente@pproachemaywork quite orthogonako eachother

Finally, we shav thatblocking setsareindependentrom the representationf the underlyingdefault
theory.For this purposewe definesyntacticallyequivalentdefault theoriesasfollows.
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Definition 3.2 LetA = (D, W) andA’ = (D', W') betwo defaulttheories.
We defineA and A’ to be syntacticallyequivalentf thefollowing conditionshold.

1. Th(W) = Th(W') and
2. theris a bijectivemappingf : D — D’ sud thatfor each § € D, wehave
W | Pre(d) = Pre(f(9))

W | Just(d) = Just(f(9)) ,
W | Cons(d) = Cons(f(9)) .

Obsene thatequivalenceis actuallydefinedmodulothe setof premisedV .

We generalizenappingf to setsandsetsof setsof default rulesby putting f(B) = {f(d) | § € B}
for B C D andf(B) = {f(B) | B € B} for B C 2P. Then,we have the following resultshaving that
blockingsetsareindependentf the syntacticakepresentationf theunderlyingdefault theory

Theorem 3.7 Let A and A’ besyntacticallyequivalentdefaulttheoriesand f : D — D’ someassoci-
atedbijectivemapping
We havefor each § € D that f(Ba(d)) = Bar(f(9)) .

Two default theoriesare extensionequivalent if they have exactly the sameextensions. Clearly,
syntacticequivalenceimplies extensionequivalencebut notvice versa[35].

3.2 Block graph

Giventhe conceptof blocking sets,we arereadyto defineour salientinstrument:The blodk graphof a
defaulttheory

Definition 3.3 LetA = (D, W) bea defaulttheory.
Theblodk graphT'A = (Va, Aa) of A is a directedgraphwith verticesVa = D andarcs

Ax = {(¢',0) | ' € BforsomeB € Ba(d)} -

Theblock graphis anextractof the essentiablockinginformationcomprisedn all blocking sets.This
is doneby abstractingrom the membershipf default rulesin specificblocking sets.Thatis, thereis an
arc(d’, ) betweerdefaultrulesé’ andd in theblock graphiff ¢’ belongsto someblocking setfor 4.

For Defaulttheory(1), we obtaintheblock graphgivenin Figurel, it hasarcs(d-y, dr), (67, 6-¢) and

(553 5—'f)

.!

Figurel: Block graphof Defaulttheory(1).

We obsere thatthesizeof theblock graphis alwaysquadratian thenumberof defaultrules,although
theremay be an exponentialnumberof blocking setsin the worstcase.The computationatompleity
associatedvith block graphsis directly relatedto thatof blockingsets,asshawvn in the next result.
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Theorem 3.8 LetA = (D, W) beadefaulttheoryandlet G = (D, A) bea directedgraph.
Theproblemof decidingwhetherG = T' isin X%

In view of the possiblyexponentialnumberof blockingsetsit is importantto obsere thatwe neither
have to keepnor to recomputeblocking setsduring the constructiorof block graphs.This is expressed
by thefollowing corollaryto thefirst partof Theorem3.4.

Corollary 3.9 LetA = (D,W) and A’ = (D', W) be defaulttheorieswith D C D'. LetTa =
(Va, Aa) andTar = (Var, Aar) betheblodk graphsof A and A’.
For 6,0’ € D, wehavethat (4,4") € Aa implies(é,d") € Aar.

Obsene thatthe secondpartof Theorem3.4is inapplicable sinceit refersto blocking setswhoseentity

hasdisappearedn the block graph. To seethis, considera theory A’ with rules =, “T” %” and

no facts. AssumeA is obtainedfrom A’ by deleting2. Then,we have {32, “T:b} A °zb while
{22} a0

Anotherpropertycarryingover from blocking setsto block graphsis thatof syntaxindependence.

Corollary 3.10 LetA = (D, W) andA’ = (D', W') besyntacticallyequivalentdefaulttheorieswith
blodk graphsT'A = (Va,Aa) andT'ar = (Var, Aar). Let f : D — D' be someassociatedijective
mapping

Wehavefor all §,6 € D that(4,d") € Aa iff (f(d), f(¢")) € Aar .

Although a block graphgivesup full blockinginformationin returnfor betterspacecompl«ity, it
remainsa powerful instrumentor the purpose®laboratediponin sectionst to 6. Thisis dueto thefact
thattheblock graphdelineateshesetof rulesthatcompriseputative inconsistenciesAmongothers this
allows usto limit our attentionto suchsetswhencheckingthe consisteng of §'s justification. The next
sectiondraws on this for providing a conceptuablternatve to suchconsisteng checks.

3.3 Supporting sets

Fromtheperspectie of blockingsets,aconsisteng checkmustguarante¢hatall blockingsetsof arule
in focusareinapplicable. This leadsusto the conceptof supportingsets which areintuitively simply
blockingsetsfor blockingsets.

We first extendthe notion of blocking setsto setsof rules: For adefaulttheoryA = (D, W) andsets
B, B' C D, wecall B' abloking setfor B, written B’ > B, if thereis somedefaultrule § € B such
that B’ A 4, or equivalently B’ € Ba (). NotethatB +% () for eachB C D.

With this, we maydefinethe conceptof supportingsetsasfollows.

Definition 3.4 Let A = (D, W) be a defaulttheory. For § € D, we definethe setSa (6) of all
supportingsetsfor § as

Sa(6) = {B{U---UBJ], | B C DsuhthatB; —a B; for i € {1,...,n}
andBA(a) = {Bla"' 7Bn} }

providedBa (&) # 0. Otherwisewedefineit asSa (6) = {0}.

ObsenrethatSa (§) = 0 whenerer Ba (6') = () for all §' in someB; € Ba(d), becaus¢henfor B; there
is no setof defaultrules B] suchthat B! v B;, thatis, B} U - -- U B, is undefined.

The purposeof supportingsetsis to rule out blocking setsassubsetof the generatingdefault rules.
Oncea supportingsetfor § hasbeenapplied(i.e. onceit is a subsewf the generatingdefault rules), §
itself canbeappliedsafely Obsenre, howvever, thatsupportingsetsmaybeinapplicable asin the caseof
=2, whichformsbothits own blockingandits own supportingset. Thesupportingsetsin Theory(1) are
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givenin (11)—(14):

Sa () = {{0s,0r}} (11)
Sa(6w) = {0} (12)
Sa () = {0} (13)
Sa(0-p) = {{o~r}} (14)

Considerthe supportingsetfor dJ; in (11). We have to find one blocking setfor eachblocking setin

Ba(dr) = {{0-7}}. In this easycase,we have to find someblocking setfor ¢_, yielding {4, o7 }.

Here, {ds,d;} is the only supportingsetfor ;. Similarly, for §-;, we have to find a blocking set B/

for {0s,d;} (see(10)). Thatis, we musthave either B’ € B (d;) or B' € Ba(dy). BecauseBa (d) is

empty weget{d_s} € Ba(dy) astheonly supportingsetfor é_;. Theoccurrencef d_ in its supporting
setis dueto the factthatthereis a directconflict between_; andits blocking set. This saysthat

is safely applicableon its own. In generalthis neednot be the case. For example,in default theory
( :7”, 7 ;—Z, },0) thelastrule formsthe singlesupportingsetfor thefirst one.

Sinceblocking setsare contet-independenthey represenimerely candidateproofs for refuting a
default rule’s justification. Thatis, for a default rule theremay be someextensioncontainingsucha
blocking setthatinhibits the applicationof therule. Thus,givenonly arule andoneof its blockingsets,
we cannotdecidewhetherthe rule applieswithout the final extension. The situationis differentwith
supportingsets.Clearly supportingsetsarealsocontet-independentBut unlike blockingsets they are
supposedo applyin the sameextensionastheir supportedule. This canbe madepreciseasfollows.

Theorem3.11 LetA = (D, W) beadefaulttheory For every§ € D andeveryextensionE of A, we
havethatif £ |= Pre(d) andS C (D, E) for someS € Sa (4), thend € @D(D, E).

In fact,thejoint applicationof arule andoneof its supportingsetscanonly bedeniedby anindependent
self-blockingpart of the theorythatdestrgs anencompassingxtension.Thus,givenarule andoneof
its supportingsets we candecidewhethertherule (andits supportingset)applieswhenaer we canrule
outsource®f incoherenceThisis oneof thekey ideasdevelopedin Section5 and6.

3.4 Detectingand reconstructingblocking sets

Although the information gatheredn the block graphis often suficient for addressingroblemslike
the existence-of-gtensio-problem, the detectionandreconstructiorof blocking setsremainimportant
issuedor decidingthe applicability of default rules.

For expressinghow ablock graphl’ A mayfacilitateaddressingheseissueswe let y~1(§) denotethe
setof predecessorsf § in T'x andlety~2(§) denotethe setof predecessorsf thenodesin y~1(5). For
D' C D, definey (D) = {§ e y~1(¢8") | & € D'} andy 2(D') = {6 € y~2(¢") | &' € D'}.

Thespecificblockingandsupportingsetsaredelineatedy theblock graphin thefollowing way.
Theorem3.12 LetA = (D, W) bedefaulttheoryandletT"a beits blodk graph.

We havefor all defaultrulesd € D that

1. B Cy~Y(6) forall B € Ba(d), and

2. S Cy2(5)forall S € Sa (6).

In what follows, we give somesuficient, block graphbasedconditionsfor detectingblocking and
supportingsets. Recallfrom Theorem3.2 that the absencef blocking setsfor a rule establisheshe
consisteng of its justification. For illustration, considerthe predecessosetsobtainedfrom the block
graphin Figurel.:

v = {6} Y72(br) = {67,0}

'7_1(5111) =0 7_2(5111) =0 (15)
Y &) = 0 Y 20) = 0

Y Ho-p) = {6f,0} Y72(b6p) = {6}
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Our succinctexampleillustratesalreadysomesimple criteria that can be directly obtainedfrom the
block graph. First, whenerer we have v 1(§) = () a default rule § is applicablewithout consisteng
check. Secondwheneer we have y~2(§) = {6} adefault rule § cansupportitself, ® in an existing
extension.Thisis thusinapplicableto ruleslike ~Z.

In fact,thefollowing conditionsaresuficientfor theabsencef blockingandthe presencef support-
ing setsrespectrely, in asetof rulesD’:

D'ny YD) = ¢ (16)
v 3D") C D', if foreveryd € D' ands” € v 1(¢'), wehavey 1(6") #0. (17)

Thefirst conditiontellsusthat D’ containsno blockingsetfor ary of its membersThesecondzondition
makessurethatall blockingsetsof all membersf D’ areinhibitedin D’ becausell supportingsetsare
present.Theconditionin (17) excludescasesvhereruleshave blockingbut no supportingsets.

More generallywe have thefollowing sufficient criteriafor theabsencendpresencerespectiely, of
blockingsetsfor adefaultrule § in agroundedsetof rulesD’. Thereis noblockingsetin D' for 4, if

W U Cons(D' Ny 1(8)) 1= ~Just(s) . (18)
Ontheotherhand thereis someblockingsetin D’ for 4, if
W U Cons (D' Ny 1(8)) E —~Just(d)

andprovidedthat D' N y~1(§) is grounded.

Finally, let us considerthe verification of weak regularity for a groundedset D’ of default rules.
Accordingto Theoren3.3,we mustshav that D’ containsno blockingsetsfor its membersThisis true
if (18) holdsfor eaché € D’. However, given the underlyingblock graphT'a = (Va, AA), we may
restrictour attentionto rulesé thatbelongto thefollowing subsebf D’ :

C'={6eD"|(8,6) e ((D'xD)NAx)} .

Forillustration,considerD’ = {4,,, , d—; } alongwith theblock graphin Figurel. WegetC’ = {0}
andD’ Ny~1(é-s) = {4} for which (18) holds— while ignoringall rulesin D’ \ C" = {4y, 5 }.

The last criteriaillustrate the block graphs role in delineatingsetsof “critical rules”. In the worst
case,we arefacedwith a completeblock graph,from which no gainis to be expected. Otherwise,it
shouldbeclearthatthe smallerthe setsy=!(§) andy~2(é), thelargerthe pay-of obtainedby meansof
the block graph.This questionis furtherelaboratediponin [31], wherecoloringtechniquesreusedto
gathemoreinformationin block graphs.

3.5 Relatedapproaches

As mentionedn theintroductorysectionour approactsharesomeof its basicintuitionswith agumen-
tation semanticsIn the pioneeringwork of Dungin [19] anargumentatiorframevork is a pair (4, R)
where A is a setof agumentsand R C A x A represents&n “attack” relationbetweenarguments.In
this framework, a default theorycanbe (informally) interpretedvia agumentsof theform (J, ¢), where
Just(P) C J for some“default proof’ P of ¢ (c.f. Definition 6.1). And (J, ¢) attacks(J’, ¢') iff
—-¢ € J'. Obsere thatthis abstracsettinggivesaninfinite setof agumentsamountingto all possible
default proofsdravablefrom anunderlyingdefault theory

Thisframework in refinedin [5] by consideringassumption-basefidamevorksof form (T, A, ) where
T and A aresetsof formulasand is a mappingfrom A in the underlyinglanguage.A standsfor a set
of assumptionghatcanbe usedfor extendingatheoryT; mapsassumption$o their contrary Among
othernonmonotoniceasoningormalisms defaultlogic hasbeenshavn to beaninstanceof thisabstract

5This is madeprecisein conditionPTD2 in Definition 5.1.
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framework. Givenatheory(D, W), defaultrulesav;ﬂ € D areidentifiedwith monotonicnferencerules
of form QTMﬂ Adding theserulesto classicalogic, givesaninferencerelationtp. FurtherletT = W

andA = {MpB | B € Just(D)}; the contrary M3 of an assumptionM3 € A is =3. Givenan
assumptiorsetA’ C A andanassumption/3 € A, A’ is saidto attack M 8 iff W U A’ Fp —p.

Despitetheir different objectsof discourse blocking setscan be associatedvith redundang-free
attacks.In fact,we have that

e Bi—>a dimpliesthat{Mp | 8 € Just(B)} attacksM Just(d), aswell as
e B dimpliesthat{ M3 | B € Just(B)} attacksM Just ().

To see that the corverse does not hold in either case, considertheory (5). We get A =
{Ma,M-a,Mz,M~-c}. However, while A is an attack for M—-a and M-c its counterpart

15, W, %} is neithera basicnor an essentiablocking setfor ary of its members. One
canshaw thatthereis a correspondenceetweerthe minimal basicblockingsetsof arule § andthe min-
imal attacksof Just(6). Moreover, in analogyto thediscussiorafter(6), we havethat{ M a, M —a, Mz}
attacksM ¢, which hasno essentiablocking setascounterpart.This shavs thatattackscomprisemuch
moreredundang thanblockingsets.To befair, however, oneshouldbearin mind thatthe concepibf an
attackresideswithin anabstractramework, while our approactprovidesaninfrastructurefor reasoning,
beingspecificto default logic. We returnto this approachn Section5.4.

As regardsotherwork specificto default logic, we mentionthatthe worksin [28] and[37] treatthe
relatednotion of conflict dealingwith minimal setsof default rules having inconsistentconsequents
ratherthanproof skeletonsmenacingparticularjustifications,asin our approach.

4 Existenceof extensions

Determiningwhethera default theoryhasan extensionis a fundamentaproblemin default logic. This
questionis alsopertinentto the extension-membership-giblem, sincereasonableonclusiongnustre-
sidein anexisting extension.In previousworks, broadsubclassesf default theoriesalwayspossessing
extensionshave beenidentified. Among themwe find normal [40], ordered [21], ps-even[39]’, and
strongly stratified [10] defaulttheories.

We addresghis problemby exploiting blockingrelationsamongdefault rulesby meansof theformal
toolsdevelopedin thelastsection.Thisprovidesuswith arangeof suficientconditionsfor thecoherence
andincoherencef defaulttheories.

4.1 Block graph basedcriteria

To begin with, we call a default theory (D, W) non-conflicting if it hasno blocking sets thatis, if its
block graphhasno arcs;otherwisewe call it conflicting Non-conflictingdefault theorieshave unique
extensionsandtrivially allow for inferenceswithout consisteng checks 2

Theorem4.1 Everynon-conflictingdefaulttheoryhasa singleextension.

For instancedefault theory ({22, 521, §) is non-conflicting yielding a block graphwith no arcs. The
sameholdsfor Theory(1), wheneliminatingeither 2:59% or £2:29%.

Moreinterestinglywe call adefaulttheorywell-ordered if its block graphis agyclic. Theoremd.1can
bestrengthenedby thenext result,which shavs thatwell-ordereddefault theorieshave singleextensions.

Theorem4.2 Everywell-ordered defaulttheoryhasa singleextension.

"We useps-avenfor referringto the notionof evennesslueto PapadimitriouandSideri[39].
80bsenrethatalthoughnon-conflictingdefaulttheoriesgnorejustifications they arestill non-monotonibecausextensions
may beinvalidatedafteraugmentinga non-conflictingtheory
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For instance,default theory({%, =’>A,;a }, () is well-ordered;its block graphcontainsa single arc,
indicatingthatthefirst rule mayblock the secondone (but not vice versa).

We call adefaulttheoryeven if its block graphcontainscycleswith evenlengthonly. Our mainresult
of this sectionstateshatevendefault theoriesalwayshave extensions.

Theorem 4.3 Everyevendefaulttheoryhasan extension.

For instance default theory({ %ﬁb, ””,}” }, () is even; its block graphcontainstwo arcs,indicating
thatthefirst rule mayblock the secondne,andvice versa.

Evennesss alsoenjoyed by our initial default theoryin (1), ascanbe easilyverified by regardingits
block graphin Figure1. Unlike this, defaulttheory ({7 }, 0) is noteven, sinceits block graphcontains
anoddcycle of lengthone.

Theabove criteriaprovide uswith a strict hierarchyof default theoriesalwayspossessingxtensions.
The adwantageof thesecriteriais thatthey areeasilyverified, oncea block graphhasbeencomputed.
Thatis, they canbetestedin polynomialtime andthey rely on a simpledatastructure.Moreover, they
applyto generaldefault theoriesandthey aresyntax-independ, unlike otherapproachef21, 39 that
applyto semi-normaldefault theoriesonly andthat give differentresultson equivalentyet syntactically
differenttheoriesasdetailedin Section4.4.

4.2 A blocking setbasedcriterion for deciding coherence

Thelastcriteriawerebasedon the abstractiorfrom specificblocking setsfurnishedby the block graph.
Although this resultsin a much better spacecompleity, thereis a price to pay The criteria fail to
capturethe entireclassof coherentheories.In fact,we candecidethe existence-of-gtensia-problem
for arbitrarydefaulttheorieswhenconsideringheunderlyingblockingsetsinsteadof their block graph.
Thisis to the bestof our knowledgethefirst completecharacterizatioffor this problem.

For this, definea directedgraphon all blocking setsof a defaulttheoryasfollows.

Definition 4.1 LetA = (D, W) bea defaulttheory. ThegraphQa = (V5, A%) is a directedgraph
with verticesVy! = {B € Ba(6) | § € D} andarcs
A% = {(B,B') | B5a B’}.
Thedirectedgraph2a representshe completeblockinginformationof A.
Furthermorewe needthefollowing definition.

Definition 4.2 LetG = (V, A) beadirectedgraphand K C V anindependensubsebf vertices.K is
aninversekernelof G iff for all nodesu € V' \ K existsav € K sud that (v, u) € A.

Then,we have the following result.

Theorem4.4 LetA = (D, W) bea defaulttheory
We havethat QA hasaninversekerneliff A hasan extension.

In fact,we shav in Proof4.3thatevery eventheory A inducesaninversekernelin its graphQa.
Moreover, thereare non-ezen theoriesinducing suchkernels. Let usillustratethis via the example,
usedby Etheringtonin [20] to shav thatsemi-normabefault theoriesmaylack extensions:

A = ({:afl\—\b, :b/l:_‘c’ :c/;—uz}’@) ) (19)

for shortd,, dy, d., respectiely. Thistheoryhasno extension.FromsetsBa (d,) = {{ds}}, Ba () =
{{éc}}, andBa (6.) = {{da}}, wegetablockgraphl’ A with arcs(d., d), (0p,d4), (da; dc) € Aa Whose
arcsform anoddcycle. Addingformulac — b to (19) yieldsactuallyatheory A’ whoseonly extension
containsc. Theblock graphof this theorycontainsin additionto the odd cycle thearc (4., d,). In fact,
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this arc counterbalancethe self-blocking-bebvior of the odd cycle. The lasttwo situationscannotbe
distinguishedvia the criteriaof Section4.1. Thus,noneof themis ableto indicatean extensionin the
secondasesincel’ o/ hasstill anoddcycle. Thisis differentfrom thecriterionexpressedn Theoremd.4
thatindicatesan extensionin the secondcase.To seethis, obsere that{é.} formsaninversekernelof
Qar.

4.3 Non-existenceof extensions

Ourexpositionwassofar dominatedy testsguaranteeinghe existenceof extensionsalthoughtestsfor
their non-istencearealsoof interest.To seethis, reconsideiTheory(19). There,we obsered how an
odd cycle wascounterbalancebly an arc from outsidethe odd cycle. In fact,we canshav thatanodd
cycle destrgs all extensionsvheneer thereis no sucharc(andno chordsin thecycle).

Let usmale this precisein thesequel.Givenacycle C in adirectedgraph,anarcbetweerntwo nodes
of C'is calleda chord, if it doesnotbelongto thearcsof C.

Definition 4.3 LetA = (D, W) bea defaulttheorywith blok graphT'A = (D, Aa).
We definea cycleC C D inT'a asharmfulto A iff

1. C hasnochordsand

2. therisnod € (D \ C) su that(§,46') € Ap for somed’ € C.
Now, we arereadyto prove thefollowing resulton the non-eistenceof extensions.

Theorem4.5 LetA = (D, W) bedefaulttheoryandC C D.
If C is anharmful,oddcyclein T"a, thenA hasno extension.

For illustration, considerthe odd cycle in the block graphof Theory(19). This cycle satisfiesboth
conditionsin Definition 4.3, indicatingthat(19) hasno extension.

Although Theorem4.5 doesnot furnish a completecharacterizatiorior default theorieswithout ex-
tensionsit providesnonethelesaneasyblock graphbasedestthatallows usto shorterthegaptowards
thosetheorieswhoseextensionsaredetectabldy meansof thecriteriagivenin Section4.1.

4.4 Relatedapproachesto the existence-of-extension-gblem

Historically, normaldefaulttheorieswverethefirst classfor which theexistenceof extensionsvasdemon-
strated40]. Onemaywonderwhy they have not playeda specialrole sofar. Thereasons thatnormal
default rulesareinvolved in the reasoningprocessasary otherrules. For instancetake arule Tb and
no facts;this givesan extensioncontainingc. But addingnormalrule c;;” destrgs this extensionand
leaves us with anincoherenttheory This shouldillustrate that normaldefault rulesdesere the same
attentionasary otherrule. In fact,neitherour approachor ary of thefollowing onesis ableto indicate

— by its propermean8 — the existenceof extensiondor normaldefault theories.

Etherington’s ordered default theories. Thepioneeringwork onthe existence-of-gtensiam-problem
was doneby Etheringtonin [20], althoughthe problemwas alreadydiscussedn [40]. Etheringtors
approaclappliesto semi-normatiefaulttheoriesn clausaform. Theideais to extractfrom suchtheories
arelationon literals. Intuitively, this relationwasmeantto capturethe inferentialdependenc among
literals. Then,asemi-normatiefaulttheorywassaidto beorderedif theresultingrelationwasirreflexive,
thatis, noliteral dependedn itself.

Orderedtheorieswerethensupposedo possesat leastoneextension.Unfortunatelythis turnedout
to bewrong. To seethis, considerdefault theory

({=£% <5°}.0) -

Thatis, without providing a priori a specialcasehandlingnormaldefault rules,asdonein [10].
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Althoughthis semi-normablefault theoryis orderedaccordingo [20, p. 86, Definition < and«], it has
no extension.This counter@ampleappliesalsoto theimprovementamadein [2].

We obtainfrom the previoustheoryablock graphhaving two arcspointingfrom bothdefault rulesto
thefirst one. This graphhasthusanoddcycle thatrenderghe underlyingtheoryincoherent.

Papadimitriou and Sideri’s even default theories. Papadimitriouand Sideri generalizedzthering-
ton’s approachn [39]. Their approaclhis alsorestrictedto semi-normaldefault theoriesin conjunctve
normalform. In analogyto [20], arelationis extractedfrom thesetheoriesin orderto capturehedepen-
dengy amongliterals. This relationis usedto definea directedgraphwith nodesD. Papadimitriouand
Siderishaw in [39] thatary default theory whosecorrespondinggraphhasonly evencycles,possesses
anextension.For clarity, we referto suchtheoriesasbeingps-even.
Considetthetheories
({Tc}’(b) and ({.c/\cv—w}’@>

C

both of which have the sameextensionTh({c}). However, boththeoriesyield a differentgraphin the
approachof Papadimitriouand Sideri. While the first one satisfiesps-ezennessthe seconddoesnot
satisfyps-ezennessThis demonstratethat ps-evennesss syntax-dependent.

Our approactyieldsfor boththeoriesthe sameblock graph,having a singlenodeandno arcs. Both
theoriesarethusrecognizedasbeingnon-conflictingandaspossessin@ single extension. This shaws
thatthereareevendefaulttheoriesthatarenot ps-even. Corversely we have thefollowing result.

Theorem4.6 LetA bea semi-normabefaulttheoryin conjunctivenormalform.
If A is ps-even,thenit is even.

We seethatthe block graphbasedcriterion of evennesss more generalthanits counterparin the ap-
proachof PapadimitriouandSideri: (i) it is not restrictedto a fragmentof default logic, (ii) it is syntax-
independentand (iii) it is moreexpressie on the fragmentdealtwith by PapadimitriouandSideri. To
be fair, however, we notethat our investmentin constructingthe block graphis also greaterthanthat
neededor constructinghe graphsfor ps-ezenness®.

Cholewinski’'s stratified default theories. Cholavihski adaptsin [10] the notion of stratification
known from logic programmingfor default logic. He then provesthat so-calledstrongly stratified de-
fault theoriesalways posses&xtensions.Intuitively, this criterion distinguisheslefault theorieswhose
rulescanbe orderedby meansof a stratificationfunction

In additionto this orderingcondition, however, stratifieddefault theoriesimposea ratherseverere-
striction on the interplay betweenthe premisesiW of a default theory and its default rules D. For
stratifieddefault theoriesitis requiredthat the languageof W and Cons(D) mustbe disjoint. For in-
stancethis preventsstratificationtechniquego recognizethe existenceof simple normaltheorieslike

ta b
({T’ T} {-aVv _'b})'

As opposedo all aforementionedpproacheghe definition of stratificationprovidesa particularac-
countfor normaldefault rules,having syntacticallyequivalentjustificationsandconsequentésee[10]).
However, theapproacHails to capturethe existenceof extensiongor semanticallynormaldefault theo-
ries,dueto alack of syntax-independebcTo seethis, considertheories

: ) raN(zV— A (yV—
(.0 and ({Eein REss ) 0)
bothof which have thesameextensionTh({a, b}). As detailedin [31], thefirst defaulttheoryis strongly
stratified, which is not the casefor the secondone. This demonstrateshat stratificationis syntax-

dependentOf coursethisis rectifiableby replacingthe underlyingconcepbof “syntacticalequivalence”
by “logical equivalence”;however, this meansalsopassingrom a subproblenin P to onein NP.

ONotethat[17, 18] usesimilar graphsandkernelsto ensuresxistenceof extensionsfor therestrictedclassof propositional,
prerequisite-freegonjunctve default theories.
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Ourapproaclyieldsfor boththeorieshesamearclessblock graph,indicatingthe existenceof asingle
extension.To befair, we recallthatthe computatiorof the block graphis probablybeyond NP.

Bondarenko et al.’sorder-consistentassumption-basedrameworks. In [5], aminimality condition
is imposedon attacksin orderto defineanattad relationshipgraph for assumption-baseftamevorks.
This graphis usedto definestratified and orderconsistentassumption-basefilamevorks (see[5] for
details).We have thefollowing result.

Theorem4.7 Let (D, W) beadefaulttheoryandlet (T, A, ) bethecorrespondingassumption-based
frameavork.

1. If (T, A, ) is stratifiedaccoding to [5], then(D, W) is well-ordered.
2. If (T, A, ) is order-consistenaiccoding to [5], then(D, W) is even.

To seethat stratificationand orderconsistencere strictly wealer conceptghanwell-orderednesand
evennesstespectiely, considerthefollowing extensionof theory(5)

Thistheoryis neitherstratifiednor orderconsistentwhilst it is well-orderedandthusalsoeven. Let us
explainthisin termsof minimal basicblocking sets sincethey correspondo minimal attacks.We have

I N LR =TTy

a’ c -a a

This inducesan odd cycle between-—<, %ad and = in the correspondingattackrelationshipgraph.

In contrastto this, the essentiablocking setsof the above theoryinducean agyclic block graph,which
allows usto establisithe existenceof a singleextension.

5 Alter native characterizations of extensions

This sectionfurnishesalternatve characterizationsf extensionsby appealo blocking sets. It laysthe
formalfoundationdor ourelaboratioruponlocal, proof-orientecconceptdor defaultlogic. To thisend,
we shifttheemphasigrom extensiongo theirunderlyingsetsof generatinglefaultrules. Theapplication
of a setof default rulesdependn severalissues.Apart from groundednesst involves protectingthe
constituendefault rulesagainstblockageandassuringanencompassingxtension.We startby giving a
formal accountof thefirst issuewhile the secondonecanbe addressedy the criteriadevelopedin the
lastsection.

5.1 Protectedness

Theconcepbf asetof default rulesbeing“protectedagainstlockage’canbe madepreciseasfollows.

Definition 5.1 LetA = (D, W) bea defaulttheory.
A setof defaultrules D' C D is protectedin A iff for each § € D’ wehavethat

PTD1 B C D' fornoB € Ba(d) and
PTD2 S C D’ for someS € Sa (§) .

In words,asetof defaultsis protectedf it containsno blockingsetfor ary of its defaultsandif it contains
somesupportingsetfor eachconstituentefault. For example,D’ = {§;, d;} is protectedn (1). A set
like {2} cannot be protected.Although {7 } is its own supportingset,which establishe$TD2, it
failsto satisfyPTD1.
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We notethat protectednesdependsxclusively on therulesin D’ andthoseconnectedo D' in the
block graph. In fact, PTD1 refersto rulesin D’ only so thatit remainsunafectedwhenincreasing
D\ D'. It is thereforemonotonicwrt the addition of default rulesto D. SemanticallyPTD1 is the
blockage-orientedounterparbf weakregularity (c.f. Theorem3.3). As opposedo thelocal character
of PTD1, conditionPTD2 controlstheinteractionwith rulesexternalto D'. PTD2 guaranteethatthere
areno blocking setsoutsideof D’. The scopeof this interactionis delineatecby the pre-predecessors
of D’ in the block graph,amongwhich we find the supportingsetsneededor protectingD’ againstits
blocking sets. In all, (grounded)protectedsetscan be regardedas fully independentomponentdor
generatinglefault rules. Thisimportantfactis madeprecisein Theoremb.3below.

In fact,thegeneratinglefault rulesof anextensionform themselesa protectedsetof default rules.

Theorem5.1 LetA = (D, W) beadefaulttheoryandlet E bea setof formulas.
If £ is an extensionof A, then@(D, E) is protectedn A.

5.2 Characterizing extensionswithout fixed-points

By combiningthe notion of protectedneswith a coherenceondition,we obtaina seriesof alternatve
characterizationsf extensionsall of which arebasedn Theoremb.3below.
For expressinghis result,we first needthefollowing definition.

Definition 5.2 LetA = (D, W) bea defaulttheoryand D' C D.
We define

A|D' as (D\(D'UD"), WU Cons(D') )
whee D' = {§ € D | W U Cons(D'") = = Just(5)}.

The purposeof D' is to eliminatedefaults whosejustificationis inconsistentwith the factsof A|D’.
Intuitively, the operationA | D’ resultsin adefault theory simulatingthe applicationof therule setD’ to
theoryA. Thisis madeprecisein thefollowing theorem.

Theorem5.2 LetA = (D, W) bea defaulttheoryandlet E be a setof formulas. Further, let D’ C
(D, E) begroundedn W.
We havethat E is an extensionof A iff E is an extensionof A|D’.

Usingthis conceptwe canformulatethe following majorresult.
Theorem5.3 LetA = (D, W) beadefaulttheoryandlet E bea setof formulas.
We havethat E is an extensionof A iff
E = ’Ih(W U Cons (D') U E')
for someD’ C D sud that
1. D"isgroundedn W,
2. D' is protectedin A, and

3. A|D' hasextensionE'.

Theutility of thisresultstemsrom its decompositiorof thedefinitionof anextensioninto theformation
of groundedprotectedsetsD’ anda coherenceonditionon thetheorysimulatingthe applicationof the
rulesin D'. Notably in a coherentcontet, the applicationof sucha setof rulesis fully independent
of the restof the theory Obsere alsothat verifying conditions1. and2. involvesinspectingD’ and
predecessorsf D' in the block graphonly (seeTheorem5.9 belav). The treatmentof the remaining
rulesis (roughly) mappednto anexistence-of-gtensia-problem.

Taking D' in the “only-if "-direction of the lasttheoremasthe generatingdefault rulesof E yieldsa
non-conflictingdefault theory asshavn next.
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Theorem5.4 LetA = (D, W) bea defaulttheory
If E is anextensionof A, thendefaulttheoryA|G(D, E) is non-conflicting

Thatis, we getanarclessblock graphl' s (p, ) = (D \ (D(D, E) U D(D, E)), 0).
The“if "-direction of Theoremb5.3 is of greatsignificance sinceit furnishesconstructionprinciples
for extensionsgdependingdn the natureof theunderlyingdefault theory

Theorem5.5 LetA = (D, W) beanon-conflictingdefaulttheoryandlet E be a setof formulas.
We havethat E is an extensionof A iff E = Th(W U Cons(D')) for a greatestsetD’ C D being
groundedn W.

Technically this resultis obtainedasa by-productin the proof of Theoreny. 1.
Themoreinterestingcaseis the conflictingyet coherenbne.

Theorem5.6 LetA = (D, W) beanevendefaulttheoryandlet E bea setof formulas.
We havethat E is an extensionof A iff E = Th(W U Cons(D’)) for somemaximalD’ C D being
groundedn W andprotectedn A.

Thatis, oncethe block graphindicatesthata default theoryiss evenits extensionsareinducedby max-

imally groundedandprotectedsetsof default rules. This definition doesnot only avoid a global consis-

teng/ check,asneededn traditionalones but it morewer getsrid of the usualfixed-pointcondition.
Evenmoresurprisingly this canalsobe achievedin thegenerakase.

Theorem5.7 LetA = (D, W) beadefaulttheoryandlet E bea setof formulas.
We havethat E is an extensionof A iff E = Th(W U Cons(D')) for somemaximalD’ C D sud
that D' is groundedn W, D' is protectedn A and A|D' is non-conflicting

In contrasto eventheorieswe needin the generakcaseanadditionalfilter, stipulatingthatthe resulting
setD' inducesanarclessblock graphT'a|pr. As amatterof fact, this is neededor coveringthe entire
setof defaultrulesD. While D’ is conditionedby multiple constraints(D \ D’) is takencareof through
[ ajpr- Thus,therulesin (D \ D') arenotnecessarilfre)inspectediueto the block graph.

We seethatboth Theoremb.3and5.7 rely on block graphT's . In fact, theseblock graphscanbe
obtainedfrom I" o by arc-deletioronly, asshavn next.

Theorem5.8 LetA = (D, W) beadefaulttheorysud thatT'a = (D, Aa) containsno selfloops.
If D' C D isgroundedn W andprotectedn A, thenAxpr C Aa.

Thusnew arcscanonly appeain I'4 | pr in the presencef self loops.tt

Theobviousquestioris now: Wheke havetheglobal consistencghed alongwith its underlyingfixed-
point constructiongone? The answeris: They havebeencompiledaway! A fixed-pointconstructionis
usually neededfor guessingthe resultingextension. During the reconstructiorof suchan extension,
all default rulesarethenalreadyappliedrelative to the consisteng requirementsmposedby the final
extension.In thisway it is impossiblethatthe applicationof adefaultrule § is subsequentljnvalidated
by applyinganothedefaultrule §’, whoseconsequentontradictghejustificationof 4. Thatis, checking
consisteng againstthe pre-guesseéxtensionmalkesit impossibleto apply default rulesunderwrong
consisteng assumptionsNow, the block graphmakes suchkind of guesse®bsolete sinceit tells us
whichrulesthreatertheapplicationof otherrules. Thatis, whenconsidering for application theblock
graphindicateswhetherit is threatenedy ¢, andif this is the casewhich defaults are candidategor
supportingheapplicationof § (by blockingd’). Formally, thisis accomplishedby stipulatingprotected-
ness In addition,we mustaccountin the generalcasefor default rulesmenacinghe overall extension.
This is addressedy requiringthatthe theorysimulatingthe applicationof the generatingdefault rules
is non-conflicting,or equivalently thatits block graphhasno arcsarnymore.

"Thisis dueto ConditionBS3in Definition 3.1, which relieson the eliminationof singlerules;sucha rule mayconstitutea
selfloop.
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Considemurrunningexample(1). Thefirstextension; is generatedby GD(D, E1) = {dy, 05,05}
Clearly @(D, E) is grounded;its protectedness establisheduy the sufiicient conditionsin (16)
and(17). For maximality we obsere thatthe additionof 6; would violate PTD1. Finally, we notethat
A|@D(D, E;) leavesuswith anemptysetof rules,giving anemptyblock graph.

For a complementconsiderthe theory A" obtainedby adding =% to (1). Theset@(D, E1) U {Z}
violatesPTD1, sothatwe consideroncemore GD(D, E4 ), whosegrounded-and protectednesarees-
tablishedasabore. Now, however, A'|@(D, E,) yields a block graph,whosesinglearcis a loop at
node=Z. Sinceall furthersubsetof (D, E) bearevenricherblock graphs A’ hasno extension.

5.3 Restricted semi-monotonicity

An importantquestionis whichrulesin D mustactuallybeinspectedor decidingwhetherD’ is asubset
of the setof generatinglefault rulesof someextension.Recallthatthis questionhasa trivial answerin
semi-monotonidefault logics: It is just D’ andno otherrules. In Reiters default logic, theanswercan
bereadoff theblock graph:It is D’ alongwith its reacdhablepredecessax.

By lettingy*(D’) denotethe setof all reachablgredecessot$ of rulesfrom D’ in T' 5, we obtainthe
following result.

Theorem 5.9 (Restricted Semi-monotonicity) Let A = (D, W) be a defaulttheoryandlet D’ C D
bea setof defaults.

If (v*(D"), W) hasan extensionE* and A|@D(y*(D'), E*) is coheent,thenA hasan extensionE
with E* C E.

This resultmakes precisethe block graphs role for limiting the searchspaceby delineatingthe setof
default rulesthatmustbeinspectedor validatingthe applicationof a setof defaultrules.

As mentionedn the introductorysection,semi-monotonicityasalreadyisolatedby Reiterin [40],
wherehe shaved thatit is only satisfiedby normaldefault theoriesin his default logic. This hasled
in the following yearsto the developmentof variousalternatve default logics, all of which enjoy semi-
monotonicityin full generality Theresultgivenin Theorem5.9is — to the bestof our knowledge—
thefirst resulton semi-monotonicitcapturingnon-normaldefault theoriesin Reiters default logic.

5.4 Relatedapproachesfor characterizing extensions

As mentionedabove, thefirst non-fixed-pointcharacterizatioof extensionsvasgivenin [20]. A rough
syntacticcharacterizatioof Etheringtons semanticemountgo constructingnaximalsequence§); )ic
of defaultrulesthataregroundedandthatsatisfy

W U Cons({do, ..., 0i—1}) = ~Just(d;) foralli € I. (20)

Suchasequencés calledstableif it is weaklyregular Stablesequencesorrespondo generatinglefault
rulesof extensionsandvice versa[20]. Condition(20) givesanapproximatiorof weakregularity, which
is thenverifieda posteriori.

Anotherinterestingcharacterizatiorof extensionis givenin [43]: E is an extensionof (D, W) iff
thereis agroundedsubsetD’ C D suchthatE = Th(W U Cons(D')) andfor all § € D we have

1. If § € D' thenPre($) € E and—Just(d) ¢ E,
2. If 6 ¢ D' thenPre(d) ¢ E or ~Just(d) € E.

Unlike above, this characterizatioomakes explicit referenceto therulesin D \ D'. This referenceis
usually dealtwith implicitly by appropriatemaximality conditions. In fact, ary valid D’ is a maximal
groundedsetsatisfyingCondition1.

125eeSectionA for aformal definition.
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Let us now returnto the agumentatiorframenorks discussedn Section3.5. Dung givesin [19] a
correspondencketweenextensionsandhis stablesets definedas: S = {A | A is notattacledby S}.
This conceptis refinedin assumption-baseftamenorks [5], where stable setsare definedas setsof
assumptions satisfyingthe following conditions:

1. S doesnotattackitself, and

2. S attackseachassumptiorp ¢ S.
Equivalently givenanassumptiorbasedramewvork (T, A, ) for some(D, W), asetS is stableiff

S ={MB| B € Just(D) andW U S l/p =8} = {A | Aisnotattacledby S} . (1)

In [5], extensionsarethenputin correspondencwith setsof form Th(W U S). This givesa charac-
terizationof extensionsn termsof setsof justifications,asopposedo setsof generatingdefault rules.
Condition1. enforcesveakregularity. Similar to Rischs secondcondition,Condition2. stipulateshat
ary rule (or justification) not contrikuting to the stablesetcannot be applied. As above, this induces
maximalsetssatisfyingCondition1.

Our family of characterizationsliffers in several respectdrom thoselisted above. First, our basic
characterizatioin Theorem5.3 doesnot rely on maximal setsof rules; it is applicableto arbitrary
subsetsD’ of D. Secondjt dealswith rulesin D \ D’ by appeako coherencewhich canbe addressed
in several ways. For instance by usingthe block graph,it allows usto avoid the commonfixed-point
characterizationf extensiongc.f. Theorenb.7). Third, we usesupportingsetsfor protectingD’ instead
of (meta)conditiongorbiddingblocking setsoutsideof D’.

Among the computationallymotivated characterization®f extensions,Niemeh describesn [38]
sophisticatectonflict-resolutiontechniquedor an extension-construimn-procedure  Interestingly as
assumption-basefdamenorks, it relieson characterizingxtensionsy setsof justifications,calledfull
sets Full setscontainthosejustificationsthat are consistentwvith the set, obtainedby closingthe ini-
tial setof factsunderclassicalinferencesandthosedefault rules (usedas monotonicinferencerules)
whosejustificationsbelongto the full set. By definition, this is equivalentto the notion of stablesets
givenin (21). Computationallyfull setsaredeterminedy technique$orravedfrom the Davis-Putnam-
Procedurd14]. In contrasto this, Mareketal. adwocatein [11] stratificationtechniquessthe primary
tool of their extension-construaiin-procedure.

Finally, let us briefly returnto agumentatiorframenorks in orderto investigatethe relationshipbe-
tweenso-calledadmissibleassumptiorsetsand protectedsets. A setof assumptionsS is admissible
if

1. S doesnotattackitself, and

2. for all setsof assumptions’, if S’ attackssomeg € S, thenS attackssomeg’ € S'.

Maximal admissiblesetsS areusedin [5] for definingextensionsof form Th(W U S) thatdiffer from
Reiters extensions.Considertheory ({22, 22t :2¢} () While the only admissiblesetis (), we get
an additionalprotectedset,namely{ — } Theconcepbf extensionglefinedby maximalprotectedsets
is elaboratediponin [30].

6 Characterizations of default proofs

This sectionaddressethe extension-membershiprgblem. This problemhasactuallythreedimensions:
First, the decision-orientedne that is merely concernedwith the abstractquestionwhethera default

theoryhasanextensioncontainingagivenformula. Secondtheproof-orientenethataimsat providing

an adequatenotion of a default proof. And finally the algorithmic dimensionthat dealswith query-
answeringproceduresvhoseaimis thento find the aforementionedlefault proofs. In whatfollows, our

emphasidies on the characterizatiof default proofsratherthanthe algorithmicaspectslealingwith

the searchor theseproofs.
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6.1 Formal foundationsfor default proofs

Thediscussionn thelastsectiorwasdominatedyy the consideratiorf maximalsetsof defaultrules D’
in Theorem5.3. It is however equallyimportantto noticethat D’ needsnot to be maximal. This is be-
causeclassicalogic allows usto sanctionviable partsof anextensionE, givenby Th(W U Cons(D")),
without constructingthe remainingpart, namely E’. In fact, taking D’ asa groundedsubsetof some
generatinglefault rulesattributesto it the characteof anextension-dependéedefaultproof: Giventhe
setof generatinglefaultrules@(D, E) for anextensionF, adefault proofof someformulay is simply
agroundedsetD’ C AD(D, E) suchthatW U Cons(D') = ¢. In thecontet furnishedby E, we donei-
therhave to careaboutthe consistenapplicationof therulesin D’ (thisis assuredy D' C AD(D, E))
nor (trivially) aboutthe existenceof anencompassingxtension.Bothissuesaddressetly conditions2.
and3. in Theoremb.3,arehowever of crucialimportancewheneer no suchextensionis provided.

For example,in Defaulttheory(1), thesetD' = {4;, §; } mayserne asadefaultprooffor f. It satisfies
conditionsl. and2. in Theorem5.3 becauset is groundedandprotectedwrt (1). For shaving that f
belonggo anexisting extensionwe mustshav thatA| D’ is coherentThis canbeaccomplishedvithout
computingsuchanextension.We geta non-conflictingtheory

AID" = (D\ ({6,873 U{d-4}), W U{f,b}) = ({du},{p,aby,f,b})

which must have a single extensiondueto its arclessblock graph. Hence,we have shavn thatf is a
default conclusionof (1) without computingthe correspondingxtension.
Thefollowing corollaryto Theorenmb.3 makesthe previousideasprecise.

Corollary 6.1 LetA = (D, W) beadefaulttheoryandlet ¢ bea formula.
We havethat ¢ € F for someextensionE of A iff

WU Cons(D') E ¢
for someD’ C D sud that
1. D"isgroundedn W,
2. D'is protectedn A, and
3. A|D' is coheent.

Theformationof default proofsthusboils down to finding a groundedandprotectedsetof default rules
thatallows for deriving aquery providedthatit is applicablewithin anexisting extension.

When&er Condition 3. can be addressedby one of the criteria given in Section4, Corollary 6.1
represents characterizatiorof default proofs expressecentirely in termsof blocking and supporting
sets.In caseA| D’ agreeswith thesyntacticformatsstipulatedn eitherof [21, 39, 10], theseapproaches
work justasfine. Thetestis trivial if A|D’ is normalor non-conflicting.

6.2 Default proofsfrom non-conflicting default theories

For conceptuatlarity, we startwith default proofsfor thesimplecaseof non-conflictingdefault theories.

Definition 6.1 (Pure default proof'®) Let A = (D, W) bea defaulttheoryand ¢ a formula.
A setof defaultrules P C D is a pure defaultprooffor ¢ from A iff

P1 W U Cons(P) = ¢,
P2 P isgroundedn W.

30Obsenre thatalthoughpuredefault proofsignorejustifications,they arestill non-monotonicdbecausghey may be invali-
datedafteraugmentinghe underlyingnon-conflictingtheory
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We seethatbasicblocking setsarepuredefault proofsfor negatedjustifications.Obsenre thatthesimple
natureof non-conflictingtheoriesmakes consisteng checksobsolete. For example,let A” bethe de-
fault theory obtainedfrom (1) by leaving out £:2%% . Then, A” is non-conflictingand P = {%

is apuredefault proof for —f. This proof canbefoundwithout consisteng checkingnor ary measures
guaranteeinghe existenceof anencompassingxtension.

We obsenre thefollowing resultfor non-conflictingdefault theories.

Theorem6.2 Let A bea non-conflictingdefaulttheoryandy a formula.
We havethat ¢ € E for an extensionE of A iff there is a pure defaultprooffor ¢ from A.

6.3 Default proofsfrom conflicting yet coherent default theories

Wheneerwe have aconflictingyet coherentdefaulttheory,we have to take supportingsetsinto account
becaus¢henit is necessaryo protecttheconstituentefault rulesof a default proof. Thisleadsusto the
concepibof protecteddefaultproofs

Definition 6.2 (Protecteddefault proof) Let A = (D, W) bea defaulttheoryand ¢ aformula.
A setof defaultrules P C D is a protecteddefaultprooffor ¢ from A iff

PP1 P is a pure defaultproof for ¢ fromA,
PP2 P is protectedn A.

Note thatthis characterizatiosubstituteglobal consisteng checksby the determinatiorof supporting
sets.In fact,ary protecteddefault proof consistof rulesneededor derving ¢ andsupplementaryules
neededor protectingthe derivation againstblocking sets. Hence,we have to make surethatthereis
somesupportingsetfor eachdefaultin the proof, asexpressedn thefollowing definition.

Thenext resultshavs thatit is sufiicientto inspectthe sety*(P) of all reachableredecessor@n the
block graph)of a puredefault proof P whencheckingits protectedness.

Theorem6.3 LetA = (D, W) bea defaulttheoryandlet P C D be a pure defaultproof for ¢ from
A.

If defaulttheory (v*(P), W) hasextensionE with ¢ € E, thenthere is a protecteddefaultproof for
o from (D, W).

Obsene thatwithout ary restrictionon thetheory the existenceof a protecteddefault proof for ¢ does
not guaranteean extensioncontainingy. Thatis, soundnessnd completenessecessitateoherent
theoriegc.f. Theorem6.4).

Forillustration, let usreturnto theevendefault theoryin (1). We have seenin Section6.2 that

-

P={0,}= {%} (22)

is apuredefault prooffor —f, thatis, PP1holds.For verifying PP2, we mustaddres$TD1 andPTD2.
For PTD1, it is sufficient to obsere thatthe membersf P arenot connectedn the block graph. The
factthatSa (6-7) = {{0-s}} establishe®TD2. HenceP is a protecteddefault prooffor —f from (1).
Providedthatoneusesapproximatiorcondition(17) for establishing®TD2, this proofis foundwithout
ary consisteng checksandno measureguaranteeinghe existenceof anencompassingxtension.
Similaragumentsshav that

p={nt gl and = {nt bl (23)
areprotecteddefault proofsfor f andw from Theory(1), respectiely. Notethatwe only have to warrant
asupportingsetfor % sinceit is theonly defaultrulein P’ U P” having a predecessan the block
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graph.As with 7“:—“”” above, hawever, £:59% supportsitself, sothatno otherdefaultshave to betaken
into account.Theseconddefault proofis formedwithout ary supportingsets.

As aresult,we getthat protecteddefault proofsfurnisha soundandcompleteconceptfor addressing
the extension-membership-gotem on coherentpr in our caseevendefaulttheories.

Theorem6.4 LetA = (D, W) bea evendefaulttheoryand ¢ a formula.
We havethat ¢ € E for an extensionE of A iff there is a protecteddefaultproof for ¢ fromA.

The stipulationof evennesstemsfrom the factthatit relies,asprotectednessn the underlyingblock
graph. Thusthe interplay of both conceptscanbe characterizedn a directway. Therefore,evenness
shouldnotbeseerasarestrictiononcoherentheories.Thereshouldbemoregeneraklasse®f coherent
defaulttheoriesguaranteeingorrectnesandcompletenesesf protecteddefault proofsthatremainto be
discovered.

As acorollaryto Theorem6.6, we obtainthat decidingwhetherthereis a protecteddefault proof for
formulay from adefaulttheoryis in $%.

6.4 Default proofsfrom generaldefault theories

Whendealingwith arbitrarydefaulttheorieswe mustguarante¢hata default proofresidesn anencom-
passingextension.Clearly this shouldbe donewithout computingsuchanextension.Givena protected
default proof P from atheoryA, this canbe accomplishedy checkingwhetherA|P is coherent.

Definition 6.3 (General default proof) Let A = (D, W) bea defaulttheoryand ¢ a formula.
A geneal defaultprooffor ¢ fromA is a setof defaultrules P C D sud that

DP1 P is a protecteddefaultproof for ¢ from A and
DP2 A|P is coheent.

For illustration, let us add self-circulardefault rule {-; = % to the theoryin (1). The resulting
theory A’ hasasingleextension:Th(W U {b, w, —f }). Theblock graphof A’ is givenin Figure2. It is

Figure2: Block graphof A’.

obtainedfrom the onein Figure1 by addingarcs(¢-y,(-f), (d-f,¢~f), and(¢-s, 7). In whatfollows,
we reconsidethe previous protecteddefault proofsin thelight of this change.
We startwith the protecteddefault proof givenin (22), viz.

P— {64} = {E5} .

For establishingDP1, we obsere thatthe setof predecessorsf ¢—; remainsunchangedFor verifying
DP2, we considerthe block graphof A’| P, which is obtainedfrom T' o/ by deletingarcsandvertices.
First,we deletein T'ar all defaultsin P = {4} alongwith all adjacentrcs.The sameis donewith §;
and(-y becauséV U Cons({0-s}) |= —Just(d) for 6 € {d7,(-} (c.f. Definition5.2). As aresult,we
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obtaina graphwith vertex set{d,,, d, } andnoarcs.ThisimpliesthatA’| P is coherenandhencethat P
is ageneraldefault prooffor —f from A’.
Next, considerthefirst protectedproofin (23), viz.

P = {8, 07} = {252, g} (24)

Unlike above, we encounteanadditionalpredecessasf P’ in theaugmentedlock graph,namely(_;.
The predecessorsf (- yield two candidatedor forming a supportingset: /-y and(-;. We seethat
their commonconsequentf is inconsistenwvith thosein P’. In otherwords,augmentingP’ by either
of themwould violate PP2, thatis, PTD1. Hencethereis no way to form a supportingsetfor ; andso
P'is noprotecteddefault prooffrom A’. Thisis reflectedby thefactthat A’ hasno extensioncontaining

f

Finally, let usconsiderthe secondprotectedoroofin (23), viz.

P" = {6},00} = {P—bbbTw} .

Althoughthe absencef predecessorsf P in T'zs pr establishe®P1, therulesin P areinsuficient
to guaranteenencompassingxtensionsincethereis anoddcycle in T'as pr, asshavn in Figure3. In

\/@

Figure3: Block graphof A’|P".

contrastto the proofin (24), we may strengthenP” in orderto establishtDP2. To seethis, obsere that
thereis anarcenteringthe odd cycle, namely(J-;, (~f). Thisindicatesthaté-; mayblock(-;. Hence,
considerP” U {é-;}. Thefactthat{dy,d,} U {0} satisfiesDP1 is establishecisshovn above. For
DP2, we mustinspectthe block graphof A’|(P" U {d-}), which turnsout to be the emptygraph. In
all, P" U {é-;} isthusavalid default proof for w from A’

We notehow the block graphindicateda way to eliminatethe odd cycle in theresultingblock graph.
ConditionDP2 may thusbe verified by first eliminatingthe defaultsinvolved in the default proof from
the block graphandthenby checkingwhetherthe resultingblock graphis even, agyclic, or arcless.In
orderto applythesecriteria, however, we might have to addadditionalruleseliminatingdangerousdd
cycles.Theseadditionalrulescanbeidentifiedby meansof theresultsin Section4.3.

We have thefollowing result,establishingsoundnesandcompletenesi thegenerakase.

Theorem6.5 LetA = (D, W) bea (generl) defaulttheoryand ¢ a formula.
We havethat ¢ € E for an extensionE of A iff there is a generl defaultprooffor ¢ fromA.

We have seenthattheformationof default proofsbenefitsconsiderablffrom the usageof block graphs.
Thatis, we may restrictour attentionto ultimately necessarylefault rules and so avoid constructing
entireextensions.

Finally, it follows from Theorem6.5 thatthe existenceof generaldefault proofsis decidablewithin
the compleity classof the extension-membership-piolem, asmadeprecisen the following theorem.

Theorem6.6 LetA = (D, W) bea defaulttheoryandy a formula.
Theproblemof decidingwhetherther is a geneal defaultprooffor ¢ fromA isin ©2.
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7 Conclusion

We have introducednew theoreticalfoundationsfor default logic. The fundamentaideawasto avoid
global conceptslike fixed-pointconditionsand exhaustve consisteng checksby replacingthem by
ratherlocal conceptghat allow for consideringonly strictly necessarylefault information. This was
accomplishedy putting forward the notion of blockage. Our formal accountof blockageis given by
theconceptof an(essentialplockingset;this canberegardedasa specific,redundang-free instanceof
attackingagumentsusedin the abstracframevorks of agumentatiorsemantic§19, 5]. In contrastto
theseunifying framevorks, however, our elaborations specificto default logic. This hasled to much
strongerandmary additionalresultsthanobtainedattheabstractevel in [19, 5].

In our specificsetting,blocking setsrepresentontet-independenproof skeletonsthat may be used
for refuting a default rule’s justification. Thatis, for a default rule theremay be someextensioncon-
taining sucha blocking setthat inhibits the applicationof therule. Thus,givenonly a rule andone of
its blocking sets,we cannotdecidewhetherthe rule applieswithout ary informationaboutthe exten-
sionat hand. The situationis differentwith supportingsets. Clearly, supportingsetsare also context-
independentBut unlike blocking sets,they are supposedo applyin the sameextensionastheir sup-
portedrule. In fact,the joint applicationof a rule andoneof its supportingsetscanonly be deniedby
a self-blockingpart of the theorythatdestrgs anencompassingxtension. Thus, givena rule andone
of its supportingsets,we candecidewhethertherule (andits supportingset) applieswhene&er we can
rule out sourcef incoherencelFroma generakcompleity-theoreticpoint of view, solvingacoherence
problemis ashardasconstructingan encompassingxtension. In our case,however, the block graph
malkesthe differencesinceit indicatessourcesf incoherence.

The block graphfurnishesour instrumentfor abstractingrom particularblocking situations,while
keepingthe essentialinteractionpatternsbetweendefault rules. In view of the possibly exponential
numberof blocking sets, it is thus a trade-of betweenfull blockageinformation and feasiblespace
compl«ity. In fact, for improving the quality of the resultingblock graphs,we tried to eliminateas
mary redundanblocking setsaspossible.This hasled usto the conceptof essentiablocking setsthat
areprovably aseffective asbasicblockingsets.

In fact, the block graphtells us exactly which default rulesmustbe consideredor applyingarule in
guestion.This canbe mademorepreciseby returningto the classificationof default theories givenin
theintroductorysection.Considerthe applicability of a setof rules P:

1. Thefactthatatheorycontainsno interactionscorrespondso an arclessblock graph. For estab-
lishing theapplicabilityof P, it is thussuficientto verify groundednessf P; no otherrulesmust
beinspected.

2. Thefactthatatheorycontainsmerelydirectinteractionss mirroredby aneven (or agyclic) block
graph. For establishinghe applicability of P, it is suficient to verify groundednesandprotect-
ednes®f P. This necessitatetheinspectionof v*(P), namely P andall reachablgredecessors
of rulesin P in theblock graph.

3. Thefactthata theorycomprisesoth directandindirectinteractionsamountsin our framewvork
to a non-even block graph. For establishinghe applicability of P, we are obligedto verify in
additionto groundednesand protectednesef P, alsothe coherentinterplay of P with the rest
of thetheory This necessitieshe inspectionof all default rules D: While v*(P) is considered
for establishinggroundednesandprotectednessf P, the cohereninterplayof P and(D \ P) is
taken careof throughtheblock graphof A|P.

The block graphs role for limiting the searchspaceby delineatingthe scopeof default rulesthat must

beinspectedor validatingthe applicationof a setof default rulesis madeprecisein a restrictedsemi-

monotonicityresult. This resultis to thebestof our knowledgethefirst onecapturingsemi-monotonicity
beyondnormaldefault theoriesin Reiters defaultlogic.
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Practically the block graphis obtainedfrom aninitial analysisof the default theory Notablyit is of
gquadraticspacecompleity, unlike otherapproachebke [26, 47] thatfaceanexponentialblow-up in the
worst case. The computationatompleity of the block graphamountsin the worst caseto that of the
extension-membership-piblem. Theinitial effort putinto theblock graphpaysoff themore,thesparser
theblock graph.

In all, the block graph(alongwith its underlyingblocking sets)provide a powerful structuraltool for
analyzingdefaulttheoriesasdemonstratetly a variety of applications:

Existence-of-extension-psblem. We addresghis problemby furnishinga rangeof criteriaguarantee-
ing the existenceof extensionseachof which canbereadoff theblock graphin polynomialtime.
We shaw thatthesecriteriaaresimplerandgo beyond existing approachesOur criteriaarefully
syntax-independé¢mndallow for treatinggeneraldefault theories.

For a complementwe give alsoa criterion indicating non-«istenceof extensions.Althoughall
thesecriteriaprovide nocompletecharacterizatioof defaulttheorieswith andwithoutextensions,
they furnishnonetheleseasyblock graphbasedeststhatallow usto shorterthegapbetweerboth
classe®f theories.

Notably we candecidethe existence-of-gtensia-problem, whenconsideringolocking sets.Al-
thoughthis facesexponentialspacecompleity in practice this resultis to the bestof our knowl-
edgethefirst completecharacterizatiomfior coherentdefaulttheories.

Characterizations of extensions. By appealto the block graph,we obtain novel characterizationsf
extensionghatdo not only avoid globalconsisteng checksasneededn traditionalcharacteriza-
tions. Moreover, the usualfixed-pointconditionis fully eliminated.

Thesecharacterizationgre not only of theoreticalimportance,but they are also of practical
relevance, sincethey leadto a basic procedurefor constructingextensions. In fact, we shav
in [31] suchaconstructiorcanbedecomposethto anincrementatonstructiorof atukaszevicz-
extension[34] anda block graphbasedcondition.

Extension-membership-poblem. We provide a seriesof characterizationsf default proofsalongthe
classificatiorof defaulttheoriesdescribedibore. In eachcasewe give asoundnesandcomplete-
nessesult.

To the bestof our knowledge,thesecharacterizationgirnishthefirst definitionsof default proofs
in Reiters defaultlogic thatdo notreferto anouterextension.This is reflectedby thefactthatup
to now all computationahpproacheto theextension-membershiprpblem areextension-oriented
[26, 47, 38, 12]. In contrasto this, our characterizationsf default proofsavoid exhaustve consis-
teng/ checkswith respecto anouterextensionby focusingon the strictly necessargefault rules
by meansof theblock graph.

Apartfrom theseapplicationspur blockage-basedonceptsallow for addressingariousotherissues.
First, theblock graphfurnishessufiicient conditionsfor restrictingor evenomitting consisteng-checks
Second,as detailedin [32], it provides meansfor supportingskeptical and modularreasoning. And
finally its resulting concepts/ike protectednessallow usto make the relationshipto tukaszevicz's
interpretatiorof defaulttheoriesmuchmoreprecise asshavn in [30].

Given this fundamentalframewnork, one may now divide a computationalproblem like query-
answeringin an off-line and an on-line process: One may start with an analytic compilation phase
resultingin the block graphI'a of a default theory A. The subsequentjuery-answeringphaseaims
atfinding a default proof P suchthat A| P possessean extension.The unavoidableexaminationof the
entiresetof default rulesis thendoneonly oncein the compilationphasethis allows for inspectingonly
the ultimately necessarylefault rulesduring the actualquery answeringphase. To be more precise a
defaultrule belongsto P only (i) if it contributesto the derivation of the queryor if it is neededii) for
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supportinga constituentule of the proof or (iii) for supportinganencompassingxtension.While (i) is
fixedby thestandardnferentialrelation,(ii) and(iii) aredeterminedy theblock graph.For delineating
sucha proof, we candrav onI'a for detectingandeventually recomputingthe blocking and support-
ing setsof its constituentules. Blocking setsarefound amongthe direct predecessorsf a rule, while
the searchfor its supportingsetscanbe restrictedto its pre-predecessorsinalogousdecompositions
of othercomputationaproblemdik e extension-construatn arestraightforvard andshouldarguablybe
mutually beneficialfor existing computationahpproachesOf particularinterestarealsocomputational
approachet algumentatione.g.[27].

To sumup, the salientcontritution of our paperwasto shift global, extension-basedonceptsin
default logic towardslocal, proof-orientedones. For instance we have shavn how to replaceglobal
consisteng checksby ratherlocal proof-basedconstructionghat are guidedby the underlyingblock
graph. This providesa formal accountof “local constructibility” thatwasup to now alwaysassociated
with semi-monotonicefaulttheories.

Thenext majorstepsonthisresearclavenuearemanifold. Onesuchavenuewill dealwith algorithmic
andimplementation-orieletd issuesthat exploit the theoreticalframevork proposedn this paper An-
otheronehasto addressnorefine-graineccompleity issues.For instancejs it possibleto characterize
restrictedclassesof theorieshaving particularblock graphsthat leadto reducedcompleity? Dually,
onemay also considerwell-known fragments|Jike logic programmingandinvestigatetheir particular
blockagestructure.
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A Graph-theoretical background

Definition A.1 AdirectedgraphG isapair G = (V, A) sud thatV is afinite, non-emptysetof vertices
and A C V x V is asetof arcs. If G is a directedgraphG—! = (V, A’) denoteghe directedgraph
whete the orientationfor all arcsin G is switched,formally; (u,v) € A’ iff (v,u) € A.

A directedcyclein G = (V, A) is afinite subsetC' C V suchthatC' = {v;,--- ,v,} and(v;,viy1) € A
for eachl < i < n and(v,,v1) € A. ThearcsA(C) of acycle C aredefinedasA(C) = {(vi, vi+1) |
1 <i < n}U{(vy,v1)}. Thelengthof adirectedcycle in agraphis thetotal numberof arcsoccurring
in the cycle. Additionally, we call acycle even(odd) if its lengthis even (odd).

Definition A.2 LetG = (V, A) beadirectedgraphandU C V a subsebf vertices.U is independent
wrt G iff for all u,v € U wehave(u, v) ¢ A.

ThusasubseU C V isindependentvrt agraph(V, A) if thereis no arcbetweemodesn U.

Definition A.3 LetG = (V, A) bea directedgraphand K C V anindependensubsebf vertices. K
is akernelof G iff for all nodesu € V' \ K existsav € K sud that(u,v) € A.

A kernel K is anindependensetof verticessuchthatfor every vertex notin K thereis anarcto some
vertex in K.

TheoremA.1 [42] LetG = (V, A) beadirectedgraphwithoutoddcyclesthenG hasa kernel.
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For adirectedgraphG = (V, A) andavertex v € V, we definethe setof all predecessarof v as
v 1w) = {u] (u,v) € A}. All reahablepredecessary*(v) of v aredefinedasfollows:

7 (0) = Uiery ™" (v)

wherey—%(v) = {v} andfor all i > 1 wehave y*(v) = {u | (u,w) € Aandw € y~~D(v)}. Fora
setof verticesU C V, wedefine

7 (U) = Uper 7" (v)-

B Proofsof results
B.1 Auxiliary technicalresults
First, we recallthefollowing specificatiorof extensiong40].

TheoremB.1 Let(D, W) bea defaulttheoryandlet E bea setof formulas.
DefineEy = W andfor: > 0

Ein = TW(E) U {7

P eDack,~B¢E}.
Then,E is anextensionof (D, W) iff E = J; E;-

Theabove proceduras notstrictly iteratve sinceE' appearsn the specificatiorof £, ;.

We needthefollowing lemmasandtheoremsvhenproving the resultsof this paper All proofsfor the
resultsin this subsectiorarestraightforward andcanbe foundin [33]. The next lemmagivesa further
propertyof groundedsetsof defaultrules,namelythatthe unionof groundedsetsis alsogroundedunder
certainconditions.

LemmaB.2 Let D; and D, be enumeable setsof defaultrules, D = D; U Dy and W be a setof
formulas.If D; is groundedin W and Ds is groundedn W U Cons(D;), thenD is groundedn W.

Now we arereadyto formulatean alternatve characterizatiorof the extensionsof a default theory
which senesasatheoreticabasisfor proving thefurtherresults.

TheoremB.3 Let(D, W) bea defaulttheoryandlet E bea setof formulas.Then,E is an extensionof
(D, W) iff

1. E =Th(W U Cons(D(D,E))) and
2. (D, E) is groundedn W'.

LemmaB.4 LetA = (D, W) beadefaulttheoryand D; C D a subsebf defaultrulessud thatde-
fault theory (D;, W) hasextensionE; anddefaulttheory(D, E;) hasextensionEs. If (D1, Fy) C
@(D, E»), thenFEj is an extensionof A.

LemmaB.5 LetA = (D, W) beadefaulttheory.ThenI's hasanoddcycleiff 2 hasanoddcycle

LemmaB.6 LetA = (D, W) beadefaulttheory,d € D adefaultrule andC a subseof D. If C'isa
completesupportof § thenC' is groundedn W.
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B.2 Proofsof resultsoccurring in the text

Proof3.1 Let B C D andd € D. If B = () thepropositiontrivially holds. Thuslet B # @ for therest
of this proof.
By Definition 3.1 B € Ba (d) is equivalentto B +— § andBS3 Thatis, B —a ¢ and

(B\{0'}) oa 0" for eachd’ € B andeachd” € B U {4}.
Thisis equialentto B — ¢ and

(B\{d'}) Aad for eachd’ € B and
(B\{d'}) o &" for eachd’ € B andeachd” € B.

Accordingto Definition 3.1,this is equivalentto B — A ¢ and

B ' tHA 6 for eachB’ C B and
Bt/ 8" for eachB’ ¢ B andeachd” € B.

Finally, thisis equialentto

Bi—ad and
B'—Ad fornoB’ ¢ B and
B'—a 8" fornoB' ¢ B andnoé” € B.

Proof 3.2 Let E beanextensionof defaulttheoryA = (D, W) andé € D. Accordingto TheoremB.3
wehave E = Th(W U Cons(@(D,E))) and@(D, E) is groundedn W.

First we prove that 1. and3. areequvalent. If E = —Just(d) thenW U Cons(@D(D, E)) =
—-Just(d). Thenthereis aminimal setB C (D, E) suchthatB —a 4. Thatis, B’ — ¢ for no
B' C B.

Now letd’, 8" € B. If B\ {¢'} is notgroundedn W thenby Definition3.1wehave B\ {4’} 4a 4".
Now let B \ {4’} begroundedin W. BecauseB C @D(D, E), it follows E £~ —Just(§") for each
0" € B. By monotonicityof = we obtainthatW U Cons(B \ {¢'}) ¥ —~Just(8") for eachd” € B.
HenceB \ {§'} —a " fornod’,6” € B, whichimplies B’ —a 4" fornoB’ ¢ B andnod” € B. By
Theorem3.1we concludeB € Ba (d). Theotherdirectiontrivialy holds.

Next, we prove that1l. and2. areequialent. If E is anextensionsuchthat E' = —Just(d), then
WU Cons(@D(D, E)) = ~Just(§). Hencethereis aminimal subsetB’ C @D(D, E) suchthatB’ —
6. Accordingto Definition 3.1 the otherdirectionalsoholds.

Trivially, 2. and4. areequivalentby Definition 3.1. [

Proof 3.3 Let D' C D beagroundedsetof defaultrules.

If D' is weakly regular, thenfor eachd € D' we have W U Cons(D') = —Just(d). Assumethat
thereisad € D' andthereis a B € Ba(d) suchthat B C D’. Thenby Definitions3.1and3.1we
have W U Cons(B) = —Just(d). BecauseB C D' it follows W U Cons(D') = —Just(§) whichis a
contradictiorto thefactthat D’ is weaklyregular Hencefor eachd € D’ andeachB € Ba (§) we have
B¢ D'

For the otherdirectionlet B ¢ Ba () for eaché € D' andfor eachB C D' . By definition, this
implies B 4 ¢ andthus B is notgroundedn W or W U Cons(B) F —Just(§) for eachs € D’ and
for eachB C D’ . Assumingthat D' would not be weakly regular meanghatthereis somed € D’ s.t.
W U Cons(D') = —Just(d). It follows thatthereis a minimal subsetB C D’ s.t. B is groundedn
W (sinceD’ is groundedn W) andW U Cons(B) = —Just(d). Sincethis contradictsthe fact that
accordingto our premisewe have B is not groundedin W or W U Cons(B) [~ —Just(d) for each
0 € D" andfor eachB C D' it follows that D’ is weaklyregular

|
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Proof3.4 Let A = (D,W) andA’ = (D', W) be default theorieswith D C D' and§ € D. Let
B € Ba(6). ThenB C D' andB + § andBS3by Definition 3.1. BecauseConditionsB +» § and
BS3areindependenfrom D \ B it follows thatthey arealsoindependenfrom D’ \ B andthusB is a
setof default rulesfulfilling theseconditionswrt A’. Thatis, B € B ().

Underthepremisethat B C D thesameagumentshavsthatB € Ba: () impliesB € Ba(6). =

Proof 3.5 For this proof we needthe following proposition.

PropositionB.7 [22, Propsition1.1] Let R be a setof monotonicinferencerules of the
form W. Let T' be the modaltheoryobtainedby replacingead rule in R by Ly, A
--- A Ly, — 1. Thenfor every setof propositionalformulas] and every propositional
formula w, we havethat w belongsto the leastset of formulascontaining I and closed
underpropositionalconsequencandtherule fromR iff I UT =xn w.

For adefaultrule § = 22 define
tm(6) = La — v.

Obsenre thatt,, (d) is amonotonicinferencerule. For asetof defaults D’ define
tm(D") = {tm(0) | 6 € D'}.

Let A = (D, W) beadefaulttheoryandleté € D andB C D.

Accordingto [45, Theorem6], we know thatreasoningn N andNT is computationallyequialentto
reasoningn propositionallogic. Thatis, the problemof decidingif I s ¢ for a givenfinite set] of
modalformulasanda givenmodalformulap is co-NP-completéfor S beingmodallogicsN or NT).

Sincein Definition 3.1 defaultsaretreatedasmonotonicinferencerules(justificationarenot consid-
ered)it follows from PropositionB.7 that B +—a ¢ iff t,(B) UW =g —Just(d). Thusthe problem
of decidingwhetherrelation— A holdsfor a given setof defaultsanda givendefault is reducibleto the
problemof decidingwhetherrelation|=s holdsfor a given setof formulasanda givenformula. There-
fore the first problemis at leastas hard asthe secondone, which is co-NP-complete. Thus deciding
whetherB A § holdsis in co-NP“. [

Proof3.6 Let B C D be a subsetof default rulesandlet § € D be a default rule. Accordingto
Definition 3.1 we have that B is ablocking setfor ¢ iff

B+ 6 and (25)
Vo' € B:Vé* € BU{6}: B\ {d'} vhoa 0" (26)

Thereforeto verify thata givensetB is ablockingsetfor agivendefault§ canbedoneby (n(n + 1) +
1) = n? + n + 1 timestestingtherelation— . Accordingto Theorem3.5, testingwhetherfor a given
setB andagivendefault§ we have B — A § isin co-NR ThustestingwhetherB € Ba (6) canbedone
with a polynomialnumberof callsto anNP-oracle.

In orderto shaw thatthereis ablockingsetfor agivendefault§ we mayguessasubsetB C D nonde-
terministicallyandcheckthatd” € B andthat B € Ba (d). Thusthe problemof decidingwhetherthere
is a blocking setfor ¢ is nondeterministicallyTuring-reducibleto a co-NP-completgroblem(proposi-
tional SAT) andhencein ©1. n

Proof3.7 Letd € D. B' € f(Ba(d)) iff B = f(B) for someB € Ba(d). Thisis accordingto
Definition 3.1 equivalentto thefollowing conditions:

W U Cons(B) | —Just(9) and
B isgroundedn W and
V8 € B:V6" € BU{6}: B\ {8} v/oa 8"
Hsincethereis a one-to-onecorrespondencbetweenmodallogic N and reasoningwith monotonicinferencerules and
propositionalogic the problemis co-NP-complete.

32



By definitionthis is equivalentto

W U Cons(B) = —Just(9) and
B isgroundedn W and
Vo' € B:Vé" € BU{d}:
(W U Cons(B\ {6'}) = ~Just(d") or
B\ {d¢'} isnotgroundedn W).

SinceTh(W) = Th(W') thisis equivalentto

W' U Cons(B) = ~Just(d) and
B is groundedn W’ and
Vé' € B:Vé" € BU{d}:
(W'U Cons(B\ {0'}) £ —Just(d") or
B\ {d¢'} isnotgroundedn W').

Accordingto Definition 3.2this is equivalentto

W' U Cons(B') = ~Just(f(9)) and
B'isgroundedn W’ and
VF(6') € B': V(") € B'U{f(6)}:

(W' U Cons(B'\ {£(8")}) b ~Just(f(6")) or

B'\ {f(¢")} isnotgroundedn W').

By definitionthisis equivalentto B’ € Ba:(f(d)). In all for eachd € D we get
f(Ba(6)) = Bar(f(6)) -

Proof3.8 Let A = (D, W) beadefaulttheorys.t. n = |D| andlet G = (D, A) beadirectedgraph
with nodesD.

In orderto decidewhetherG' = T'A we may guessasetB; sy C D for eachpossiblearc (4, d) €
D x D in G nondeterministicallyThatis, we guess:? subset®f defaultrulesnondeterministicallyNext,
for eachof this subsets3 ;5 51y we checkthatd € B 5y andthat(s,d") € A andthat B(s 51y € Ba(d").
Obserne thatthe first andsecondof this checkscanbe donedirectly (without calling an oracle)andthe
lastcheckcanbe donewith a polynomialnumberof callsto an NP-oracle(seeproof of Theorem3.6).
Altogetherwe needa polynomialnumberof callsto anNP-oracle pecauseve have to process:? subsets
By;,5) andthemultiplicationof polynomialdeadsto polynomials.Thusthe problemof decidingwhether

G = T'a canbedonewith a polynomialnumberof callsto anNP-oracleandhences in %% [
Proof 3.9 Thisis animmediateconsequencef Theorem3.4. ]
Proof 3.10 Thisis animmediateconsequencef Theorem3.7. [

Proof3.11 Let A = (D, W) beadefaulttheory § € D andlet E beanextensionof A. Furthermore
let S € Sa (0) beasupportingsetof §. If S C (D, E) thenby Definition 3.4thereis no blockingset
for ¢ in @(D, E). Thereforefrom E |= Pre(d) it follows by definitionof the generatinglefaultsof an
extensionthatd € (D, E). ]

Proof 3.12 1. and2. follow immediatelyfrom Definition 3.1 and3.4, respectiely. [

Proof4.1 If A = (D, W) is non-conflictingthenwe have Ax = 0.
Let D' beamaximalsubsebf D, whichis groundedn W. Obsere that D’ is unique.Define

E = Th(W U Cons (D')) . 27)
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We now prove that E is anextensionof A = (D, W) by shaving thefollowing two statements

E =Th(Cons(@D(D,E)) UW) and (28)
(D, E) is groundedn W. (29)

Thenby TheoremB.3 E is an extensionof A. It is sufiicient to shav that D' = G(D, E), because
thisimplies (28) and(29). Becausef (27), D' is groundedn W andE = Th(W U Cons(D')), for all
§' € D' wehave

E = Pre (5'). (30)

Assumethereis a ¢’ € D' suchthat E = —Just(§'). ThenD’ is not weakly regular wrt W and
Theorem3.3 implies thatthereis § € D' and B C D' suchthat B € Ba(d). Thus,accordingto
Definition 3.3 and3.1, for eachd € B we have (4,4') € Aa, which is a contradictionto the fact that
A is non-conflicting. Thus,thereis no ' € D' with E |= —Just(d') andit follows E (£ —Just(d") for
eachd’ € D'. Hencewith (30)wehave D' C @D(D, E).

By definition, if § € G(D, E) thenE = Th(W U Cons(D')) = Pre(d). Thusd € D', because
otherwiseD’ would not be a maximalsubsef D, whichis groundedn W. Finally, we obtainD’ =
(D, E) andaredone.

|

Proof 4.2 Thatevery well-ordereddefault theoryhasat leastoneextensionis a direct consequencef
Theorem4.3, sincethe proof of Theorem4.3doesnotrely on Theorend.2.

It remaingo shav thateverywell-orderedheoryhasexactly oneextension.AssumethatA = (D, W)
is well-orderedandhastwo differentextensionsF; and E». Thenthe correspondingetsof generating
defaults@(D, E;) and@(D, E,) aredifferentandbothgroundedn W. Clearly, thereareenumera-
tions (d;)ier of (D, E1) and(d;) jes of (D, E») suchthat(3) holdsfor bothof themandthereis a
maximalk for which thefollowing conditionholds:

6 = 6; foralli,j < kanddpii # 6. (31)

Thatis, thereareno otherenumerationsf @(D, E;) and@(D, E») with agreaterk fulfiling Condi-
tion (31).

Obserethat{di,--- ,dx41} and{d},--- ,d;, } aregroundedn W. Furthermorewe have thatW U
Cons({é1,-++ ,0k41}) = ~Just(8,,,) andW U Cons ({61, -+ , 8} 1 }) = ~Just(d41), becauseth-
erwisek wouldnotbemaximal.Since{d1, - - - ,0x11} € D(D, Ey) and{d},--- ,6;,,} € D(D, E),
accordingto Theorem3.2, thereare minimal subsetsB C {41, ,0x41} and B’ C {6],-++ , 0,1}
suchthatB € Ba (0},,) andB’ € Ba(0x+1). By Definition 3.3this impliesthat A is notwell-ordered,
whichis a contradiction.Hence every well-ordereddefault theoryhasa singleextension.

|

Proof4.3 If I'a hasno oddcycles,thenaccordingto LemmaB.5 Q2 hasho oddcycles. Trivially, le
hasno odd cycles. With TheoremA.1 thereis a kernel K for le. Accordingto Definition A.3 of a
kernel,thefollowing two conditionshold for K:

K isindependenivrt Qa and (32)
VB € V@ \ K : 3B’ € K suchthat(B', B) € A%. (33)
Thatis, K is aninversekernelof Q. Accordingto Theoremd.4, A hasanextension.
[ ]
Proof4.4 Let A = (D, W) beadefaulttheorysuchthatQ2a hasaninversekernel K. Thenwe have
K isindependenivrt Qa and (34)
VB € V@ \ K : 3B’ € K suchthat(B', B) € A%. (35)
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DefineK* = Ugc ik B, theunionof all blockingsetsin K. Becauseachblockingsetis groundedn W,
with LemmaB.2 it follows that K* is groundedn W . Additionally, we have thatfor eachd € K* there
isablockingsetB € K with § € B.

Let 6 € K* andassumeW U Cons(K*) |= —Just(d). Then K* is not weakly regular wrt .
Accordingto Theoren®.3,it follows thatthereis ' € K* andthereis B’ C K* suchthatB’ € Ba (¢').
If B € K we obtaina contradictionto (34), becausetherwisetherewouldbea B € K with §' € B
andthus(B',B) € A%. If B' ¢ K thereisa B € K suchthat(B, B') € A% (see(35)). Then,by
definitionthereis ad” € B’ with B € Ba(¢"). BecauseB’ C K*, it follows §” € K*. Hence thereis
B" € K with §" € B”. Puttingall togetherwe obtainB, B” € K, §" € B" andB € Ba(6"). This
implies (B, B") € A%, which againis a contradictionto (34). Thereforewe have thatthe assumption
wasfalseand K* is weaklyregularwrt W, thatis, for all § € K* we obtain

W U Cons(K*) [~ —Just(9). (36)
Now define
E* = Th(W U Cons(K™)). (37)

With the factthat K* is groundedin W andwith (36) we conclude@(K*, E*) = K*. Thus,with
TheoremB.3

E* is anextensionof defaulttheory(K*, W). (38)

Next we shav thatdefaulttheory A* = (D*, E*) hasanextensionE. Withoutlossof generality let
D* =D\ {d | E* = —~Just(d)}. Thatis, for eachd € D* thefollowing conditionholds:

E* £ —Just(0). (39)

Assumetherearedefaultsd, 8’ € D* suchthat (§,4’) € Aa~ for theblock graphTax = (Vax, Aax).
Then,by Definition3.3thereis B* C D* with § € B* suchthatB* € Ba+(d'). BecauseK* is grounded
in W andbecausef (37)and(39) thereis a superseB of B* suchthatB € Ba (¢'). We distinguish
thefollowing threecases.

1. Let B € K andd’ € K*. Weimmediatelygeta contradictionto (34), becausehentherewould
beaB’ € K with ¢ € B’ suchthat(B, B') € A%.

2. Let B € K andd’ ¢ K*. ThenB C K*. Accordingto Definition 3.1 B € Ba(¢') implies
W U Cons(B) E —Just(d') andit follows E* = —Just(d'). But thisis a contradictionto (39)
sinced’ € D*.

3. Forthelastcaselet B ¢ K (for 8’ € K* or§’ ¢ K*). Then(35)impliesthatthereisa B’ € K
suchthat(B’, B) € A%, whichimpliesthatthereis ad € B with B’ € Ba (8). By Definition 3.1
it follows that W U Cons(B') |= —Just(5). SinceB’ € K we have thatW U Cons(K*) =
~Just (8) andwith (37)thisis acontradictionto § € B C D* and(39).

In ary casewe obtaina contradiction,which shavs thatthe assumptiorwasfalse,hence thereareno
defaultsé, ' € D* suchthat(d,d’) € Aa~ for theblockgraphl'a«. In otherwordsA* is non-conflicting
andthushasanextensionF, accordingto Theoremd. 1.

Next we prove that K* C (D(D, E). Let§ € K*, thenE |= Pre(d), becauses™* is groundedn W
andE* = Th(W U Cons(K*)). Accordingto Theorem3.2thefollowing conditionis true

E W~ —Just(6) iff thereisno B’ C (D, E) suchthat B’ € Bax(6) . (40)

Assumethereisa B’ C (D, E) suchthatB’ € Ba«(4). Thenwe distinguishthefollowing two cases.
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1. Let B’ € K. Becausd € K*, thereisaB € K with § € B andaccordingto Definition 4.1 we
have (B', B) € A% andB, B’ € K. Butthisis impossibleaccordingto (34).

2. Let B' ¢ K. Thenthereis a B € K suchthat (B, B') € A%. Thereforethereisaé € B’
suchthat E |= —Just(6), becauseB C K* C E* C E andthusé ¢ @(D, E). Butthisis a
contradictionto § € B' C @D(D, E).

With (40) it follows that E' [= —Just(é) andwe getthatd € (D, E). Hence,K* C (D, E). To
sumup, we have seenthat E* is an extensionof (K*, W), (D, E*) hasextensionE (becauserivially
A* = (D*, E*) and(D, E*) have the sameextensionsland@®(K*, E*) C @D(D, E). Accordingto
LemmaB.4 E is anextensionof (D, W).

Let E beanextensionof A = (D, W) anddefineK = {B | B € Ba(d) for somed € D andB C
(D, E)}. We shav that K is aninversekernelwrt Q by proving (34) and(35) for K.

SinceB C (D(D, E) for eachB € K it follows by Definition4.1that K is independenivrt Q 4, that
is (34) holdsfor K. Otherwise@(D, E) would notbeweaklyregular(seeTheorem3.3).

Now let B € V¥ \ K. Thenthereexistsad € B\ @D(D,E) st. W U Cons(D(D,E))
—Just(d). If therewould be no suché in B then B would be a subsetof (D, E) becauseB is
groundedn W. But this would imply that B is in K, which s a contradictionto B € Vi \ K. From
W U Cons(@D(D, E)) | —Just(d) we concludewith Theorem3.3thatthereis someB’ C AD(D, E)
s.t. B' € Ba(6). This meanghatfor eachB € Vi \ K thereis someB’ € K s.t. (B', B) € A%, that
is (35). HenceK is aninversekernelwrt Q. [

Proof4.5 If C is an(directed)harmful,oddcyclein T'a thenthereareonly arcsbetweerdefaultsin C
which belongto thecycle. Let C = {61, -- , d2,+1} andfor eachl < ¢ < 2n + 1 let B; the blocking
setof §;41 suchthatd; € B; (seeDefinition 3.3). SinceC' is harmfulwe have B; = {§;} for each
1<i<2n+1.

Now assumeA hasanextensionE. Thenwe have E = Th(W U Cons(@(D, E))) andtrivially not
all of theabove B; canbesubset®f (D, E). Thuswithoutlossof generalityassumed; ¢ (D, E).
SinceB; istheonly blockingsetof Bs it followsthatB, C G(D, E). Hence,Bs ¢ (D, E), because
By € Ba(d3) andds € Bs. After repeatinghis agumentn timesit follows that By, 1 ¢ @(D, E).
But know we areableto concludethat B; C @ (D, E) with the sameargumentatiorasabove. Thisiis,
becaus& is harmful. Thereforewe obtaina contradictionwhich shavs thatour assumptiorwasfalse,
andthusA hasno extension. ]

Proof 4.6 We prove the propositionby shaving that A is not ps-ezenundertheassumptiorthat A is not
even. For definition of ps-even, G(A) andodd cyclesof G(A) usedin this proof see[39]. Solet A be
not even, thatis, thereis anoddcycle C = {41, -+ ,dan+1} in Ta. Thenwe have (4;,d;4+1) € Aa for
eachl < i < 2n+ 1 and(do,+1,01) € Aa. Accordingto Definition 3.3, for eachi we have §; € B; for
someB; € Ba(d;+1). Thusby thedefinitionof blockingsets

W U Cons(B;) = —Just(d;+1) and (41)
B; isgroundedn W. (42)
Before we continue,we give a translationof the secondpropositionof Lemmal in [39] into our

terminology Let A, B C D besubset®of defaultsandd, ¢’ € D defaults. Thenthe secondoroposition
in Lemmal in [39] states

(W U Cons(A) |= Pre(8') andW U Cons(B) £ = Just(8')) and

(W U Cons(A) [ Pre(8') or W U Cons(B U {6}) = —Just(d')) (43)

implies(é,&') € Ej.

Now let 5i—l—1 € BZ'_|_1, A= Bi—i—ls B = B; \ {(52} andé = §; andé’ = it1- Then(41), (42) and(43)
imply (d;,0;+1) € F; for eachl < i < 2n + 1 andwith the sameargumentation(ds,+1,01) € Fi.
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Hencethereis an odd cycle (asdefinedin [39]) in G(A). Thatis, A is not ps-ezen andthe proof is
finished. u

Proof4.7 Let A = (D,W) be a default theory andlet Ax = (T, A, ) be the corresponding
assumption-baseidamenork.
Beforestaringwith the actualproof, obsenre thatwe have thefollowing lemma:

LemmaB.8 If (4,d") is anarc in the blodk graphof A then(Just(4), Just(d')) is anarc
in the attad relationshipgraph of A.

Thislemmais animmediateconsequencom the definition of anattackandthe definition
of theattackrelationshipgraphin [5].

For thefirst partof thetheoremlet A bestratifiedaccordingto [5]. Thenby Definition 7.2in [5] there
is no cycle in the attackrelationshipgraphof Aa. Thus,accordingto LemmaB.8 thereis no cycle in
theblock graphof A. HenceA is well-ordered.

Now let . Ax beorderconsistenficcordingto [5] andlet G = (V, A) bethe attackrelationshipgraph
correspondindo Ax. Bondarenk etal. definearelation < betweentwo nodesv andv’ (v < v') iff
thereexists both a pathwith an even numberof edgesanda pathwith an odd numberof edgesfrom v
to v’ in G (see[5, Definition 7.6]). Aa is orderconsisteniff the graph(V, {(v,v") | v < v'}) hasno
cycles.Now assumehatthereis anoddcycle C in G. Thenfor ary two nodesv, v in C thereis botha
pathwith anevennumberof edgesanda pathwith anodd numberof edgesfrom v to +'. If theshortest
paththroughthecycle C from v to v’ is even(odd)the pathfrom v to v’ over+’ (addingonerunthrough
the cycle to the original pathfrom v to ') is odd (even). Hencefor ary two nodeswv, v’ in C' we have
v < v andgraph(V, {(v,v") | v < v'}) hasacycles.Thatis, Aa is notorderconsistent.

Since Ax is orderconsistenthe correspondingttackrelationshipgraphhasno odd cycles. Then,
accordingtlo LemmaB.8 thereis no oddcycle in theblock graphof A andA is even. [

Proof5.1 Let A = (D, W) beadefault theoryandE an extensionof A. Thenwith TheoremB.3 we
have

E =Th(W U Cons(@D(D,E))) and (44)
(D, E) is groundedn W. (45)

For proving that @D (D, E) is protectedin A let§ € (D, E). By definition of the generatingde-
fault rulesfor E, we know that E |= Pre(d) andE (= —Just(d). Therefore@(D, E) containsno
blockingsetof 6. Thusfor eachB € Ba (§) thereexistsad’ € B suchthatE = —Just(d'), becausdy
Definition 3.1 eachblockingsetB of ¢ is groundedn W. Otherwisefrom (45) andaneasyinduction,it
wouldfollow that B C @(D, E). Moreformally we have

VB € Ba(4) : 3¢’ € B suchthatW U Cons(@D(D, E)) = —~Just(d'). (46)
Accordingto Theorem3.2thisimplies
VB € Ba(8) : 38' € B: 3B' € Ba (') suchthatB' C @D(D, E). 47)

Thus,by Definition 3.4for eaché € (D, E) existsa S € Sa () suchthatS C (D, E) andthatis
(D, E) is protectedn A. |

Proof5.2 Let D' C (D, E) be a setof default ruless.t. D’ is groundedin W. First, recall the
following definition. For a set D’ of default ruleswe defineD’ := {§ € D | W U Cons(D') |=
—~Just(6)}. Let D" := D\ (D' U D') for therestof this proof.

Let E beanextensionof A. Accordingto TheoremB.3, we have

E =Th(W U Cons(D(D,E))) and

(D, E) isgroundedn W. (48)
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Next we shav @D(D, E) = @D(D",E) U D'. Let§ € (D, E). Accordingto definition, it follows
E | Pre(d) andE £ —Just(d). If § € D' we areready Letd ¢ D'. BecauseD' C D(D, E)
from E £ —Just(5) with (48) it follows W U Cons(D') [~ —Just(§). Thatis, § ¢ D’ andwe
concludes € D". SinceE = Pre(§) andE [~ —Just(d) it follows thatd € (D", E) U D'. Now
letd € (D", E)JD'. If 6 € D' we areready becauseD’ C (D(D,E). Letd ¢ D', thatis,
d € @D(D", E). By definition,we have E |= Pre(§) andE = —Just (), thatis, § € D(D, E). All in
all we obtain

@D(D,E) =@D(D",E)UD'. (49)
From(48), (49) andthefactthat D’ is groundedn W we conclude(seeLemmaB.2)

E =Th(W U Cons(D' UD(D", E))) and

(D", E) is groundedn W U Cons(D"). (50)

Accordingto TheoremB.3, E is anextensionof A|D’.

For theotherdirectionlet E beanextensionof A|D’. Accordingto TheorenmB.3, we have (50). Since
D’ is groundedn W, accordingto TheoremB.2, it follows that D' U @ (D", E) is groundedn W. By
using (50) insteadof (48), a similar agumentatiorasabove shavs that (49) andthus(48) is alsotrue
underthe currentpremisesAs above, it follows that E is anextensionof A. [ ]

Proof5.3 Let A = (D, W) beadefault theoryandE an extensionof A. Thenwith TheoremB.3 we
have

E =Th(W U Cons(&®D(D,E))) and (51)
(D, E) is groundedn W. (52)
If wesetE’ = E andD’ = @D(D, E) thenA|D' = (D \ @D(D, E),W U Cons(D(D, E))). With

the abbreiations D" = D \ @(D, E) andW' = W U Cons(D(D, E)) andTheoremB.3 E’ is an
extensionof A|D' iff

E= Th(W' U Cons (GD(D", E'))) and (53)
(D", E') is groundedn W'. (54)
Assumed € D(D",E'). Thend is notin @(D, E) becausd)” = D\ D(D, E), thatis E [~ Pre(4)
or E &= —Just(§). BecauseF! = F', thisimpliesthatd is notin @(D", E'), which is a contradiction.
Thus@(D",E') is empty Now we have seen(54) becausehe empty settrivially is groundedn W’
and(53)follows from (51). Thatis E' is anextensionof A|D'.
It remainsto shaw that D’ is groundedn W andprotectedn A. That D’ is groundedn W follows

immediatelyfrom (52) and D’ is protectedn A accordingto Theorenb.1.
For the otherdirectionlet

E = Th(W U Cons(D') U E) (55)

for a D' C D suchthat D' is groundedin W, D’ is protectedn A and E’ is an extensionof default
theoryA|D'. If wesetD” = D \ D' thenfor A|D' = (D", W U Cons(D")) we have

E' =Th(W U Cons(D'U@D(D",E')) and (56)
@D(D",E') is groundedn W U Cons(D') (57)

accordingto TheoremB.3. Thereforewe have

E=F. (58)
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Next we shav D' C (D, E). Accordingto Definition 5.1 for eachd € D' we have thefollowing
two conditions:

B C D' fornoB € Ba(6) (59)
S C D' for someS € Sa (9) . (60)

Letd € D'. With thegroundednessf D’ and(56)we have E |= Pre(6). AssumeE = —Just(d). Then
with (56) and(58) we have that D' U @ (D", E') is notweaklyregular Accordingto Theorem3.3there
issomed’ € D' U @D(D",E') andsomeB’ C D' U@D(D",E') s.t. B’ € Ba(¢'). With (55) and(56) it
followsthatE' |= —Just(d"). Therefore

§ ¢ D(D",E) (61)
We distinguishthefollowing cases:

1. BPC D'andé' € D' :
In this casewe obtainacontradictiornto (60), becauseé)’ containsadefaultandoneof its blocking
sets.

2. BPCD'andd ¢ D':
In this casewe have §' € @ (D", E') whichis a contradictionto (61).

3. B¢ D'andd’' € D' :
In this casewe have D' N AD(D",E') # 0.

4. B¢ D'andd’ ¢ D' :
Again,we have §' € @D(D", E') whichis a contradictiorto (61).

Thereforethe assumptions falseandwe have E' = —Just(§) whichimplies
D' C D(D,E). (62)

Finally, we shav that@(D, E) = D' U D (D", E').

Letéd € AD(D, E), thenby definition E |= Pre(d) andE = —Just(d). If § € D' we areready be-
causeof (62). Leté ¢ D'. FromE = Pre(6) and(58)we concludeE’ |= Pre(d). FromE [~ —Just(6)
wegetE' [~ —Just(d). Therefored € (D", E') whichimplies®D(D, E) C D' U D(D", E'").

Now let§ € D' U@D(D",E"). If § € @D(D", E') thenby definitionwe have E' |= Pre(d) which
implies E |= Pre(8) andE' (= —Just(5). From(58)it follows E [~ —Just(d) andalsod € D(D, E).
Thatis, for thefirst casewe getD' U@ (D", E') C @D(D, E). Fortheseconccasdetd ¢ @D(D", E'),
thatis § € D’. With (62)it follows§ € @D(D, E).

Finally we obtain @(D, E) = D' U @(D", E"). Accordingto (55) and (56) it follows E =
Th(W U@(D, E)). BecauseD' is groundedn W with (57) we concludethat (D, E) is grounded
in W. ThereforeTheoremB.3 impliesthat F is anextensionof A.

]

Proof 5.4 If E is anextensionof (D, W) thenaccordingo TheoremB.3 we have
E = Th(W U Cons(@D(D, E))) (63)
Accordingto definitionof generatinglefaults(see(2)) for eachdefaultrule  not in (D, E) we have
E £ Pre(9) or E = —Just(9). (64)

SetA’ = (D',W') = A|@D(D, E) thenby definitionwe have D' = D \ (@D(D, E) U D(D, E)) and
W' =W U Cons(@D(D, E)). It remaingo shav that Ax» = @, because¢henA’ is non-conflicting.
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Assume(dy,d2) € Aar for 81,5 € D', thatis §; andd, arenotin thegeneratinglefaultsof extension
E, thatis (64) holdsfor §; andd,. Accordingto Definitions3.3and3.1, existsa B C D' suchthat
01 € BandB € Ba(d2), becauséd, d2) € Aar . Thatisin particularB is groundedn W'. According
to the definitionof |, we have W' (£ —Just () for eachd in B. For eachd in B we have W' (£ Pre(9)
becausef (63) and(64). This impliesthat B is not groundedn W' which is a contradictionto (63).
Thusour assumptiorwasfalseandfor all §1,d, € B we have (41,d2) ¢ Aar Thatis, the block graph
T'aj@(p,r) hasno arcsandby definition A’ = A|G(D, E) is non-conflicting. [

Proof 5.5 This resultis obtainedasa directconsequencef the proof of Theoremd. 1. [

Proof 5.6 Let E beanextensionof A. Theorems.1and5.4imply that@®(D, E) is protectedn A and
L a|@(p,E) IS arclessrespectrely.

Assumethat @D (D, E) is not maximals.t. (D, E) is groundedin W andprotectedin A. Then
thereis asuperseD” of @D(D, E) for which the above conditionshold. Thatis, thereisad € D" and
0 ¢ @D(D,E) s.t. E = Pre(d). SinceD" is protectedn A, accordingto Theorem3.3, D" is weakly
regular Thereforewe have E [~ —Just(d) andit followsthatd € (D, E) which is a contradiction.
Hence®@ (D, E) is amaximalsetwith thedesiredproperties.

For theotherdirectionlet E = Th(W U Cons(D'")) for somemaximalD’ C D s.t. D' is groundedn
W andprotectedn A. Set(D",W") = A|D', thenD” = D \ (D' U D') andW"” = W U Cons(D").

Accordingto Theorem5.8, we have Axpr € Aa. SinceA is even A|D' is evenandthushasan
extensionE’. Accordingto Theorem5.3,we have that E' = Th(W U Cons(D' U @D(D",E"))) isan
extensionof A. Theorem$8.3 and5.1imply that D' U @(D, E) is groundedn W andprotectedn A.

Since D' wasamaximalsetbeinggroundedn W andprotectedn A we have

@D(D",E") = 0.
Finally, thisimplies E' = E andwe obtainE is anextensionof A. ]

Proof5.7 Let E beanextensionof A. Accordingto TheoremB.3, we have

E =Th(W U Cons(D(D, E))) and
(D, E) is groundedn W.

Theoremsb.1and5.4imply that@(D, E) is protectedn A andT'a|@(p, ) IS arclessyespectiely.

Assumethat@(D, E) is notmaximals.t. (D, E) is groundedn W, protectedn A andT' 5| is
arcless.Thenthereis a superseD"” of @(D, E) for which the above conditionshold. Thatis, thereis
ad € D"andd ¢ @D(D, E) s.t. E |= Pre(d). SinceD" is protectedn A, accordingto Theorem3.3,
D" is weaklyregular Thereforewe have E [~ —Just(d) andit follows thatd € (D, E) whichis a
contradiction.Hence@ (D, E) is amaximalsetwith the desiredproperties.

For the otherdirectionlet E = Th(W U Cons(D')) for somemaximal D' C D s.t. D' is grounded
in W andprotectedn A andT 5|, is arclesqthatis, A| D' is non-conflicting).Set(D", W") = A|D',
thenD"” = D\ (D' U D") andW"” = W U Cons(D').

Next, we shav D' = @(D, E). SinceD' is groundedand protected by definition, we know that
D' C D(D,E). Leté € D(D, E) thenE |= Pre(d) andE = —Just(§). Assumed ¢ D'. Then
§ ¢ D' UD/, thatis, § € D". SinceD’ is maximal setwith the above propertiesfor D’ U {4} not
all properties(groundedn W andprotectedn A andT' 5 (prugs)) arclessiold. BecauseD' U {4} is
groundedn W, we know that D' U {4} is not protectedn A or for D' U {§} we have thatT o |(prusy)
is notarclessButT' 5 (pruysy) is arclesssincel' 5 pr is arclessand D' C D' U {6}. Thatis, D' U {4} is
notprotectedn A. ThenD’ U {¢} is notweaklyregularor it containsno supportingsetfor §. Assume
D' U {4} is notweaklyregular Accordingto Theorem3.3, we have thatthereisad’ € D' U {6} anda
B' € Ba(¢') s.t. B' C D' U {4}. We have thefollowing two cases.

1. If B’ C D' thenW U Cons(D’) = —Just(d"). But thisis acontradictionto D’ protectedn A or
d € D(D, E), dependingpnwhetherd’ € D' or §' = §, respectiely.
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2. If B' ¢ D' thenwe know thaté € B’. Againwe have two cases:

(@) &' € D'. SinceD'’ is protectedthereis a supportingsetS of ¢’ s.t. S C D’ andS € Ba (9)
becausetherwiseD’ would notbeprotectedHenceFE = —Just(d) whichis acontradiction
to £ [~ —Just(d) (seeabove).

(b) 0" ¢ D" impliesé’ = 4. We have thatT 5|, is notarclesspecausgd} € Bajps (). This
follows form thefactthatfor eachsingledefault§ andeachdefaulttheoryA form {é} —a ¢’
it followsthat{d} € Ba(¢'). Againthisis acontradiction.

Thereforetheassumptiorwasfalseand D' U {4} is weakly regularwrt W. Now assumehat D’ U {4}

containsno supportingsetfor §. Thatis, § hassupportingsetsdifferentfrom empty set. Therefore,
accordingto Definition 3.4, Ba(d) # 0. And for all blocking setsB € Ba(d) we have that B ¢

D' U {6}, becausentherwiseD’ U {4} would not be weakly regular wrt W. Since D’ containsno
supportingsetfor § it follows thatthereisa B € Ba () s.t. B C D' U D”. From§ € D" we conclude
W" =W U Cons(D') = —~Just(). Thereforethereexistsaminimal B” C BN D" s.t. B" =5 pr 6.

Thatis,

B"C B. (65)

If we assumeB” ¢ Bap:(6) thereisa B’ C B” andad’ € B" st. B' =5 pr ¢’ (seeTheorem3.1).
Now (65) implies B’ ¢ B andé’ € B. ThenB' U (B\ B") C BandB' U (B \ B") —a ¢, thatis,
B ¢ Ba(6). Butthisis acontradictionandwe obtain B" € B |pr(0). Now this againis a contradiction
to thefactthatl' 5| is arcless Thusourinitial assumptioiwasfalse thatis thereis a supportingsetfor
din D' U {6} andthereforeD’ U {4} is protectedn A. Thisis a contradictionto the maximality of D’
andhencetheassumptionthatd ¢ D' wasfalse.

We have seenthat D' = @ (D, E) andaccordingto TheoremB.3, F is anextensionof A. ]

Proof5.8 Let D' C D a setof default rules which is is groundedin W and protectedin A. Set
A|D" = (D", W"). Thenby Definition5.2 of | we have

W" =W U Cons(D")

D" — D\ (D' UD) whereD’ — {§ € D | W U Cons(D') = ~Just(5)}. (66)

If (6*,0) € Ax|pr thenby Definition 3.3 thereis someB* € B p () suchthaté* € B*. By Defini-
tion 3.1 we have that B* A |pr 6 andBS3hold for B*. From B* — 4 pr ¢ it follows thatthereis a
minimal B ¢ D with B = B*U B foraB C D' andB > 4. Accordingto Theorem3.1, B € Ba (4)
iff for eachd’ € B andeachB’ C¢ B we have B’ v4a §'. AssumeB ¢ Ba(9) , thatis, thereis a
d' € BandaB' C B suchthatB' —, ¢'. By definitionit follows W U Cons(B') = —Just(d').
Furthermorepy monotonicityof |=, we obtainW U Cons(B) = —Just(d') andé’ € B. Thatis, B is
notweakly regular Theorem3.3impliesthe existenceof 8" € B andB” C B suchthatB"” € Ba(4").
We distinguishthefollowing cases:

1. B"C D'andé" € D' :
In this casewe obtaina contradictionto the factthat D’ is a protecteddefault proof, becauset
containsa defaultandoneof its blocking sets(seeDefinition 6.2).

2. B"C D'ands" ¢ D' :
Sinced” € B andB = B*U B for B C D' andB* C D" we concludes” € B* C D". Since
B" is ablockingsetof 6 with (66)andB" C D' we have §” ¢ D", whichis acontradiction.

3. B"g D'andé" € D' :
In this casethereexistsad € B” suchthaté ¢ D’ (thatis § € D"). Furthermore,D’ contains
ablocking setof §, becauseD’ is protectedn A andé” € D'. Thusby (66)§ ¢ D" whichis a
contradiction.
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4. B" ¢ D'andé” ¢ D' :
Thené” € B*. If §" € B" we obtainacontradictionto thefactthatI'A hasno selfloops.If §" ¢
B" we have that B* # B". ThereforeB* N B” C B* and¢” € B* suchthat(B” N B*) —x §".
But thisis acontradictionto B* € Ba|pr (9).

Hencetheabove assumptiowasfalseand B € Ba (6) . Finally, we concludethat A pr € Aa. [

Proof5.9 Let A = (D, W), D* = ~*(D') for someD’ C D andA* = (D*, W). Furthermordet E*
beanextensionof A*. Then@(D*, E*) is protectedn A*. Clearly G(D*, E*) is alsoprotectedn
A sinceD* C D.

Let E' beanextensionof A|@(D*, E*), which exists because\|@D(D*, E*) is coherent Because
D (D*, E*) is groundedn W, Theorenb.3impliesthat E = Th(W U Cons(@(D*, E*)) U E') isan
extensionof A. SinceE* = Th(W U Cons(@(D*, E*))) we concludeE* C E. ]

Proof 6.1 This Corollaryfollows directly from Theoremb.3. ]

Proof6.2 Let A = (D, W) be anon-conflictingdefault theoryand E an extensionof A with ¢ € E.
Thenwith TheoremB.3we have E = Th(W U Cons(@(D,E))) and@(D, E) is groundedn W. Let
D, = @(D, E), thenP2andP1aretrivially true. ThusD,, is apuredefault prooffor ¢ from A.

For the otherdirectionlet D, be a puredefault proof for ¢ from A. Thenby Definition 6.1 P2 and
P1holdfor D,. SinceA is non-conflictingit hasanuniqueextensionE = Th(W U Cons(D')) where
D' C D is amaximalsubsebf defaultswhich is groundedn W (seeproof of Theorem4.1). Because
accordingto P1 D, is groundedn W it follows that D, C D'. Thereforefrom P2it follows that E is
anextensionof A with ¢ € E. [ ]

Proof 6.3 Without lossof generality let P C D be minimal, pure default proof for ¢ from A. Let
A* = (v*(P),W). If defaulttheoryA* hasanextensionE with ¢ € E then,accordingto Theorenmb.1
the correspondingetof generatinglefaults @D (~* (P), E) is protectedn A* andgroundedn W. Ac-
cordingto thedefinitionof v*(P) therearenoarcs(¢é’, d) in T'a suchthatd’ € D\~*(P) andé € v*(P).
ThusB € Ba(d) implies B C v*(P) for eachd € v*(P). Sincey*(P) C D with Theorem3.4 we
have Ba+(6) C Ba(d) for eachd € v*(P). B € Ba(d) implies B C «*(P). Hence,accordingto
Theorem3.4we have B € Ba+(d). In all we getBa+(§) = Ba(d) for eachd € *(P). Therefore
@D(y*(P), E) is alsoprotectedn A (seeDefinition 5.1 and Theorem3.4). Hence@(y*(P), E) is a
protecteddefault prooffor ¢ from A. [

Proof6.4 Let A = (D, W) beaevendefault theoryandE anextensionof A with ¢ € E. Thenwith
TheoremB.3 we have

E =Th(W U Cons((D(D,E))) and (67)
(D, E) is groundedn W. (68)

We setD, = @(D, E) andprove that D,, is a protecteddefault proof for ¢ from A. (67) and(68)
imply thatconditionsP2andP1holdfor D,. ThusPP1holds.Theorenb.limpliesthatD,, is protected
in A (thatis PP2) andthusa protecteddefault prooffpr .

For the otherdirectionlet D, be a protecteddefault proof for ¢ from A. Then by Definition 6.2
we have PP1andPP2for D,. Accordingto Theorem5.8 we have thatAA|D¢ C Aa, whichimplies
that A|D,, is even, becauseA is even. Now let E' be an extensionof A|D,, (E’ exists accordingto
Theoremd.2)andsetE = Th(D, U E'). Then,accordingto Corollary6.1, E is anextensionof A with
p € E. [ |

Proof6.5 Let A = (D,W) be a default theoryand E an extensionof A with ¢ € E. SetD, =
(D, E). Obsere thatin thefirst half of the proof of Theorem6.4 we do nothave usedthatA is even.
Thereforenerethesameargumentatiorappliesto shav DP1, thatis D,, is aprotectediefault prooffor ¢
from A. Accordingto Theorenb.4 A|D,, is non-conflicting thatis DP2. ThusD,, is a(generaldefault
prooffor ¢.
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For the otherdirectionlet D, be a (general)default proof for ¢ from A, thatis DP1 andDP2 hold
for D,. ThereforeD, is a protecteddefault proof, thatis PP1 and PP2 hold for D, accordingto
Definition 6.2. Accordingto Definition 6.1 P2 andP1 follow for D, becauseD, is alsoa puredefault
proof. By DP2 A|D,, is hasan extensionE’. SetE = Th(D, U E'), thenby Corollary 6.1 E is a
classicakxtensionof A with ¢ € F.

[ ]
Proof 6.6 This theoremfollows immedialelyfrom Theorem6.5 becausehe extension-membership-
problemis in © [25]. n
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