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Abstract

In temporal extensions of Answer Set Programming (ASP) based on linear-time, the behavior
of dynamic systems is captured by sequences of states. While this representation reflects their
relative order, it abstracts away the specific times associated with each state. However, timing
constraints are important in many applications like, for instance, when planning and scheduling
go hand in hand. We address this by developing a metric extension of linear-time temporal
equilibrium logic, in which temporal operators are constrained by intervals over natural numbers.
The resulting Metric Equilibrium Logic provides the foundation of an ASP-based approach for
specifying qualitative and quantitative dynamic constraints. To this end, we define a translation
of metric formulas into monadic first-order formulas and give a correspondence between their
models in Metric Equilibrium Logic and Monadic Quantified Equilibrium Logic, respectively.
Interestingly, our translation provides a blue print for implementation in terms of ASP modulo
difference constraints.

KEYWORDS: answer set programming, metric temporal logic, equilibrium logic, nonmonotonic
reasoning

1 Introduction

Reasoning about actions and change, or more generally about dynamic systems, is not
only central to knowledge representation and reasoning but at the heart of Computer
Science (Fisher et al. 2005). In practice, this kind of reasoning often requires both qual-
itative as well as quantitative dynamic constraints. For instance, when planning and
scheduling at once, actions may have durations and their effects may need to meet dead-
lines. On the other hand, any flexible formalism for actions and change must incorporate

some form of non-monotonic reasoning to deal with inertia and other types of defaults.

* An extended abstract of this paper appeared at LPNMR’22 (Cabalar et al.2022).
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Over the last years, we addressed qualitative dynamic constraints by combining tradi-
tional approaches, like Dynamic and Linear Temporal Logic (DL (Harel et al. 2000) and
LTL (Pnueli 1977)), with the base logic of Answer Set Programming (ASP (Lifschitz 1999)),
namely, the logic of Here-and-There (HT (Heyting 1930)) and its non-monotonic ex-
tension, called Equilibrium Logic (Pearce 1997). This resulted in non-monotonic linear
dynamic and temporal equilibrium logics (DEL (Bosser et al. 2018} [Cabalar et al. 2019)
and TEL (Aguado et al. 2013; [Cabalar et al. 2018; [Aguado et al. 2023)) that gave rise
to the temporal ASP system telingo (Cabalar et al. 2019; [Cabalar et al. 2020)) extending
the ASP system clingo (Gebser et al. 2016).

A commonality of such dynamic and temporal logics is that they abstract from specific
time points when capturing temporal relationships. For instance, in temporal logic, we
can use the formula O(use — {clean) to express that a machine has to be eventually
cleaned after being used. Nothing can be said about the delay between using and cleaning
the machine.

A key design decision was to base both aforementioned logics, TEL and DEL, on the
same linear-time semantics. We continued to maintain the same linear-time semantics,
embodied by sequences of states, when elaborating upon a first “light-weight” metric
temporal extension of HT (Cabalar et al. 2020). The “light-weightiness” is due to treating
time as a state counter by identifying the next time with the next state. For instance,
this allows us to refine our example by stating that, if the machine is used, it has to
be cleaned within the next 3 states, viz. O(use — Qpy..)clean). Although this permits
the restriction of temporal operators to subsequences of states, no fine-grained timing
constraints are expressible. In other words, it is as if state transitions were identified with
time clicks, and the two things could not be dissociated.

In this paper, we overcome this limitation by dealing with timed traces where each
state has an associated time, as done in Metric Temporal Logic (MTL (Koymans 1990)).
This allows us to measure time differences between events. For instance, in our example,
we may thus express that whenever the machine is used, it has to be cleaned within 60
to 120 time units, by writing:

O(use = Og0..120) clean) .

Unlike the non-metric version, this stipulates that once wuse is true in a state, clean must
be true in some future state whose associated time is at least 60 and at most 120 time
units after the time of use. The choice of time domain is crucial, and might even lead to
undecidability in the continuous case. We rather adapt a discrete approach that offers a
sequence of snapshots of a dynamic system.

The definition of the new variant of Metric (Temporal) Equilibrium Logic (MEL for
short) is done in two steps. We start with the definition of a monotonic logic called Metric
(Temporal) logic of Here-and-There (MHT), a temporal extension of the intermediate
logic of Here-and-There, mentioned above. We then select some models from MHT that
are said to be in equilibrium, obtaining in this way a non-monotonic entailment relation.

The rest of the paper is organized as follows. In the next section, we start describing
the monotonic basis, MHT, that generalizes (Cabalar et al. 2020)) by adding timed traces,
and provide some basic properties and useful equivalences in this logic. In Section [3], we
study the non-monotonic formalism, MEL, providing the definition of metric equilibrium
models as a kind of minimal MHT models. We also illustrate this definition with an ex-
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ample and discuss the property of strong equivalence for metric theories, proving that it
coincides with equivalence in the monotonic logic, MHT. Section [ provides a translation
of MHT into a fragment of first-order HT, called Quantified Here-and-There with Differ-
ence Constraints, following a similar spirit to the well-known translation of Kamp (T968)
from LTL to first-order logic. Finally, Section [l contains a discussion and concludes the

paper. includes all the proofs of the results in the paper.

2 Metric Logic of Here-and-There

In this section, we start describing the metric extension of HT, called MHT, that is used
as monotonic basis for defining Metric Equilibrium Logic later on. We begin introducing
some notation. Given m € N and n € NU {w}, we let [m..n] stand for the set {i € N |
m <4 <n}, [m.n)for {i € N|m <i<n}, and (m..n] stand for {i € N| m < i < n}.
We use letters I, J to denote intervals and, since they stand for sets, we apply standard
set operations on them, like inclusion I C J or membership n € I.

Given a set A of propositional variables (called alphabet), a metric formula ¢ is defined
by the grammar:

pu=p|l L1 ®@pa| 1001810201 Tros|Orp|wiUrpa| @i Rrp2

where p € A is an atom and ® is any binary Boolean connective ® € {—, A, V}. The last
six cases above correspond to temporal operators, each of them indexed by some interval
I of the form [m..n) with m € N and n € NU {w}. In words, ®;, Sy, and T are past
operators called previous, since, and trigger, respectively; their future counterparts Oy,
U;, and R; are called next, until, and release. Strictly speaking, we should differentiate
between the syntactic representation of an interval, and its semantic counterpart, the
associated set of time points it represents. For simplicity, we just use the same represen-
tation for both concepts but, as said above, we restrict the form of intervals that can
be used as modal subindices to the case [m..n) where n is possibly w. Yet, some syntac-
tic abbreviations are allowed in the temporal subindices. For instance, we let subindex
[m..n] stand for [m..n+1), provided n # w. Also, we sometimes use the subindices ‘<n’,
‘>m’ and ‘m’ as abbreviations of intervals [0..n], [m..w) and [m..m], respectively. Also,
whenever I = [0..w), we simply omit subindex I.

We also define several common derived operators like the Boolean connectives T d:efﬁj_,

Yol oy (p = ¥) A (¢ — @), and the following temporal operators:
| J2%) Zéf 1L Tre always before Ore Zg 1Ry always afterward
L 23] déf TSre eventually before Orp d:ef. TUr e eventually afterward
I _eT initial F - —oT final
31<p def ®;pV —@;T weak previous 6“0 def OrpV -0;T weak next

Note that initial and final are not indexed by any interval; they only depend on the state
of the trace, not on the actual time associated with this state. On the other hand, the weak
version of nezxt can no longer be defined in terms of final, as done in (Cabalar et al. 2018)
with non-metric Op = Og V F. For the metric case O, the disjunction O;¢ V =0T
must be used instead, in order to keep the usual dualities among operators (the same
applies to weak previous).

A metric theory is a (possibly infinite) set of metric formulas. As an example of a
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metric theory, we may consider the following scenario for modeling the behavior of traffic
lights. While the light is red by default, it changes to green within less than 15 time units
(say, seconds) whenever the button is pushed; and it stays green for another 30 seconds
at most. This can be represented as follows.

O(red A green — 1) (1)
O(—green — red) (2)
D(push — Op..15)(O<30 green)) (3)

Note that this example combines a default rule [2)) with a metric rule (@), describing
the initiation and duration period of events. This nicely illustrates the interest in non-
monotonic metric representation and reasoning methods.

A Here-and-There trace (for short HT-trace) of length A € NU {w} over alphabet A is
a sequence of pairs ((H;, T3));c0..n) with H; € T; C A for any i € [0..)). For convenience,
we usually represent an HT-trace as the pair (H,T) of traces H = (H;);c[..n) and
T = (T3)ig[o..n)- Notice that, when A\ = w, this covers traces of infinite length. We say
that (H,T) is total whenever H = T, that is, H; = T; for all i € [0..)).

Definition 1
A timed trace ((H, T),7) over (N, <) is a pair consisting of

e an HT-trace (H,T) = ((H;,T;))ic[0..n) and
e a function 7 :[0..\) — N such that 7(i) < 7(i+1).

A timed trace of length A > 1 is called strict if 7(i) < 7(i+1) for all ¢ € [0..)\) such that
i+ 1 < X\ and non-strict otherwise. We assume w.l.o.g. that 7(0) = 0.

Function 7 assigns to each state index ¢ € [0..A) a time point 7(i) € N representing the
number of time units (seconds, miliseconds, etc, depending on the chosen granularity)
elapsed since time point 7(0) = 0, chosen as the beginning of the trace. The difference
to the variant of MHT presented in (Cabalar et al. 2020)) boils down to the choice of
function 7. Essentially, the latter corresponds now to the case where 7 is the identity
function on the interval [0..)).

Given any timed HT-trace, satisfaction of formulas is defined as follows.

Definition 2 (MHT -satisfaction)
A timed HT-trace M = ((H, T), 7) of length A over alphabet A satisfies a metric formula
@ at step k € [0..)), written M, k |= ¢, if the following conditions hold:

M,k L

M,k Epif p € Hy, for any atom p € A

M,k = o A iff MK = @ and M, & |=

MkEeVy it M kEpor Mk

MklEp—= it M k@ or Mk E 1, for both M =M and M’ = ((T, T), 1)

MkiE=eo;piff k> 0and M, k-1 ¢ and 7(k) — 7(k—1) € T

M, k = ¢ Sy ¢ iff for some j € [0..k] with 7(k) — 7(j) € I, we have M, j = ¢ and

M,i = ¢ for all i € (j..k]

8. M,k = ¢ Ty iff for all j € [0..k] with 7(k) — 7(j) € I, we have M,j |= v or
M, i = ¢ for some i € (j..k]

9. MkEojpif k+1< Xand M, k+1 = ¢ and 7(k+1) —7(k) € T

NSOt W=
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10. M,k = ¢ Uy ¢ iff for some j € [k..A) with 7(j) — 7(k) € I, we have M, j |= ¢ and
M,i = ¢ for all i € [k..j)

11. M,k E ¢ Ry ¢ iff for all j € [k..A\) with 7(j) — 7(k) € I, we have M,j = % or
M, i = ¢ for some i € [k..J)

Satisfaction of derived operators can be easily deduced:

Proposition 1

Let M = ((H,T),7) be a timed HT-trace of length A over A. Given the respective
definitions of derived operators, we get the following satisfaction conditions:

12. M,k = 1iff k=0

13. Mkl=@;pif k=00or M,k—1 =g or 7(k) —7(k—1) g1

14. MLk |= &7 iff M, i = ¢ for some i € [0..k] with 7(k) — 7(i) € T
15. M,k =M iff M,i = ¢ for all ¢ € [0..k] with 7(k) —7(:) € T
16. M,k =Fiffk+1=A

17. Mk =Orpiff k+1=Xor M, k+1 =g or 7(k+1) —7(k) & I
18. ML,k = Or ¢ iff M, i |= ¢ for some i € [k..\) with 7(i) — 7(k) € I
19. Mk EOre it M, i = o for all i € [k..\) with 7(i) — 7(k) € [

A formula ¢ is a tautology (or is valid), written = o, iff M, k = ¢ for any timed HT-
trace M and any k € [0..A). MHT is the logic induced by the set of all such tautologies.
For two formulas o, 1 we write ¢ = ¢, iff = ¢ < 9, that is, M,k = ¢ < ¢ for any
timed HT-trace M of length A and any k € [0..A). A timed HT-trace M is an MHT
model of a metric theory T' if M,0 = ¢ for all ¢ € T'. The set of MHT models of T
having length A is denoted as MHT(T", \), whereas MHT(T") ef Us_o MHT(L, \) is the
set of all MHT models of I' of any length. We may obtain fragments of any metric logic
by imposing restrictions on the timed traces used for defining tautologies and models.
That is, MHT} stands for the restriction of MHT to traces of any finite length A € N and
MHT,, corresponds to the restriction to traces of infinite length A = w.

We say that a metric theory is temporal if all its modal operators are subindex-free.
Temporal formulas share the same syntax as LTL, although the absence of an interval
in MHT is understood as an abbreviation for the fixed interval [0..w). The following
result shows that, for temporal theories, MHT satisfaction collapses into THT satisfac-
tion (Aguado et al. 2023). Hence, we can use non-timed traces and ignore function 7 in
this case.

Proposition 2

Let T be a temporal theory. Then ((H, T),7) =T in MHT iff (H, T) =T in THT.

An interesting subset of MHT is the one formed by total timed traces like ((T, T), 7).
In the non-metric version of temporal HT, the restriction to total models corresponds to
Linear Temporal Logic (LTL (Pnueli 1977)). In our case, the restriction to total traces
defines a metric version of LTL, which we call Metric Temporal Logic (or MTL for short).
We present next several properties about total traces and the relation between MHT and
MTL.
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Proposition 3 (Persistence)
Let ((H,T),7) be a timed HT-trace of length A over A and let ¢ be a metric formula
over A. Then, for any k € [0..)), if (H,T),7),k = ¢ then ((T,T),7),k | ¢.

Thanks to Proposition Bl and a decidability result in (Ouaknine and Worrell 2007), we
get:

Corollary 1 (Decidability of MHTY)
The logic of MHT} is decidable.

The next result shows that the satisfaction of negated formulas as classical ones also
extends from HT to MHT:

Proposition 4
Let ((H,T),7) be a timed HT-trace of length A over A and let ¢ be a metric formula
over A. Then, ((H,T),7),k = —p iff (T, T),7),k F~ .

In the non-metric case, LTL models can be obtained from THT by adding a particular
axiom schema, we call the temporal excluded middle axiom.

Definition 3 (Temporal Ezcluded Middle)
Given a set of propositional variables A, we define the theory EM(A) as

EM(A) % {O(p Vv —p) | p € A}.

This same axiom schema can also be used to reduce MHT to MTL, assuming that, in
our current context, operator [J stands for Uyg_,) as detailed above.

Proposition 5
Let A be a set of atoms. For all MHT interpretation ((H,T), ) over A, we have that
((H,T),7),0 EEM(A) if H=T.

Corollary 2
Let I" be a metric theory over alphabet A. The MTL models of I coincide with the MHT
models of I' U EM(A).

Interestingly, if an equivalence does not involve implication (or negation), we can just
check it by only considering total models:

Proposition 6
Let ¢ and ¢ be metric formulas without implication (and so, without negation either).
Then, ¢ = in MTL iff ¢ = ¢ in MHT.

Many tautologies in MHT or its fragments have a dual version depending on the nature
of the operators involved. The following pair of duality properties allows us to save space
and proof effort when listing interesting valid equivalences. We define all pairs of dual
connectives as follows: T/L, A/V, Ur/Ry, 07/0;, 0;/01,S;/T1, @;/@;, M;/#;. For any
formula ¢ without implications, we define §(¢) as the result of replacing each connective
by its dual operator.

Then, we get the following corollary of Proposition
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Corollary 3 (Boolean Duality)
Let ¢ and 1 be metric formulas without implication. Then, we have in MHT that ¢ = ¢

iff 3(i0) = 3(v).

Let U; /Sy, R;/Ty, O7/@;, 61/31, O; /My, and O;/4; be all pairs of swapped-time
connectives and o(p) be the replacement in ¢ of each connective by its swapped-time
version. Then, we have the following result for finite traces.

Lemma 1
There exists a mapping ¢ on finite timed HT-traces M of the same length A > 0 such
that for any k € [0..X), M,k = ¢ iff o(M),A—=1—k = o(p).

Theorem 1 (Temporal Duality Theorem,)
A metric formula ¢ is a MHT-tautology iff o(y) is a MHT}-tautology.

The next properties capture some distributivity laws for temporal operators with re-
spect to conjunction and disjunction.

Proposition 7
For all metric formulas ¢, 1, and Y, the following equivalences hold in MHT:

Or(pVy)=0rpVory eUr(xVY)=(pUrx)V(pUry)
O1(pA) =0rpAOry (P AX)Ur = (pUry) A(x Usrv)
Or(p V1) =0rpVOory R (xNY) = (pRrx) A (¢ R 7)
Or(p Ap) =019 AOrY (eVX)Rr = (pRi9)V (xRr¢)
Or(pVy)=0rpVOory (eAX)Sr=(pSrv)A(xS1v)
Or (e Ay) =0rp AOry ©Sr(xVY)=(pSrx)V(pSry)
31(90\/1/1)53190\/31¢ o (pVY)=01pV @57
o (pAY) =010 N0y o (pAY) =010 N @Y
¢ (pVY) =410V €19 W (oNY) =B NEY)

(V) Trv=(pTrv)V(xTry) eTr(xAY)=(eTrx) A (e Tre)

We can also prove a kind of De Morgan duality between until and release, and analo-
gously, between since and trigger:

Proposition 8
For all metric formulas ¢ and 1, the following equivalences hold in MHT:

—(pUry) =-9Rr ¢ “(pS1)=—pTr
- (pRrv) =—-pUr “(pTr¢)=—-9pSr—

Another interesting result has to do with the effect of extending or stretching the
interval in these operators.

Proposition 9
Let I and J be two intervals satisfying I C J. For all metric formulas ¢ and v, the
following expressions are valid in MHT:

(pUre) = (pUs ) (pRs9) = (pRr o)
(pS1¢) = (¢Ss) (pTsv) = (pTrv)
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We observe next the effect of the semantics of always and eventually on truth constants.
If m,n € N, then Oy, )L means that there is no state in interval [m..n) and Om.m) T
means that there is at least one state in this interval. The formula [, )T is a tautology,
whereas Q[,..n)L is unsatisfiable. The same applies to past operators ¢, .,y and B, ).

Strict traces

In the rest of this section, we consider a group of results that hold under the assumption
of strict traces, namely, that 7(i) < 7(i + 1) for any pair of consecutive time points.
We can enforce metric models to be traces with a strict timing function 7. This can be
achieved with the simple addition of the axiom [1-0(T. In the following, we assume that
this axiom is included and consider, in this way, strict timing. For instance, a consequence
of strict timing is that one-step operators become definable in terms of other connectives.
For non-empty intervals [m..n) with m < n, we get:

)P =M ) LA Sy
Otm..n)® = Opnom) L A Q) where h = max(1,m);

whereas for empty intervals with m > n, we obtain @, )¢ = Oy, . nyp = L.

The following equivalences state that interval [0..0] makes all binary metric operators
collapse into their right hand argument formula, whereas unary operators collapse to a
truth constant. For metric formulas ¢ and ¢ and for strict traces, we have:

YUpp=9vRop=op (4)
OCop=@p=1 (5)

The last two lines are precisely an effect of dealing with strict traces. For instance, Og ¢ =
L tells us that it is always impossible to have a successor state with the same time (the
time difference is 0) as the current one, regardless of the formula ¢ at hand.

The next lemma allows us to unfold metric operators for single-point time intervals
[n..n] with n > 0.

Lemma 2
For metric formulas 1 and ¢, strict traces and for n > 0, we have:

YUy =9 A \/?:1 Oi(¥ Un_ip) (7) Onp = \/?:1 0;iQn—ip 9)
VRue =9 VAL Ci(¥ Raip) (8) Ong = Aizy Oi0n—ip (10)

The same applies for the dual past operators.
Going one step further, we can also unfold until and release for intervals of the form
[0..n] with the application of the following result.

Lemma 3
For metric formulas 1 and ¢, strict traces and for n > 0, we have:

VU=V @AV, 0i( Uiy @) (11)

O,
VR o=@ AWV AL 0i(th Reniy 9)) (12)
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The same applies for the dual past operators.

Finally, the next theorem contains a pair of equivalences that, when dealing with finite
intervals, can be used to recursively unfold until and release into combinations of next
with Boolean operators (an analogous result applies for since, trigger and previous due
to temporal duality).

Theorem 2 (Next-unfolding)

For metric formulas ¢ and ¢, strict traces and for m,n € N such that 0 <m < n —1, we
have:

$ Uy 9 = 6 A (v;’; 0i(t Uity #) V. v;;iﬂ o) Vst Q) (13

The same applies for the dual past operators.

As an example, consider the metric formula p U, 4) g

pUp.g¢=pA (\/2: 0i(p Ujiz—i)..(1—i) ) V Vg1 Ci(p U<(z—s) Q))

=pA (01(p U3y q) V 02(pU<i q) V 03(p Up q))
=pA(01(pUp.3)q) VO2(qV (p A O19)) V O3q)
=pA(01(01(gV (p A ©C1q)) V O2g9) V Oa(q V (p A O1q)) V O3q)

Another useful result that can be applied to unfold metric operators is the following
range splitting theorem.

Theorem 8 (Range splitting)
For metric formulas 1 and ¢ and strict traces, we have

YUy 0 = (Y Upnay @) V(¥ Upny @) for all i € [m..n)
YRy © = (Y Ry @) A (Y Ry 0) for all 7 € [m..n)

The same applies for the dual past operators.

A metric formula ¢ is said to be in unary normal form, if intervals only affect unary tem-
poral operators, while binary operators U, R, S, T are only used in their temporal form,
without any attached intervals. The following proposition, inspired by (D’Souza and Tabareau 2004),
allows us to translate any arbitrary metric formula into unary normal form.

Proposition 10

For metric formulas ¢ and 1, strict traces, and for m and n such that m > 0, the following
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equivalences hold in MHT:

O Uy ¥ = Oy ADj0.m) (U (9 AOY)) 9 Upgmy ¥ = Q0. AUt

O U] ¥ = Oy ADjom)y (U (0 AOY)) 9 Ujgm ¥ = Op.mp Ap U

O Un.m) ¥ = Omen)? Ap.m) (U (9 A0OY)) 9 Uo.n) ¥ = Oo.my AU (0 AOY)
P U] ¥ = Omm)® ADjo.m) (9 U (0 AOY)) U = Q.m¥ AU (0 AOY)
@Ry ¥ = Oy V Oo.m) (PR (9 VOY)) @Ryt =gyt Ve RY
@R ¥ = Opnng® V O0.my (9 R (0 VOY)) @Ryt =0 tp Ve RY

@ R(m.n) ¥ = Oimeny® V O0.m) (9 R (9 VOY)) @ R(g.ny ¥ =00 Ve R (¢ V0O)
@ R(m.) ¥ = Opneg®? V Opo.m) (PR (9 VOY)) @R ¥ =00t Ve R (¢ VO0)
©Sim.m) V= ®mn)? ABg ) (S (P A®Y))  pSio.n) Y =#o.n)P Ap S

O Simm] Y = O Ao ) (9S (P A ®Y))  pSio.n) Y =S¥ ANpSY
OSmm) V= ®m.) ABg ) (S (9 A®Y)) S0V =®0.) P NS (0 @)
©Stm.n] V=m0 ABg ) (S (P A®Y)) SV =®0.P ApS (0N Y)
Ty V=W OV ) (P T (0VOY)) 0T =Wy VT

O T b =M 0V o) (0T (VOY)) 0T =M b VeTy
Ty V=W )V 0. (0T (0VOY)) 0Tt =Wo b VeT (oVey)
T V=M bV 80 (0T (V) 0T =Moo VT (pVey)

Corollary 4
Any metric formula can be translated into unary normal form (assuming strict traces).

3 Metric Equilibrium Logic

As in traditional Equilibrium Logic (Pearce 1997)), non-monotonicity is achieved in MEL
by a selection among the MHT models of a theory. In what follows, we keep assuming
the use of strict traces.

Definition 4 (Metric Equilibrium/Stable Model)

Let & be some set of timed HT-traces. A total timed HT-trace ((T,T),7) € & is a
metric equilibrium model of & iff there is no other H < T such that ((H,T),7) € &.
The timed trace (T, 7) is called a metric stable model of &.

We talk about metric equilibrium (or metric stable) models of a theory I' when & =
MHT(T"), and we write MEL(T', A) and MEL(T") to stand for the metric equilibrium
models of MHT(T', \) and MHT(T"), respectively. Metric Equilibrium Logic (MEL) is the
non-monotonic logic induced by the metric equilibrium models of metric theories. As
before, variants MEL; and MEL,, refer to MEL when restricted to traces of finite and
infinite length, respectively.

Proposition 11
The set of metric equilibrium models of I' can be partitioned on the trace lengths, namely,
Us_o MEL(T, A\) = MEL(T").
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Back to our example, suppose we have the theory I' consisting of formulas ([I)- @), viz.

O(red A green — 1) @
O(—green — red) @
O(push — Op1..15)(O<so green)) @)

In the example, we abbreviate subsets of the set of atoms {green, push, red} as strings
formed by their initials: For instance, pr stands for {push, red}. For the sake of readability,
we represent traces (To, T1,T2) as Ty - Ty - To. Consider first the total models of T': the
first two rules force one of the two atoms green or red to hold at every state. Besides,
we can choose adding push or not, but if we do so, green should hold later on according
to B). Now, for any total model ((T,T),7),0 = ' where green or push hold at some
states, we can always form H in which we remove those atoms from all the states and
it is not difficult to see that ((H,T),7),0 = T, so ((T,T),7) is not in equilibrium. As
a consequence, metric equilibrium models of T' have the form ((T,T),7) being T =
(T3)ico..n) with T; = {red} for all i € [0..A) and any arbitrary strict timing function 7.
To illustrate non-monotonicity, suppose now that we have IV = I' U {05 push} and, for
simplicity, consider length A = 3 and traces of the form Tp - T7 - T5. Again, it is not hard
to see that total models with green or push in state Ty are not in equilibrium, being the
only option Ty = {red}. The same happens for green at Ty, so we get Ty = {push, red}
as only candidate for equilibrium model. However, since push € Ty, the only possibility
to satisfy the consequent of (B]) is having green € T». Again, we can also see that adding
push at that state would not be in equilibrium so that the only trace in equilibrium is
To = {red}, Ty = {push,red} and To = {green}. As for the timing, 7(0) = 0 is fixed,
and satisfaction of formula (05 push) fixes 7(1) = 5. Then, from (B]) we conclude that
green must hold at any moment starting at ¢t between 5+ 1 and 5 + 14 and is kept true
in all states between ¢ and t 4 30 time units, but as A = 2, this means just t. To sum up,
we get 14 metric equilibrium models with 7(0) = 0 and 7(1) = 5 fixed, but varying 7(2)
between 6 and 19.

We close this section by considering strong equivalence. Two metric theories I'y and
Iy are strongly equivalent when MEL(T'y U A) = MEL(I's U A) for any metric theory
A. This means that we can safely replace I'y by I's in any common context A and still
get the same set of metric equilibrium models. The following result shows that checking

strong equivalence for MEL collapses to regular equivalence in the monotonic logic of
MHT.

Theorem 4
Let I'; and I's; be two metric temporal theories built over a finite alphavet A. Then, I'y
and I's are strongly equivalent iff I'; and I's are MHT-equivalent.

4 Translation into Monadic Quantified Here-and-There with Difference

Constraints

In a similar spirit as the well-known translation of Kamp (1968) from LTL to first-
order logic, we consider a translation from MHT into a first-order version of HT, more
precisely, a function-free fragment of the logic of Quantified Here-and-There with static
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domains (QHT?® in (Pearce and Valverde 2008)). The word static means that the first-
order domain D is fixed for both worlds, here and there. We refer to our fragment of
QHT? as monadic QHT with difference constraints (or QHT|[<s] for short). In this logic,
the static domain is a subset D C N of the natural numbers containing at least the
element 0 € D. Intuitively, D corresponds to the set of relevant time points (i.e. those
associated with states) considered in each model. Note that the first state is always
associated with time 0 € D.

The syntax of QHT[<s] is the same as for first-order logic with several restrictions:
First, there are no functions other than the O-ary function (or constant) ‘0’ always in-
terpreted as the domain element 0 (when there is no ambiguity, we drop quotes around
constant names). Second, all predicates are monadic except for a family of binary pred-
icates of the form =<5 with 6 € Z U {w} where § is understood as part of the predicate
name. For simplicity, we write  <s y instead of xs(x,y) and = <s y s z to stand for
z <5 YNy <¢ z. Unlike monadic predicates, the interpretation of z <s y is static (it does
not vary in worlds here and there) and intuitively means that the difference z — y in time
points is smaller or equal than d. A first-order formula ¢ satisfying all these restrictions
is called a first-order metric formula or FOM-formula for short. A formula is a sentence
if it contains no free variables. For instance, we will see that the metric formula (@) can
be equivalently translated into the FOM-sentence:

Vo (0 <oz Apush(z) = Jy(x K1 ¥y K14 2 AV2 (Y <0 2 <30 Y — green(z))))  (15)

We sometimes handle partially grounded FOM sentences where some variables in pred-
icate arguments have been directly replaced by elements from D. For instance, if we
represent ([T as Va ¢(x), the expression ¢(4) stands for:

0=<o04Apush(4) = Jy(d <1y <14 4AV2 (Y <0 2 <30 Yy — green(z)))

and corresponds to a partially grounded FOM-sentence where the domain element 4 is
used as predicate argument in atoms 0 <o 4 and push(4).

A QHTI[=s]-signature is simply a set of monadic predicates P. Given D as above,
Atoms(D,P) denotes the set of all ground atoms p(n) for every monadic predicate p € P
and every n € D. A QHT[<s|-interpretation for signature P has the form (D, H,T)
where D C N, 0€ D and H CT C Atoms(D,P).

Definition 5 (QHT|[<s]-satisfaction; (Pearce and Valverde 2008))
A QHT[<s]-interpretation M = (D, H, T') satisfies a (partially grounded) FOM-sentence
©, written M = ¢, if the following conditions hold:

.METand M jE L

. MEDp@) iffp(t) e H

.M):tl L5t iff t1 —to <6 with t1,t5 € D
MEeAY T ME@and M =9y
MEeVYIFEMEpor MEY
Mg oiff (D, X,T) ¢ or (D,X,T) =1 for X € {H,T}
7. MEVYx o) iff M E o) forallt e D

8. M =3z p(x) iff M = ¢(t) for some t € D

SO W N

We can read the expression z <s y as just another way of writing the difference constraint
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x—y < 0. When ¢ is an integer, we may see it as a lower bound z — é < y for y or
as an upper bound x < y + J for x. For § = w, * <, ¥y is equivalent to T since it
amounts to the comparison z — y < w. An important observation is that this difference
predicate <s satisfies the excluded middle axiom, that is, the following formula is a
QHTI[=s]-tautology:

VeVy(z <5y V(z<59))

for every § € Z U {w}. We provide next several useful abbreviations:

o
x <5y Lef —(y <5 x)
r<y Y oa<oy vty Y =y
d d
r=y Y @<yr<o) v<y Y @<yny

For any pair ®, @ of comparison symbols, we extend the abbreviation z ® y ® z to stand

for the conjunction x ® y A y @ z. Note that the above derived order relation z < y

captures the one used in Kamp’s original translation (Kamp 1968)) for LTL.
Equilibrium models for first-order theories are defined as in (Pearce and Valverde 2008)).

Definition 6 (Quantified Equilibrium Model; (Pearce and Valverde 2008))

Let ¢ be a first-order formula. A total QHT[<s]-interpretation (D, T,T) is a first-order
equilibrium model of ¢ if (D, T, T) |= ¢ and there is no H C T satisfying (D, H,T) |= ¢.

Before presenting our translation, we need to remark that we consider non-empty
intervals of the form [m..n) with m < n.

Definition 7 (First-order encoding)

Let ¢ be a metric formula over A. We define the translation [¢], of ¢ for some time point
x € N as follows:

[© Stm..n) Y]z dg W Y<STAT 0 Y<S—m T APy AV(y<z<z—[p))
T ¥le = VW (W<eAe <ay<-ma) = (W, VI <z<aAlg))

1. % 1
Ple. ¥ p(z) foranype A
ot ¥ [pl,@[Bls for any connective ® € {A,V, —}
Ommtle & Fy@<yA(-3z2 <2<y AT my<n A
Bimm¥le ¥ W@<yA(~Tz2<2<y) AT < my<nz—[P])
eUpnmvle & Fy @<yrzxmy=<nzAflyAVz(z<z<y—(p))
(R Ve Yy (@ <yAs<my=<n2) = (W], VIz(x <2 <yAlpl))
(®0m..n) %] “W o Fy(y<azA-Tz (y<z2<2)AZ <y <mTA [¥]y)
Omm®l: “ Vy(y<zA-3z (Y<2<2) AT <0y <-m ) = [U],)
]
]

Each quantification introduces a new variable. For instance, consider the translation
of B) at point # = 0. Let us denote @) as O(push — «) where « is the formula
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0[1__15)(D§30 green). Then, if we translate the outermost operator 0J, we get:

[O(push — a)]o
= [L Ryo.w) (push = a)lo
= Vy (0<yAO0=<_0y=<w0)— ([push = a], VIZ(0< z<yAL))
= Vy(O<yA0<yAT — ([push]y = [a]y) VL)
= Vy (0 <yApush(y) — [a]y)
Vo (0 < z A push(z) — [az)

where we renamed the quantified variable for convenience. If we proceed further, with «
as Q1..15)0 and letting 8 be (C<3¢ green), we obtain:
[z = [On.15)8ls
= [T Up.1s Bla
= y(e<yrzs1y<wiszAPlyAVz(z<z<y—T))
Jy (zxy <A Bly) =y (<1 y <z A[Bly)

Finally, the translation of 8 at y amounts to:

[O<s0 green],
= [LRy.30) green],
= W (y<y Ay<—oy <30y green(y)VIz(y<z<y Al))
= W (y<y ANy<oy Ay <s0y — green(y') )
= W (y <oy <30y — green(y') )
= Vz (y=<o2=<30y— green(z) )
so that, when joining all steps together, we get the formula (I3 given above.

The following model correspondence between MHT; and QHT <] interpretations can
be established. Given a timed trace ((H, T), 7) of length A > 0 for signature .4, we define
the first-order signature P = {p/1 | p € A} and a corresponding QHT[<;] interpretation
(D,H,T) where D = {7(i) | i € [0.\)}, H = {p(v(4)) | ¢ € [0..A\) and p € H;} and
T = {p(r(2)) | i € [0.A) and p € T;}. Under the assumption of strict semantics, the
following model correspondence can be proved by structural induction.

Theorem 5
Let ¢ be a metric temporal formula, ((H, T), 7) a timed trace, (D, H, T') its corresponding
QHTI[=s] interpretation and ¢ € [0..1).

(<H7T>a7’)ai ': ¥ iff <D7H7T> ': [@]T(i) (16)
(<T7T>77—)7i ): 2 iff <D7T7 T> ): [SO]T(Z-) (17)

5 Discussion

Seen from far, we have presented an extension of the logic of Here-and-There with qual-
itative and quantitative temporal constraints. More closely, our logics MHT and MEL
can be seen as metric extensions of the linear-time logics THT and TEL obtained by con-
straining temporal operators by intervals over natural numbers. The current approach
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generalizes the previous metric extension of TEL from (Cabalar et al. 2020) by uncou-
pling the ordinal position i of a state in the trace from its location in the time line
7(2), which indicates now the elapsed time since the beginning of that trace. Thus, while
Or5..5) p meant in (Cabalar et al. 2020) that p must hold exactly after 5 transitions, it
means here that there must be some future state (after n > 0 transitions) satisfying p
and located 5 time units later. As a first approach, we have considered time points as
natural numbers, 7(i) € N. Our choice of a discrete rather than continuous time domain
is primarily motivated by our practical objective to implement the logic programming
fragment of MEL on top of existing temporal ASP systems, like telingo, and thus to avoid
undecidability.

The need for quantitative time constraints is well recognized and many metric exten-

sions have been proposed. For instance, actions with durations are considered in (Son et al.

in an action language adapting a state-based approach. Interestingly, quantitative time
constraints also gave rise to combining ASP with Constraint Solving (Baselice et al. 2005));
this connection is now semantically reinforced by our translation advocating the enrich-
ment of ASP with difference constraints. Even earlier, metric extensions of Logic Pro-
gramming were proposed in (Brzoska 1995)). As well, metric extensions of Datalog are in-
troduced in (Walega et al. 2019) and applied to stream reasoning in (Walega et al. 2019).

2004)

An ASP-based approach to stream reasoning is elaborated in abundance in (Beck et al. 2018).

Streams can be seen as infinite traces. Hence, apart from certain dedicated concepts, like
time windows, such approaches bear a close relation to metric reasoning. Detailing this
relationship is an interesting topic of future research. More remotely, metric constructs
were used in trace alignment (De_Giacomo et al. 2020)), scheduling (Luo et al. 2016)), and
an extension to Golog (Hofmann and Lakemeyer 2019)).
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Appendix A Proofs

Proof of Proposition [Il

M,k
iff M,k =—-0T by Definition of |
iff M,k = @ )T by Definition of ®
iff M,k (- @9 )T by Proposition @ and [3]
iTM,k—1FTork=0or7(k)—7(k—1) &[0.w) by Definition 2I(G])
iff k=0or (k) —7(k—1) ¢ [0.w) M,k =T for all k € [0..))

iff k=0 since 7(k — 1) < 7(k)
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M,k E 314%7
it Mk l=e@;0V 0T by Definition of ®;
iff M,k = @070V @,—T -@) = @0
if M,k =0;0V @1 -T=1
it Mk—1Eg@and 7(k) —7(k—1) €I or

k=0orM,k—1F Lorr(k)—7(k—1)¢1I by Definition Bi{G) and ®;
fTM,k—-1Fypand (k) —7(k—1)€Ior

k=0or7(k)—7(k—-1)¢1 M,k £ L for all k € [0..))

iff k=0or M,k—1Eypor or7(k)—7(k—1) ¢ 1 by some propositional reasoning

M,k = 41
it M,EETSrp by Definition of ¢;
iff for some i € [0..k] with 7(k) —7(i) € I
we have M, i = ¢ and M, j = T for all j € (i..k] by Definition 2i[7])

iff M, ¢ |= ¢ for some i € [0..k] with 7(k) —7(¢) € I M,k ET for all k € [0..))

M,k =M
iTM,kE=LTrp by Definition of H;
iff for all ¢ € [0..k] with 7(k) — 7(¢) € I,we have M, i |= ¢ or
M, j | L for some j € (i..k] by Definition 2]
iff M, i = for all 0 € [k..\) with 7(¢) — 7(k) € I M,k £ L for all k € [0..))

For the resp. past cases 16-19 the same reasoning applies.

Proof of Proposition 21 For the complete definition of THT satisfaction, we refer
the reader to (Aguado et al. 2023)). Here, it suffices to observe that, when we use interval
I = [0..w) in all operators, all conditions x € I in Definition 2] (MHT satisfaction) become
trivially true, so that the use of 7 is irrelevant and the remaining conditions happen to
coincide with THT satisfaction.

Proof of Proposition [Bl The proof follows by structural induction on the formula ¢.
Note that universal quantification of k € [0..)) is part of the induction hypothesis. In
what follows, we denote M = ((H,T), 7).

o If o = 1, the property holds trivially because M, k £~ L.
o If p is an atom p, M, k |= p implies p € Hy, C T}, and so ((T,T),7),k Ep
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e For conjunction, disjunction and implication the proof follows the same steps as
with persistence in (non-temporal) HT

o If p = O then k+1 < A, 7(k+1) — 7(k) € I and M, k+1 = «. By induc-
tion, the latter implies ((T,T),7),k+1 = a so we get the conditions to conclude
(T, T),7),k E Osa.

o If o = a Uy 8 then M,k = o« Uy 8 implies that for some j € [k..A) with 7(j) —
7(k) € I, we have M,j = 8 and M,i = « for all 4 € [k..j). Since the induction
hypothesis applies on any time point, we can apply it to subformulas f and « to
conclude for some j € [k..\) with 7(j) — 7(k) € I, we have ((T,T),7),j = § and
(T, T),7),i = aforall i € [k..j). But the latter amounts to ((T,T),7),k E aU;p.

e The proofs for ®; and S; are completely analogous to the two previous steps,
respectively.

Proof of Corollary [Il. We claim that MHT} is satisfiable iff MTL¢ is. This together
with the decidability of MTLy (Ouaknine and Worrell 2007) would imply that MHTY is
satisfiable.

The claim is proved as follows: from left to right, let us assume that ¢ is MHT}-
satisfiable. Therefore, there exists a MHT; model ((H, T), 7) such that ((H, T),7),0 = ¢.
By Proposition3 ((T,T), 7),0 = ¢. Therefore, ¢ is MTLs-satisfiable.

Conversely, if ¢ is MTL;-satisfiable then there exists a MTL; model (T, 7) such that
(T,7),0 = . (T,7) can be turned into the MHT; model ((T,T),7) satisfying ¢ at 0.
Therefore, ¢ is MHT{-satisfiable.

Proof of Proposition [ Note that ((H,T),7),k = —¢ amounts to ((H,T),7),k =
¢ — L and the latter is equivalent to M, k = ¢ or M, k |= L, for both M = ((H, T), 1)
and M = ((T,T), 7). Since M,k = L never holds, we get that this condition is equiv-
alent to both ((H,T),7),k & ¢ and ((T,T),7),k %~ ¢. However, by Proposition Bl
(persistence), the latter implies the former, so we get that this is just equivalent to

(T, T),7),k I~ ¢

Proof of Proposition Bl From left to right, assume by contradiction that H # T,
Since H < T, it follows that there exists 0 < i < A such that H; C T;. This means
that there exists p € A such that p € T; \ H;. Therefore, ((H, T),7) F~ pV —p. Since
i > 0 and, clearly, 7(i) — 7(0) € [0..w), we obtain that ((H,T),7),0 = O(pV —p). As
a consequence we get ((H,T),7),0 = EM(A): a contradiction. Conversely, assume by
contradiction that ((H,T),7),0 = EM(A). Therefore, there exists 0 < ¢ < A such that
7(i) = 7(0) € [0..w) and ((H,T),7),i ~ p V —p. This means that p € T; \ H; so H; C T;.
As a consequence, H # T: a contradiction.

Proof of Proposition[6l The proof follows similar steps to Proposition 10 in (Aguado et al. 2023)
for the non-metric case (and LTL instead of MTL). For a proof sketch, note that if no
implication or negation is involved, the evaluation of the formula is exclusively performed

on trace H, while the there-component T is never used, becoming irrelevant (we are free

to choose any trace T > H). Thus, checking the equivalence on total traces ((H, H), 7)

does not lose generality, whereas total traces exactly correspond to MTL satisfaction.
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Proof of Lemma[Il The proof follows similar steps to Lemma 2 in (Aguado et al. 2023))
for the non-metric case. Again, we define p(M) has the timed trace ((H', T’), ') where
H! = Hy_1_; and T = T)_1—; for all i € [0..A). The only difference here is that we
must also “reverse” the time function 7 defining 7/(¢) = 7(A — 1) — 7(¢) to keep the
same relative distances but in reversed order. Then, the proof follows from the complete
temporal symmetry of satisfaction of operators (when the trace is finite).

Proof of Theorem [l The proof follows similar steps to Theorem 3 in (Aguado et al. 2023))
for the non-metric case but relying here on Lemma [ instead.

Proof of Proposition [T

Mak)Zol(@\/%b)

iftM,k+1E=pVveyand r(k+1)—7(k) el by Definition 24[))

if ( Myk+1lEporMk+1Ev) and 7(k+1)—7(k) € I by Definition 2If)

it ( Mk+1lEpandr(k+1)—17(k)el) by Distributivity
or Mk+1Evandr(k+1)—7(k)el)

it M,k =050V Ory by Definition i)

M,k |= o1 (g Ay)

ifTM,k+1E=pAvand 7(k+1)—71(k) €T by Definition 2i[])

if (Mk+1E@and M,k+1E1) and 7(k+1) —7(k) € I by Definition 23]

iff (M,k+1Eeand(k+1)—7(k)el) by Distributivity
and (M, k+1Evand 7(k+1) —7(k) € 1)

it M,k Eorp A0 by Definition 2J[])

M7k|:61(90\/"/])

iffk+1=XXor Mk+1EoeVyorr(k+1)—7(k)¢I by Proposition [II{I7)
iffk+1=Xxor Mk+1l=porM,k+1Ev) orm(k+1)—7(k) &I by Definition 2{#])
it (k+l=XorMk+1lEgporr(k+1)—7(k)&I) by Distributivity

or (k+1=XXorM,k+1Evorrk+1)—7(k) &)
iff M,k |= OV Og1) by Proposition [I{7)
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M, k = 01 (¢ A9)

ifk+l1=Xor Mk+1EpAvorT(k+1)—7(k)¢I by Proposition [I(I7)
iffk+1=Xor Myk+1lEFpand Mk+1EvY) orm(k+1)—7(k) &I by Definition [2§{3])
it (k+l=XorMk+1Egporr(k+1)—7(k)&I) by Distributivity

and (k+1=XorM,k+1Evorr(k+1)—7(k) &)

iff ML,k |= O7p A Og1) by Proposition [II{I7)

M,k [= 01 (p V)

iff M, i = ¢ V9 for some i € [k..\) with 7(¢) — 7(k) € I by Definition i8]

iff (M,if¢orM,ifE1) for some i € [k..\) with 7(¢) — 7(k) € I by Definition 2]

iff (M,i = ¢ for some i € [k..\) with 7(i) — 7(k) € I) by Distributivity
or (M, = for some i € [k..\) with 7(i) — 7(k) € I)

iff M,k = OreV Oy by Definition 2I[IS])

ka':DI(@/\w)

iff M,i =@ A for all i € [k..\) with 7(d) —7(k) € T by Definition 2i(I9)

if (M,ifE¢and M,i=4) forall i€ [k.\) with 7(¢) —7(k) € I by Definition RI[3)

iff (M, i = ¢ for some i € [k..A\) with 7(i) — 7(k) € I) by Distributivity
and (M, |= 9 for some i € [k..\) with 7(i) — 7(k) € I)

it M,k =0 AOfp by Definition 2{[I9)

M,k = @ Ur (x V)
iff M, i = x V 4 for some i € [k.\) with 7(4) —7(k) € I

and M, j = ¢ for all j € [k..7) by Definition 2i(I0)
iff (M,i=xor M,il=1) for some i € [k..A) with 7(i) — 7(k) € I

and M, j |= ¢ for all j € [k..7) by Definition 23]
iff M, ¢ = x for some i € [k..\) with 7(¢) — 7(k) € I or by Distributivity

M, i = ¢ for some i € [k..\) with 7(i) — 7(k) € I
and M, j |= ¢ for all j € [k..7)
it MLk E (pUrx)V(pUry) by Definition [2(I0)
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M,k E(@Ax)Ur¢

iff M, i = ¢ for some i € [k..\) with 7(i) — 7(k) € I
and M, j = o Ao for all j € [k..7)

iff M, i =4 for some i € [k..A) with 7(i) — 7(k) € T
and M, j = ¢ and M, j = o for all j € [k..7)

iff M, i =4 for some i € [k..A) with 7(i) — 7(k) € T
and M, j = ¢ for all j € [k..i) and
M, i |= ¢ for some i € [k..\) with 7(i) — 7(k) € T
and M, j = x for all j € [k..i)

iff MLk |= (¢ Ur¢) and M,k |= (x Ur ¢)

M,k @R (x A Y)
iff for all ¢ with 7(i) — 7(k) € Z, we have
M,i = x A or M, j = ¢ for some j € [k..i)
iff for all ¢ with 7(:) — 7(k) € Z, we have

M,i = x and M, i = ¢ or M, j | ¢ for some j € [k..7)

iff for all ¢ with 7(i) — 7(k) € Z, we have
M,i = x or M, j | ¢ for some j € [k..7)
and iff for all ¢ with 7(¢) — 7(k) € Z, we have
M,i = or M, j = ¢ for some j € [k..i)

iff M,k = (¢ Ry x) and (¢ R )

iff Mk = (¢ Rrx) A (9 R o))

M,k = (¢ Vx) Rr ¢
iff for all ¢ with 7(i) — 7(k) € Z, we have
M,i =4 or M,j = ¢V x for some j € [k..i)
iff for all ¢ with 7(i) — 7(k) € Z, we have
M,i = or M,j E ¢ or M, j = x for some j € [k..q9)
iff for all ¢ with 7(i) — 7(k) € Z, we have
M, i =1 or M, j |= ¢ for some j € [k..i) or
iff for all ¢ with 7(i) — 7(k) € Z, we have
M,i =1 or M, j = x for some j € [k..7)
iff M,k = (pRr ) or (xRrv)
Hf MLk = (e Rry) V (X Rrv)

For the resp. past cases 11-20 the same reasoning applies.

by Definition 2i[I0)
by Definition 23]

by Distributivity

by Definition 2(I0])

by Definition i)

by Definition 23]

by Distributivity

by Definition [2(TT])
by Definition 23]

by Definition 2{([II])

by Definition 2i{])

by Distributivity

by Definition [2[IT])
by Definition 2i{])
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Proof of Proposition [8l We consider the first equivalence. From left to right, assume
towards a contradiction that ((H,T),7),¢ i~ —¢ Ry —. Therefore, there exists j € [i..\)
such that 7(j) — 7(¢) € I, (H,T),7),j ¥~ — and for all k € [i..j), (H,T),7),k [~ —e.
By Proposition @ ((T,T),7),j E ¢ and ((T,T),7),k = ¢ for all k € [i..j). By the
semantics of the until operator we obtain that ((T,T),7),4 = ¢ Uy t. By Proposition @l
it follows that (H,T),4 = — (¢ U ¥): a contradiction.

From right to left, if (H,T),i & — (¢ Ur¢) then, by Proposition @ ((T,T),7),i =
¢ Uy 9. Therefore there exists j € [i..A) such that 7(j) — 7(¢i) € I, (T, T),7),j = ¢
and for all k € [i..7), ((T,T),7),k = ¢. Since ((T,T),7) satisfies the law of excluded
middle, it follows that ((T,T),7),j & - and for all k € [i..j), ((T,T),7),k [~ —¢. By
the semantics, ((T, T), 7),i = —¢ Ry ). By persistency, ((H, T), ) = - Ry —.

The remaining equivalences can be verified in a similar way.

Proof of Proposition [O
M,k = (pUr o) iff M, i = 9 for some i € [k..A) with 7(i) — 7(k) € I

and M, j = ¢ for all j € [k..7) by Definition 2/([I0)
implies M, i |= ¢ for some i € [k..A) with 7(i) — 7(k) € J

and M, j = ¢ for all j € [k..7) since I C J
iff MLk |= (¢ Uy ) by Definition BT

M, k = (o Ry ) iff for all j € [k..\) with 7(i) — 7(k) € J
we have M, i =4 or M, j |= ¢ for some j € [k..i) by Definition 2I[IT])
implies for all j € [k..\) with 7(¢) — 7(k) € I
we have M, i = ¢ or M, j |= ¢ for some j € [k..7) since I C J
iff MLk = (p Rra) by Definition YT

The cases 2 and 4 work analogously

Proof of Proposition[I0 We assume that we are dealing with strict traces. We consider
first the equivalence ¢ Upp. ny ¥ = Opm..n)® A Opo.m) (0 U (0 A O9)).

From left to right, if ((H,T),7),i = ¢ Upy..n) ¢ then there exists j > i such that
7(j) — 7(¢) € [m.n), (H,T),7),j &= and for all k € [i..j), (H,T),7),k = ¢. From
7(j) —7(i) € [m..n), j > i and ((H,T),7),j = ¢ it follows that ((H,T),7),i = Opm..n)¥-
Moreover, since m # 0, 7(j) — 7(i) # 0 so j # i, which implies that j > 4. As a
consequence ((H, T),7),j —1 E @A Oy and (H,T),7),t Epforalli <t<j—1.

Take any arbitrary y > i. If y > j then 7(y) —7(i) > m because 7(y) > 7(j) and 7(j) —

7(i) > m. Therefore, 7(y) — 7(i) & [0..m). If y < j then ((H,T),7),y E ¢ U (¢ A 0Y).
Since y was arbitrary chosen, it follows that ((H,T),7),i = O .m) (¢ U (¢ A O9)).

For the converse direction, from ((H,T), ), )= Ojo..m) (@ U (@ A 0O9)) it follows that
there exists j > 4 such that 7(j) —7(i ) >m, (H,T),7),j Ev¢and (H,T),7),k | ¢ for
all k € [i..j). Since ((H, T), 7),i = Opm..n)¥ there exists j' > i such that 7(j") —7(i) > m,
7(j') - 7(i) < n and (H,T),7),7" | v.

If j/ < j we can easily conclude that ((H,T),7),i I ¢ Upy. pn) ¢. If j° > j then
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7(j') = 7(j). Since 7(j')—7(i) < nand 7(j') > 7(j) 7(4)—7(i) < nso71(j)—7(i) € [m..n),
which leads to ((H,T),7),i = ¢ Upyn) .

For the second equivalence ¢ Upy,. ] % = Op..® A Ojo..m) (0 U (@ A O9)),

from left to right, if ((H,T),7),i = @ Upy,..n) ¥ then there exists j > i such that 7(j) —
7(i) € [m..n], (H,T),7),j E ¢ and for all k € [i..5), (H,T),7),k | ¢. From 7(j) —
7(i) € [m..n], j > i and ((H,T),7),j = ¢ it follows that ((H,T),7),i = Opm..n¥-
Moreover, since m # 0, 7(j) — 7(i) # 0 so j # i, which implies that j > 4. As a
consequence ((H,T),7),j —1 E @A Oy and (H,T),7),t Epforalli<t<j—1.

Take any arbitrary y > i. If y > j then 7(y) —7(i) > m because 7(y) > 7(j) and 7(j) —

7(¢) > m. Therefore, 7(y) — 7(¢) &€ [0..m). If y < j then ((H,T),7),y = ¢ U (¢ A 09).
Since y was arbitrary chosen, it follows that ((H,T),7),7 = O .m) (¢ U (¢ A O9)).

For the converse direction, from ((H,T),7),% |: Ojo..m) (@ U (@ A 07)) it follows that
there exists j > ¢ such that 7(j) — 7(i ) m, (H,T),7),j E v and ((H,T),7),k |= ¢ for
all k € [i..j). Since ((H, T),7),i = Opm..n) 1/) there exists 7/ > i such that T(j")—71(1) > m,
7(j') - 7(i) < n and (H,T),7),5" E v

If j/ < j we can easily conclude that ((H,T),7),i = ¢ U . If j° > j then

7(f") > 7(j). Since 7(j')—7(3) < nand 7(7) > 7(7), 7(j)—7(i) < n 50 7(j)—7(7) € [m.n],
which leads to ((H,T),7),i = ¢ Upy.n ¥

For the third equivalence ¢ U(m n) Y = Qpm.n)® ADp.m) (9 U (¢ A OY)),

from left to right, if ((H,T),7),i = © Ugn.n) % then there exists j > i such that
7(j) — 7(i) € (m..n), (H > 7),J ¢ and for all k € [i..j), (H,T),7),k | ¢. From
T(j)—7() € (m..n), j > i and ((H,T),7),j = it follows that ((H,T),7),i = Q(mn..n)¥.
Moreover, since m # 0, 7(j) — 7(i) # 0 so j # 4, which implies that j > i. As a
consequence ((H,T),7),j — 1 E oA Oy and (H,T),7),t Epforalli<t<j—1.

Take any arbitrary y > i. If y > j then 7(y) — 7(i) > m because 7(y) > 7(j) and
7(j)—7(%) > m. Therefore, 7(y)—7(i) & [0..m]. If y < j then ((H, T),7),y = ©U(p A 09).
Since y was arbitrary chosen, it follows that ((H,T),7),i = O, .m) (¢ U (¢ A O1)).

For the converse direction, from ((H,T), 1), )= Ojo..m) (2 U (@ A 0O7)) it follows that
there exists j > 4 such that 7(j) —7(i ) m, (H,T),7),j =v¢ and (H,T),7),k = ¢ for
all k € [i..j). Since ((H,T),7),1 |: O(m..n) 1/1 there exists j' > i such that 7(3")—7(i) > m,
7(j') — (i) < n and ((H,T),7), j' F v

If j < j we can easily conclude that ((H,T),7),i = @U@y, n) 9. If 7 > j then 7(5) >
7(j). Since 7(3") — 7(i) < n and 7(j') > 7(j), 7(j) — 7(¢) < n, so 7(j) — 7(i) € (m..n),
which leads to ((H,T),7),i = ¢ Ugn..n) ¢

For the fourth equivalence © Uy, ¥ = O(m..n)¥ A Ojo..m) (0 U (@ A O1)),
from left to right, if ((H,T),7),i = ¢ U(n..n) ¥ then there exists j > i such that 7(j) —
7(i) € (m..n], (H,T),7),j E ¢ and for all k € [i..7), (H,T),7),k = ¢. From 7(j) —
7(i) € (m.n], j > i and ((H,T),7),j = ¢ it follows that ((H,T),7),i | O(m..n¥-
Moreover, since m # 0, 7(j) — 7(i) # 0 so j # i, which implies that j > i. As a
consequence ((H, T),7),j —1 E @A Oy and (H,T),7),t Epforalli <t<j—1.
Take any arbitrary y > 4. If y > j then 7(y) — 7(¢) > m because 7(y) > 7(j) and
7(j)—7(2) > m. Therefore, 7(y)—7(¢) € [0..m]. If y < j then (H, T),7),y = U (v A O).
Since y was arbitrary chosen, it follows that ((H,T),7),i = O, .m) (¢ U (¢ A O1)).
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For the converse direction, from ((H,T),7),4 = Op..m) (¢ U (¢ A 09)) it follows that
there exists j > 4 such that 7(j) —7(¢) > m, (H,T),7),j E v and (H,T),7),k |= ¢ for
all k € [i..j). Since ((H, T), 7),i = Q(m..n)¥ there exists j' > i such that 7(j") —7(i) > m,
r(j') — (i) < n and ((H, T),7), /' F v

If j < j we can easily conclude that ((H,T),7),i = @ Uy, ¢ If 7 > j then 7(5) >
7(j). Since 7(3) — 7(i) < n and 7(5') > 7(4), 7(4) — 7(@) < n, so 7(j) — 7(i) € (m..n],
which leads to ((H,T),7),i = ¢ Ugn..n) ¥

For the fifth equivalence ¢ Ujg. ) ¥ = Ojo..n)?¥ A p U,
from left to right, if ((H,T),7),i = @ Ujp..n) ¢ then there exists j > i such that 7(j) —
7(i) € [0..n), (H,T),7),j = ¢ and for all k¥ € [i..j), (H,T),7),k = ¢. This already
implies ((H,T),7),i = Opo..n)%. Furthermore, since [0..n) C [0..w), we can also derive
((H,T),7),i E Uy from ((H,T),7),i = ¢Ujg.,) 9. Putting both implications together
we get ((H,T),7),i = Q0. AU

For the converse direction, from ((H,T),7),i &= Q. .m¥ A ¢ U, we can derive
((H,T),7),i = ¢ U and therefore there exists j > i s.t. (H,T),7),j = ¢ and
7(j) — 7(i) € [0.w) and ((H,T),7),k | ¢ for all k € [i..j). (H,T),7),i F Oj0.n)¥
implies ((H, T), 7),j |= v for some j’ > i with 7(j') — 7(i) € [0..n). Now there are two
cases to consider. If j* < j we can easily conclude that ((H,T),7),i = ¢ Ujg.n) ¢. If
J' > j then 7(j) — 7(i) € [0..n) and therefore ((H, T), 7),i = ¢ Ujg.n) 9.

For the sixth equivalence ¢ Ujg. ) ¥ = Qpo.n¥ A @ U1,

from left to right, if ((H,T),7),i |= ¢ Ujg..,) ¥ then there exists j > 4 such that 7(j) —
7(i) € [0.n], (H,T),7),j = ¢ and for all k € [i..j), (H,T),7),k = ¢. This already
implies ((H,T),7),7 = Oo..n,)¢. Furthermore, since [0..n] C [0..w), we can also derive
((H,T),7),i = U from ((H, T),7),i = U, n 1. Putting both implications together
we get ((H,T),7),i = <>[0..n)¢ ANpU.

For the converse direction, from ((H,T),7),i = Op.n% A ¢ U4, we can derive
((H, T),7),i = ¢ U4 and therefore there exists j > ¢ s.t. (H,T),7),j = ¢ and
7(j) — 7(i) € [0.w) and ((H,T),7),k |= ¢ for all k € [i..j). (H,T),7),i | Qo.n¥
implies ((H,T),7),j" | v for some j' > ¢ with 7(j') — 7(i) € [0..n]. Now there are two
cases to consider. If j* < j we can easily conclude that ((H,T),7),i = ¢ Ujg. ) . If
J' > j then 7(j) — 7(i) € [0..n] and therefore ((H,T),7),i |= ¢ Ujg..,) ¥.

For the seventh equivalence ¢ U(g.n) % = O(0.n)¥ A U (0 A OY),

from left to right, if ((H,T),7),i = ¢ Uy..n) ¥ then there exists j > i such that 7(j) —
7(i) € (0..n), (H,T),7),j = ¢ and for all k € [i..j), (H,T),7),k = ¢. This already
implies ((H, T),7),7 = Q(0..n)%. Furthermore, since j > i, we know

(H, T),7),j —1 = oA0y and (H,T),7),t = ¢ for all i <t < i —1 and therefore
(<H7 T>v T)ai ': O(On)w NeU (‘P A OU))

For the converse direction, ((H, T),7),i = ¢ U (¢ A 0v) implies that there is j > i s.t.
(H,T),7),j = and ((H,T),7),k |= ¢ for all k € [i..j) which implies (H,T),7),7 =
©Us o). Furthermore, since ((H, T),7),i = O(o..n)¥ there exists j' > js.t. 7(j') = 7(j) €
(0.n) and ((H,T),7),7" = . This together with ((H,T),7),i = ¢ Usg ¢ implies
((H, T),7),i = ¢ Uo..n) ¥ by following similar reasoning as in the previous cases.
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For the eighth equivalence o U(..n) ¥ = Q@0.n¥ A @ U (9 A OY),

from left to right, if ((H,T),7),i = ¢ U(g..n,) ¢ then there exists j > 4 such that 7(j) —
7(i) € (0.n], (H,T),7),j E ¢ and for all k € [i..j), ((H,T),7),k = ¢. This already
implies ((H, T),7),i = Q(o..nj%. Furthermore, since j > 4, we know

(H, T),7),j —1 = ¢oA0yand (H,T),7),t E ¢ for all i <t < i—1 and therefore
(H,T),7),i &= <>(0..n)w AN U (pAO0y).

For the converse direction, ((H, T),7),i = ¢ U (¢ A 0t) implies that there is j > i s.t.
(H,T),7),j = and ((H,T),7),k |= ¢ for all k € [i..j) which implies ((H,T),7),i =
¢ U 1. Furthermore, since ((H, T),7),i |= O(o..n)% there exists j' > j s.t. 7(j') —7(j) €
(0..n] and ((H,T),7),7’ = . This together with ((H,T),7),i E ¢ Uso ¢ implies
((H,T),7),i = ¢ Ug..n) ¥ by following similar reasoning as in the previous cases.

The case for Release can be proven by applying Corollary B (Boolean Duality) and
uniform substitution to the respective Until cases. The cases for Since and Trigger follow
from applying Theorem [ (Temporal Duality) to the Until and Release cases respectively.

Proof of equivalences ({@)-(@).

e Equivalence @): Take any ¢ € [0, ). ((H, T),7),i = ¢ Ug ¢ iff there exists j € [i, A)
such that 7(j)—7(:) =0, (H,T),7),j Evandforalli <k < j,(H,T),7),k E ¢.
From 7(j) — 7(¢) = 0 it follows that 7(j) = 7(¢). Under strict semantics, it follows
j = i. From this we get the iff ((H, T), ), = t¢. Furthermore,

((H,T),7),i =@ Ro ¢ iff for all j € [i,A) if 7(j) —7(4) =0 and ((H, T),7),j K= ¢
then there exists ¢ < k < j such that ((H,T),7),k |= ¢.

From 7(j) — 7(i) = 0 it follows that 7(j) = 7(¢). Under strict semantics, it follows
j = i. From this we get the iff (H, T),7),i = .

e Equivalence (B)): For the case of Og¢ we have that ((H, T),7),i = Ogp iff i +1 < A,
7(t +1) —7(i) = 0 and ((H,T),7),i + 1 = ¢. Since we are considering strict
semantics, we get that 7(i +1) — 7(i) # 0 and we can derive L. We can follow a
similar reasoning for the case of ®¢p.

e Equivalence (@): For the case of Ogy we have that ((H, T), 7),i = Ogp iff if i+1 < A
and 7(i + 1) — 7(¢) = 0 then ((H,T),7),i + 1 = ¢. Since we are considering strict
semantics, we get that 7(i +1) — 7(i) # 0 and we can derive T. We can follow a
similar reasoning for the case of ®g.

Proof of Lemma [21

e Equivalence (T): from left to right, if ((H,T),7),i = % U, ¢ then there exists
Jj € [i,A) such that 7(j) — 7(i) = n, (H,T),7),j E ¢ and for all i« < k < j,
((H,T),7),k = . Since n > 0, 7(j) — 7(¢) > 0 implies that j > ¢+ 1 > ¢ and,
under strict semantics, 7(j) > 7(i + 1) > 7(i). If we denote by m ¢ (i + 1) — 7(i),
we can conclude that 0 < m < n and, moreover, 7(j) — 7(i + 1) = n —m. Therefore,
(H,T),7),i+1 9 U,_p . Since 7(i + 1) — 7(i) = m, it follows ((H,T),7),i =
O (¥ Uy ). Since m is bounded we conclude that

(HT), )i\ 0n@Un ).

o<m<n
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Since ((H,T), 7),i E ¢ we get

(H,T),7),i = A\ Om(@Unme).

o<m<n
Conversely, if

(H,T),7),i A\ 0m@Unme),

0<m<n
then ((H,T),7),i = ¢ and there exists 0 < m < n such that ((H,T),7),i |=
Om (¥ Up_m ). Therefore, 7(1 +1) — 7(:) = m and ((H,T),7),i +1 E ¥ Up_p .
Since ((H, T),7),i+1 = ¥ Up_m @, there exists j > i+1 such that 7(j) —7(i+1) =
n—m, (HT),7),j E ¢ and (H,T),7),k = ¢ for all i +1 < k < j. From
7(j) —7(i+1)=n—mand 7(i + 1) — 7(i) = m we get that 7(j) — 7(¢) = n. Also,
since ((H,T),7),i = v, it follows that ((H,T),7),k = ¢ for all i < k < j leading
o ((H,T),7),i E¢Upnop
e Equivalence ()): from right to left assume towards a contradiction that ((H, T), 7),4 ¥

¥ Ry, ¢ then there exists j € [i, A) such that 7(j) — 7(4) = n, (H,T),7),j ¥ ¢
and for all i < k < j, (H,T),7),k k& . Since n > 0, n = 7(j) — 7(¢) > 0 implies
that j >4+ 1 > ¢ and, under strict semantics, 7(j) > 7(¢ + 1) > 7(¢). If we denote
by m def 7(1 + 1) — 7(4), we can conclude that 0 < m < n. Furthermore, it follows
that 7(j) — 7(¢ + 1) = n — m. Therefore, ((H,T),7),7 + 1 ~ ¢ Ry_., . Since
7(i+1) —7(i) = m, it follows ((H,T), 7),i [~ Opm (¢ Rp_m ). Since m is bounded
we conclude that

(H i N\ Om (@ Rum ).

o<m<n

Since ((H,T), 7),4 £ ¢ we reach the contradiction

(H,T),7), itV N\ Om(¥Rum o).

o<m<n
Conversely, assume towards a contradiction that

(H,T),7),itvv N\ Om(WRumo),

0<m<n
then ((H,T),7),i [~ ¢ and there exists 0 < m < n such that ((H,T),7),i F
Om (¥ Ry ). Therefore, 7(i +1) — 7(i) = m and ((H,T),7),i+1 ¥ R,_m .
Since ((H, T),7),i+1 & ¥ U,—m @, there exists j > i+1 such that 7(j) —7(i+1) =
n—m, (HT),7),j i~ ¢ and (H,T),7),k = ¢ for all i +1 < k < j. From
7(j) —7(i+1)=n—mand 7(i+ 1) — 7(i) = m we get that 7(j) — 7(¢) = n. Also,
since ((H,T),7),i [~ v, it follows that ((H, T),7),k [~ ¢ for all i < k < j leading
to ((H,T),7),i = ¥ R, ¢: a contradiction.

e Equivalences ([@)-(I0): by definition, O, ¢ def T U, ¢ and O, e def | R,, ¢. Therefore

the proof follows directly from equivalences (@) and (8.

Proof of Lemma [3l
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e Equivalence ([I)): from left to right, assume ((H,T),7),k = ¢ U<, ¢, then there

is ¢ > k with 7(¢) — 7(k) < ns.t. (H,T),7),i = ¢ and (H,T),7),j | ¢ for all
k < j < i. Lets further assume towards a contradiction that (<H T),7),k £ pV
(WAV;_; 0i(YU<(n_s)¢)) This implies that ((H, T),7),k ~ ¢ and ((H,T),7), k |~
Y A Vi 0i(1) U<y ). For the latter to hold either ((H,T),7),k = ¢ or
((H,T),7),k = V;_, 0i(¢p U<(n_y) ¢). Lets consider ((H,T),7),k = ¢ first. To
be consistent with the original assumption ((H,T),7),k | ¢ is needed. Since
((H,T),7),k [~ ¢ was already derived, this leads to a contradiction. Considering
(H,T), 7).k = \/?:1 Oi(djug(n—i)@) leads to ((H,T), 1), k = \/?:l Oi(U)US(n—i)(P).
This implies that there is no ¢ > k with 7(i) — 7(k) < n s.t. (H,T),7),i = ¢. To-
gether with ((H,T),7),k £ ¢ this implies that there is no occurence of ¢ in the
interval which is contradictory to the original assumption.

From right to left, assume ((H,T),7),k |= ¢ V (¢ A Vi, 0i(1) U<(n—i) 9)), then
(<Ha T>7 7—)7 k ': @ or (<Ha T>7 T)v k ': 1/}/\\/?:1 Oi(djug(n—i) 90)' If (<Ha T>7 7—)7 k ': ¥
then obviously ((H,T),7),k = % U<, . From the second disjunct we get that
((H, T),7),k = 0i(¢) U<(n—s) ¢) for some 1 < i < n. Then there is a next state
that satisfies ¥ U ¢ s.t. ¢ holds somewhere within the next interval and, due to
((H,T),7),k |= 1, ¢ holds until then. This implies ((H, T),7),k = ¢ U<, ¢.

Equivalence ([I2) follows directly from Equivalence (IIJ), Corollary B (Boolean Du-
ality) and uniform substitution.

Proof of Theorem 2l

e Equivalence ([I3): from left to right, if M,k = % Uy, n) ¢ with the restriction

m > 0 and m < n — 1, then by Definition RI0) M,i | ¢ for some i € (k..\)
with 7(i) — 7(k) € I and M, j = ¢ for all j € [k..i). Since ¢ > k and ¢ has to hold
since k, it follows that M, k = ¢ and therefore we get: M, k = ¢ and M, i = ¢ for
some i € (k..\) with 7(i) — 7(k) € I and M, j | ¢ for all j € (k..i). Notice that
j € (k..i) since k was seperated by M, k | ¢. Now, considering the two options
for the distance of the next state: 7(k+1) —7(k) < mor 7(k+ 1) — 7(k) € (m..n),
we get: MLk = ¢ and MLk + 1 = Y Uign—p).(n—py @ if p <mor Mk +1 |
Y U (y—p) @ if p € (m..n), where p = 7(k + 1) — 7(k). The case p < m with
M,k + 1 E Ujn—p)..(n—p)) can be expressed by:

\/ Om ("/] U[mflnfl] 90)

1<i<m
Similarly the case p = 7(k + 1) — 7(k) can be represented by
\/ 0; (Y U<(no1-i) ¥)
m+1<i<n—1

Taking into account those two options and the already performed conclusion
M, k = v, we arrive at:

MEEVA \ 0 (WUpminge)V \/  0i(®Ucmo1-59)

1<i<m m+1<i<n—1
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Conversely, if

M, kE¢A \/ Oi (¥ Upn—iom—i] ) V \/ Oi (YW U<(noi1—i) @) »
1<i<m m+1<i<n—1

then it follows that M,k |= ) and M,k + 1 |= 1 U, —iy @ for some i € [1..m]
or M,k ¢ and M,k + 1 9 Uc(,_1_; ¢ for some i € (1..m) since each of the
both disjunctions would be satisfied in case of one matching next-formula with the
respective ¢. From this, together with the assumption m > 0 and m < n—1 we can
conclude that M, k = ¢ and M, i |= ¢ for some ¢ € (k..\) with 7(¢) — 7(k) € [m..n)
and M, j = ¢ for all j € (k..7). Finally, by applying Definition RI[I0) we arrive at:
M, ': (4 U[mn) ¥

e Equivalence ([4): from left to right, if M, k = 9 Ry, ) @, then by Definition 2I[IT])
for all i € [k..\) with 7(¢) — 7(k) € [m..n) we have M, i |= ¢ or M, j |= ¢ for some
J € [k..1). Let’s consider the easy case first, where M, k |= 4. In this case it is obvi-

ous to see that M, k = 9V (/\;11 0i (¥ Ryim—i)..(n—i)) ©) A /\Zl:_nlwrl 0i(1 Re(no1-4) cp))
If M, k |~ 4 there has to be a later releasing v for all occurrences of - € [m..n).
In this case the next state, if there is one before the end of the interval, satisfies
a Release formula that considers the time elapsed since k. If the linked time point
of the next state is € (k..m], this state satisfies A", 04 (1 Ri(m—i)..(n—i)) ©)- If
the linked time point of the next state is € (m..n), the next state would satisfy
/\?:_nlwr1 O4( R<(n—1-i) ¢). Considering the possibility of both cases we can con-

clude that M, k |= 4V (/\;11 0 (¥ Ri(m—s)..(n—i)) @) A /\?:_nl«LH Oi(¢) Re(no1-4) @))~

Conversely, assume M, k = ¥V (/\Zil 041 Ri(m—i)..(n—i)) ©) A /\?:_an-l 0i (v Re(n1-4) <p))
Again, if M, k |= ¢ it follows directly that M, k = 9 Ry, ) ©.

IEM, k= AP Oi(YRmiy..(n—i)) @) AN L1 Oi (YR < (—1-iy¢), We can also follow

that M, k |= 9 Rp,..n) ¢, since both the satisfaction of Aty 04 (1 Ri(m—i)..(n—i)) %)

in a next state € (k..m] and the satisfaction of /\Zl:_nlwrl 0i (1 Re(n_1-i) ) in a next

state € (m..n) would guarantee it. Taking all possible cases together, we finally

arrive at M, k |= ¢ Ry, 0y .

Proof of Theorem [3l

o If M,k |= ¢ Uy, 0y @, it follows by applying Definition BYI0) that M, i |= ¢ for
some i € [k.\) with 7(i) — 7(k) € [m..n) and M,j = ¢ for all j € [k..7). From
7(i) — 7(k) € [m..n) we get 7(i) — 7(k) € [m..s) or 7(i) — 7(k) € [s..n) for all
s € [m..n). This implies that M, i = ¢ for some i € [k..A) with 7(i) — 7(k) € [m..s)
and M, j = ¢ for all j € [k..i) or M, i |= ¢ for some i € [k..\) with 7(¢) — 7(k) €
[s..n) and M, j = o for all j € [k..7), for all s € [m..n). Applying again Definition
2(0) and Definition RI) it follows that M, k |= (w Upn.i) cp) vV (¢ Ui cp) for all
i € [m..n). As every step of the proof works in the converse direction as well, both
directions are provided.

e For the respective Release-case the same reasoning applies.

Proof of Theorem [Bl The proof goes by structural induction.
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Base case let us consider first the case of a propositional variable p. From left to right,
if (H,T),7),i = ¢ then p € H;. By definition, 7(i) € D and p(7(i)) € H. Therefore
((D,0), H,T) |= [pl-
Inductive case: propositional connectives
e Case p A :
(H, T),7),i EoAy it (H,T),7),iEpand ((HT),7),ikE=y

[@s)
ifft  ((D,0),H,T) = [¢lr, and (D, 0), H,T) = [¢],

ift (Do), H,T) = [p Ay,

(T, T),7)ifl=eny it (T, T),7)ik¢and (T, T),7),i =1

iff  ((D,0),T.7T) = [¢lr, and (D,0),T,T) = [¢]r,
iff  ((D,0),T\T) = [pA¢lr,.
e Case ¢ V :

(H,T),7),iE=evy iff  ((H,T),7)ik¢or ((HT),7)ikE¢
D

ifft ((D,0),H,T) [ [¢lr, or ((D,0), H,T) = [¢]r,
it ((D,0),H,T) = [pV ]

ST

(T, T),7),if= vy it (T, T),7)ik¢or ((T,T),7)ik¢

@@
ift  ((D,0),T,T) F [¢lr, or (D,0),T,T) |= [¢],
ifft  (D,0), T,T) = lpV ¢l

e Case ¢ — 1: In the first case, (H,T),7),i = ¢ — v iff for all ® € {H, T}, either
(®,T,7),i £ @ or (®,T,7),i E 1. By the induction hypothesis [IG) and (7)) we
get iff for all & € {H, T}, either ((D,0),®,T) ¥~ [¢]., or ((D,0),®,T) = [¥].
Therefore, ((D,0), H,T) |= [p — 9],

In the second case, ((T, T), 7),¢ = ¢ — ¢ iff either ((T, T),7),i = g or (T, T),7),i =
¥. By the induction hypothesis (I7) we get iff either ((D,0),T,T) W~ [¢]r or
((D,0),T,T) E [¢]+,. Therefore, ((D,0),T,T) = [ = ¢],.

Inductive case: metric temporal operators For simplicity we will consider intervals of the
form [m,n) where m # w.

o Case Oy, ) ¢: in the first case, if ((H,T),7),i |= Ofp,..) then there exists i+1 < A
such that m < 7(: +1) — 7(i) < n and ((H,T),7),i + 1 | . By ([@8) we get
(D,0),H,T) = [¢lr,,, From m < 7(i 4+ 1) — 7(i) < n we conclude that 7(i) <_,
T(i+1) <y, 7(7). Since we are dealing with strict traces, 7(i) < 7(i+1) and, moreover,
there is no other 7(j) in between. Therefore, for all d € D, not 7(i) < d < 7(i + 1),
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so ((D,0),H,T) =Bz 7(i) < z < 7(i + 1); Since 7(i + 1) € D, we conclude that
there exists d € D such that

(D,0),HT) =) <dA (-2 7(i) < 2 < d) AT(i) S—m d <, 7(1) A [@]a-

Therefore,

(D,0),HT) =Ty (1(6) <y A (=32 7(1) <2 <y) AT(1) K—m Y <n 7(0) A [p]y) -
From this we conclude ((D, o), H,T) |= [O[m..n)¥]+()-

Conversely, if ((D,0), H,T) = [Ofm..n)¢)ri) then, by definition,

(D). H.T) | 3y (r(i) <y A (32 7(0) < 2 < 9) AT(i) <o ¥ =a 7(0) A [y

Therefore, there exists d € D such that

(D,0),HT)E=71() <dA(m327(i) < 2 < d) AT(1) S—m d < 7(1) A [@]a-

From ((D,0),H,T) = 7(i) < d A (-327(i) < 2 < d) and the construction of
((D,o),H,T) we conclude that d = 7(¢). Since ((D,0),H,T) = 7(i) <—m 7(i +
1) <y 7(i), we conclude that m < 7(i + 1) — 7(4) < n. By the induction hypothe-

sis (I8), ((H,T),7),i+ 1 = ¢. Therefore, ((H, T),7),i = Opp..n) -

The second item of this case follows a similar reasoning.

Case a[m”n)cp: in the first case, if (H,T),7),4 £ 6[m__n) then 7 + 1 < A such that
m < 7(i+1)—7(i) <nand ((H,T),7),i+ 1 [~ . By [{8) we get ((D,0), H,T) -
[@l7.s, From m < 7(i 4+ 1) — 7(i) < n we conclude that 7(i) <_p, 7(1 + 1) <, 7(2).
Since we are dealing with strict traces, 7(i) < 7(¢ + 1) and, moreover, there is
no other 7(j) in between. Therefore, for all d € D, not 7(i) < d < 7(i + 1), so
((D,0),H,T) =A27(i) < z < 7(i+1); Since 7(i + 1) € D, we conclude that there
exists d € D such that

((D,o), HT)E (1) <dA (=32 7(1) <2< d)AT(Q) KR d <0 7(1)) = [#]a-

Therefore,

((D,0), H,T) Yy ((1(1) <y A (=32 7(1) < 2 < y) AT(E) K—m Y <n 7(1)) = [¢]y) -

From this we conclude (D, o), H, T) [~ [Opn. n)@lr(i)-
Conversely, if ((D,0),H,T) & [a[m”n)cp]T(i) then, by definition,

((D,o), H,T) Yy ((1(1) <y A (=32 7(3) < 2 < y) AT(E) K—m ¥ <n 7(2)) = [@ly)

Therefore, there exists d € D such that

((D,o), HT)E(1(0) <dA (=32 7(1) <2< d)AT(0) K d <0, 7(1)) = [#]a-

We consider two cases:
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1. E(?,U),H,T> E (@) <dA(-3z70) <2< d)AT() S—m d <, 7(7)) and (D, 0), H,T) ~
Plds

2. ((]D,a),T, T)E (@) <dA (=32 7(1) < 2 <d) AT(i) K—m d <y, 7(7)) and ((D,0), T, T) ¥~
Plds

In any of the previous cases, we conclude that d = 7(i+1), m < 7(i+ 1) —7(i) <n
and <(D7 U)v H, T> l# [‘p]r(i)-

By the induction hypothesis ([I6)), ((H, T), 7),i+1 }~ . Therefore, (H,T), 7),4 b~
Ofm..n) -

The second item of this case follows a similar reasoning.

o Case ¢ Uy, p) : for the first item, if ((H,T),7),i = © Upy,.n) ¢ then there exists
j > i such that m < 7(j) — 7(4) < n, (H,T),7),5 E ¢ and for all i < k < j,
((H,T),7),k E ¢. Since m < 7(j) — 7(i) < n then ((D,0),H,T) = 7(i) < 7(j) A
7(2) K—m 7(j) <n 7(2). From ((H,T),7),j = % and the induction hypothesis (L6])
we get ((D,0), H,T) = [¥];). From ((H,T),7),k |= ¢ for all i < k < j and the
induction hypothesis ([I8) we get (D, o), H,T) |= [plq foralld € {r(k) | 7(i) <k <
7(3)}. By the semantics, {((D,0),H,T) = Vz(7(i) < z < 7(j) — [¢]2). Therefore,
((D,0),H,T) E [p U[m..n) 1#]7(1')- Conversely, if ((D,0), H,T) | [p U[m..n) 1#]7(1-)
then

((D,0), H,T) =3y (1(0) Sy AT(0) Sm y =<n 7(1) A[¢]y AVZ(7(i) < 2 <y = [¢]2)) -

This means that there exists 7(j) € D such that ((D,0), H,T) |= (7(3) < 7(j) A7(%) K—m 7)),
(D,0), H,T) - [ty and {(D,0), H.T) | V= () < = < 7(7) = [¢)-). From
((D,o),H,T) | (1(i) <71(§) A7(i) K—m 7(j)) it follows that i < j and 7(j) —
7(2) € [m,n). By induction, (H, T),7),j = ¢. From ((D,0), H,T) EVz (7(i) < z < 7(j) = [¢]z)
it follows that for all 7(k) € D, if 7(i) < 7(k) < 7(j) then ((D,0), H,T) = [¢](x)-
By induction we get that ((H,T),7),k |E ¢, for all i < k < j. From all previous
statements it follows ((H,T),7),i = ¢ Upy,.pn) 9. The second item is proved in a
similar way.

o Case ¢ Ry, ) ¥: from left to right, assume by contraposition that (D, o), H,T) [~
[‘P U[mn) 1/}]7'(1) then

((D,0), H,T) ¥y ((r(1) Sy AT(i) S—m y <n 7(0)) = ([W]y VI2(7(i) < 2 <y Afel:))) .

Therefore, there exists 7(j) € D such that

((D,0), H,T) £ (7(i) < 7(j) AT(i) S—m 7(3) =n 7(0) = ([¥lr() V 2 (7(0) < 2 <y A[g]2)) -

From this and a some HT reasoningEI we can conclude that ((D,o), H,T) E
(7(1) < 7(G) AT() S—m 7(J) <n 7(0)) but (D, 0), H,T) i [](;) and (D, 0), H, T) |~
Fz(7(1) <z <yAlply). From ((D,0), H,T) = (7(2) < 7(j) A7(i) K—m 7(5)) it fol-
lows that ¢ < j and 7(j) — 7(i) € [m,n). By induction [I@), ((H,T),7),j & .

I Using persistency and the fact that the satisfaction of the expression 7(i) < 7(j) A 7(1) <—m 7(§) <n
7(¢) is not HT-dependent.
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From ((D,0),H,T) = 3z (7(i) <z < 7(j) A\ [¢].) it follows that for all 7(k) € D,
if (D,0),H,T) = 7(i) < 7(k) < 7(j) then ((D,0),H,T) [~ [¢|;@)- By induc-
tion (I6) we get that ((H,T),7),k [~ ¢, for all i < k < j. From all previous
statements it follows ((H,T),7),i [~ ¢ Ry, ) 9: a contradiction.

For the converse directlon assume by contradiction that ((H,T),7),i [~ © Ry, 0
¢. Then, there exists j > 4 such that m < 7(j) — 7(¢) < n, (H,T),7),j F
¢ and for all ¢ < k < j, (H,T),7),k £ ¢. Since m < 7(j) — 7(i) < n then
(Do), H,T) E7(i) <7(j) A7(3) K—m 7(j) <n 7(¢). From ((H,T),7),j ¥~ ¢ and
the induction hypothesis (I8) we get (D, o), H,T) W [{],(;. From ((H, T), 1),k [~
@, for all i < k < j, and the induction hypothesis ([I6) we get ((D,0),H,T) [~
[plg for all d € {r(k) | 7(k) € D and 7(i) < 7(k) < 7(j)}. By the semantics,
(D,0),H,T) FEVz(1(i) < 2 < 7(j) = [¢]z). Therefore, ((D, o), H,T) ¥ [¢Rpm..n)
Y] () a contradiction. The second item is proved in a similar way.

The case of @, ,)1 is similar to the case of O, V.

The case of 3[m__n)@/1 is similar to the case of a[mm)w.

The case of ¢ Sy, ) ¥ is similar to the case of ¢ Uy, ) 9.

The case of ¢ T|y,. )t is similar to the case of ¢ Ry, ) 9.

Proof of Theorem [l From right to left, if I'y and I's are MHT equivalent then I'y
and I's have the same MHT models. As a consequence, I'1 UT and I'; UT" have the same
MHT models. Therefore, I'y UT and I's UT have the same MEL models. Since I is any
arbitrary temporal theory, I'y and I'y are strongly equivalent.

For the converse direction let us assume that I'y and I's are strongly equivalent but
they are not MHT equivalent. We consider two cases:

1. I'; and I’y are not MTL equivalent. Assume, without loss of generality, that there ex-
ists a total MHT model ((T, T), 7) such that ((T, T),7),0 =T’y but ((T,T),7),0 =
Iy. Since ((T,T),7) is total, it follows that ((T,T),7),0 E I'y U EM(A) and
(T, T),7),0 & I's UEM(A). Moreover, ((T,T),7) is an equilibrium model of
'y UEM(A) (since for any H < T, ((H, T),7),0 = EM(A)) but not of T UEM(A).

2. T'; and I'; are MTL equivalent. Therefore, without loss of generality, there exists a
MHT interpretation ((H,T),7) with H < T such that

(a) ((T,T),7),0 Ty iff (T, T),7),0 =T because I'; and I'y are MTL equiv-
alent.

(b) ((H,T),7),0 =T7 and ((H,T),7),0 £ I's because I'; and I'y are not MHT
equivalent.

Since ((H,T),7),0 f= T2, there exists ¢ € I'y such that ((H,T),7),0 = . More-
over, since ((H,T),7),0 = I'y then ((T,T),7),0 = TI'y so ((T,T),7),0 = I's and so
(T, T),7),0 |= .

Let us consider the theory I' % {o — 4 | ¢ € EM(A)}. Since ((H,T),7),0 b ¢
and ((T,T),7),0 = EM(A) then ((H,T),7),0 = I. Therefore, (H,T),7),0 T, UT
o ((T,T),7) is not an equilibrium model of I';y UT. Since I'y and I'y are strongly
equivalent, ((T,T),7) cannot be an equilibrium model of I'; UT'. Since ((T,T),7),0 |=
Iy and ((T,T),7),0 = T then the minimality condition must fail. This means that
there must exist H' < T such that ((H',T),7),0 E I'; UT. Since ((H',T),7),0 |=



34 Becker et al.

Iy then ((H',T),7),0 E ¢. Since ((H,T),7),0 E ¢ and ((H,T),7),0 &= T then
((H',T),7),0 E EM(A), which contradicts Proposition [l
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