Possible Worlds Semantics for
Default Logics

Philippe Besnard
IRISA
Campus de Beaulieu
F-35042 Rennes Cédex

Torsten Schaub
FG Intellektik, TH Darmstadt
Alexanderstrafie 10
D—-6100 Darmstadt

Abstract. We introduce a uniform semantical framework for various default
logics in terms of Kripke structures. This possible worlds approach provides
a simple but meaningful instrument for comparing existing default logics in
a unified setting. The possible worlds semantics is introduced by means of
constrained default logic. Also, it easily deals with Brewka’s cumulative de-
fault logic. The semantics is then extended to Reiter’s original default logic as
well as Lukaszewicz’ variant. The possible worlds approach remedies several
difficulties encountered in former proposals aiming at individual default logics.
Notably, it provides the first pure model-theoretic semantics for Lukaszewicz’
variant of default logic. Since the semantical framework is presented from the
perspective of “commitment to assumptions” we also obtain a very natural
modal interpretation of the notion of commitment.

1 Motivation

Recent research on default logic [10] has produced many derivatives of Reiter’s original
formalism. A common feature of all of these variants is their use of constraints, either
on formulas as cumulative default logic [3] or on sets of formulas like justified® [7] and
constrained default logic [4, 13]. In other words, all of the descendants of Reiter’s
classical default logic employ more “structure” in order to achieve their desired results
such as the existence of extensions and “commitment to assumptions” [9] or the formal
properties of semi—monotonicity and cumulativity [8]. In a similar way, Etherington’s
semantics for classical default logic [6] has been extended in order to account for the
additional syntactical structures. As a result, two—folded semantics were proposed
[12] whose second component was intended to capture the enriched structure in de-
fault logics.

!We will refer to Reiter’s default logic as classical default logic and to Lukaszewicz variant as
justified default logic.



Although the elements of these two—folded semantics are standard first-order inter-
pretations, splitting the semantical characterizations of the extension and its under-
lying constraints might appear to be artificial. On the other hand, Kripke structures
provide means to establish relations between first—order interpretations: a Kripke
structure has a distinguished world, the “actual” world, and a set of worlds accessible
from it (each world is a first-order interpretation). As a consequence, a first aim
of this work is to avoid two—folded semantics by characterizing extensions in default
logics by means of Kripke structures; thereby, providing an elegant semantical rep-
resentation for the additional syntactical structures used in each variant of classical
default logic. In fact, this approach turns out to be very general, so that we obtain
a uniform semantical framework for comparing existing default logics in a unified
setting.

The idea is roughly as follows. In default logics, our beliefs consist of the conclusions
given by the applying default rules, and the constraints on our beliefs stem from the
justifications provided by the same default rules. Then, the intuition behind our
semantics is very natural and easy to understand: the actual world of a Kripke
structure exhibits what we believe and the accessible worlds exhibit what constraints
we have imposed upon our beliefs. Hence, the actual world is our envisioning of how
things are and, therefore, characterizes an extension, whereas the surrounding worlds
additionally deal with the constraints and, therefore, provide a context in which that
envisioning takes place.

Let us put this in more concrete terms by means of constrained default logic. In
constrained default logic, an extension F relies on a set of constraints C. Given a
constrained extension (FE,C) and a Kripke structure m, we stipulate that the actual
world be a model of the extension, F, and demand that each world accessible from
the actual world be a model of the constraints, C. That is, m = E A JC.2

The rest of the paper is organized as follows. In Section 2, we first reproduce the
basic definition of classical and constrained default logic. In Section 3, we introduce
our possible worlds semantics for constrained default logic and show how it char-
acterizes the notion of “commitment to assumptions”. Furthermore, we show that
the semantics is able to capture Brewka’s cumulative default logic, too. Eventually,
in Sections 4 and 5, we demonstrate that our possible worlds semantics applies to
Reiter’s classical and Lukaszewicz’ justified default logic as well. We can then easily
compare default logics and characterize the differences between them. In particular,
the semantics reveals that all of the various default logics employ constraints (induced
by the consequents and justifications of applied default rules) but differ basically in
the extent to which the constraints are taken into account. Since this extent is di-
rectly related to the notion of “commitment to assumptions”, we also obtain a very
natural semantical characterization of this notion in the context of default logics.

2 From classical to constrained extensions

Classical default logic was defined by Reiter in [10] as a formal account of reasoning
in the absence of complete information.

It is based on first order logic, whose sentences are hereafter simply referred to as
formulas (instead of closed formulas). In what follows, we then assume the reader
to be familiar with the basic concepts of first order logic (cf. [5]) as well as some

2Given a set of formulas S let (1S stand for AyesCa.



acquaintance with modal logics (cf. [2]). We shall be dealing with a standard first
order language (including L, the “falsum” symbol) and its extension by the modal
operator [J. We denote derivability and entailment by I and |=, respectively (whether
dealing with the pure first order language or the modal one). We use Th to denote the
first order consequence operation, that is Th(S) = {a | S F a}. Further definitions
and conventions will be introduced when they occur for the first time.

A default theory (D, W) consists of a set of formulas W and a set of default rules
D. A default rule is any expression of the form

a:f
Y

where a, 7 and v are formulas. « is called the prerequisite, 3 the justification, and ~
the consequent of the default rule.

Default knowledge is incorporated into the framework as nonmonotonic inference
rules by means of default rules. They sanction inferences that rely upon given as
well as absent knowledge. Such inferences therefore could not be made in a classical
framework. A default rule is applicable, if its prerequisite holds and its justification
is consistent, that is adding its negation does not yield a contradiction.

Informally, an eztension of the initial set of facts W is defined as the set of all
formulas derivable from W using classical inference rules and all specified default
rules:

Definition 2.1 Let (D, W) be a default theory. For any set of formulas S let T'(S)
be the smallest set of formulas S' such that

1. Wcs,
2. Th(S") = S5,
3. For any £ € D, ifa € S' and ~f ¢ S then y € §".
A set of formulas E is a classical extension of (D, W) iff T'(E) = E.

Classical default logic does not enjoy the desirable features known as “commitment
to assumptions” and “cumulativity”. The case of cumulativity is postponed to a later
part. First, we concentrate on the notion of commitment.

Example 2.1 (non—commitment) The default theory

(2457 0

has only one classical extension, Th({C,D}). Both default rules have been applied,
although they have contradictory justifications. Informally, there has been no com-
mitment to the assumption B nor ~B [9].

Brewka [3] restored commitment (and cumulativity) in default logic by strengthen-
ing the applicability condition for default rules and making the reasons for believing
something explicit. In order to keep track of the assumptions, he introduced asser-
tions, that is formulas labelled with the set of justifications and consequents of the
default rules that have been applied. In [4, 13], it is shown how to retain commitment
(and cumulativity) while dropping the shift of formulas to assertions. For the formal



presentation, we focus on constrained default logic as introduced in [13]®. The ap-
proach taken by constrained default logic relies basically on dealing with two sets of
formulas of the form (E,C). A default rule is applicable if its prerequisite holds in £
and its justification is consistent wrt C' (while in classical default logic the justification
has to be consistent wrt E).

Since constrained default logic does not alter the language the notion of a default
theory remains the same.

Definition 2.2 Let (D,W) be a default theory. For any set of formulas T let Y(T)
be the pair of smallest sets of formulas (S',T') such that

L WCscr,

2. 8'=Th(S") and T' = Th(T"),

3. For any 2 € D, if a € §' and TU{B}Y U {7}/ L then y € S’ and B,y € T".
A pair of sets of formulas (E,C) is a constrained extension of (D, W) iff Y(C) =
(E,C).

Constrained extensions commit to their assumptions as constrained default logic em-
ploys a much stronger consistency check than classical default logic.

Example 2.2 (commitment) The default theory

(2457 0

has two constrained extensions, (Th({C}), Th({C, B})) and (TR({D}), Th({D,~B})).

It turns out that the semantics proposed in [12] is adequate to characterize constrained
extensions. A preference relation wrt to a set of default rules was defined which is sim-
ilar to the one introduced in [6]. Simply, pairs of classes of first order interpretations
like (H,f[) — called focused models structures — were considered instead of classes
of first order interpretations. The idea is that, for a default rule % to “apply” wrt a

pair (II, f[), its prerequisite @ must be valid in II whereas the conjunction 3 A~ of its
justification and consequent must be satisfiable in 1. Taking into account all default
rules, a maximal focused models structure (H,f[) is constructed which corresponds
to a constrained extension, whose constraints correspond to the focused models 1.

Definition 2.3 Let § = 0‘7—6 and Il be a class of first order interpretations. The

order =5 on 21U x 2 is defined as follows. For all (Hl,ﬁl),(ﬂ2,ﬁ2) c 20 21 e
have

(I, 1) =5 (1L, 1I,)
iff
1. Vr € Ilhm E o,

2. Ir ey E B Ay,

8 As constrained extensions are equivalent to [4]’s extensions of J-default logic, all results carry
over to their J— and PJ-default logic.



3. I ={rell, | 7 =7},
4oy ={relly|x =B A7}

The induced order =p is defined as the transitive closure of the union of all orders
>=s such that § € D. Clearly, constrained default logic is directly induced by this
semantics. A constrained extension (F,C) is determined since E is formed by all
formulas that are valid in the class II of a >=p-maximal focused model structure
(H,f[) whereas the constraints C consist of all formulas valid in the class 1I (the

so—called focused models).

3 A modal characterization of constrained default
logic

The focused models structures suggest that the ordering induced by a default rule has
a modal nature with the corresponding semantical approach being based on Kripke
structures. Intuitively, a pair (II, f[) is to be rendered as a class 9 of Kripke structures
such that II is captured by the actual worlds in 90t and 1 by the accessible worlds in
M. That is consider a non—-modal formula a: it is valid in II iff « is valid in 97 and
it is valid in II iff O« is valid in 9.

Correspondingly, the counterpart to a maximal focused models structure happens
to be a class 91 of Kripke structures such that

({a non-modal | M |= a},{a non-modal | M |= Oa})

forms a constrained extension of the default theory under consideration. As always,
the first set establishes the extension whereas the second set characterizes its con-
straints.

We follow the definitions (cf. Appendix A) in [2] of a Kripke structure (called K-
model in the sequel). Asin Appendix A, we use m to denote K-models, 91 to denote
classes of K—models, and |= to denote the modal entailment relation. We extend the
modal entailment relation |= to classes of K—models 9t and write M |= a to mean
that each element in 9 (that is, a K-model) entails a.

In order to characterize constrained extensions semantically, we now define a family
of strict partial orders on classes of K—-models. Analogously to [6, 12], given a default
rule §, its application conditions and the result of applying it are captured by an
order ;5 as follows.

Definition 3.1 Let § = % Let M and M’ be distinct classes of K-models. We
define M =5 M’ iff

M={meM |[mEyADyAB)}
and
1. M Ea

2. M £ O~(7 A B)



Given a set of default rules D, the strict partial order >p amounts to the union of the
strict partial orders 5 as follows. 9 »p O’ iff there exists an enumeration (§;);cr
of some D' C D such that 9,1 >5, DN; for some sequence (M;);cr of subclasses of
M’ satisfying M’ = My and M = N;c; M.

Moreover, we define the class of K—models associated with W as My = {m | m |
v A Ov,y € W} and refer to >p-maximal classes of K—models above My as the
preferred classes of K-models wrt (D, W).

As for modal logic, observe that the K—models define the modal system K. It makes
sense because the only property needed is distributivity for the modal operator (I to
ensure that the constraints are deductively closed.

As a reminder, we give below the axiom schema (K') and inference rule (NEC) that
must be added to a classical first order system in order to obtain K:

(K) O(a — B) — (Ha — 0OpP)

(NEC) Di

The choice of Condition 2 in Definition 3.1 is also worth discussing. At first glance,
it seems more adequate to require M’ = —(y A 3) since we want to add T(y A )
and the condition 9’ [£ O=(y A B) does not a priori exclude M’ = —O(y A 3). We
illustrate why this is needed by means of the next example.

Example 3.1 Consider the default theory

({2 m).

With Mw = —A, we also have My | O-A. But using the condition M’ = —-UA
would not prevent the “application” of the only default rule.

Notice that Condition 2 in Definition 3.1 is equivalent to
dJme M. mE O(y AB). (1)

That is, the consistency condition in constrained default logic corresponds semanti-
cally to the requirement that there is a K—model which has some accessible world
that satisfies v A 3.

In the following examples, we show how preferred classes of K—models can charac-
terize constrained extensions. At first, we give a detailed example that illustrates the
main idea.

Example 3.2 Consider the default theory

(===} )

that yields the constrained extension (Th({A4,C}),Th({A,B,C})).

In order to characterize this semantically, we start with
Mw |: AN TOA.

Since Mw = A it remains to ensure that My = O-(C A B) — which is obvious.
Hence, we obtain a class of K-models M such that

ME=ANOAANCADO(C A B).



Thus, the actual worlds of our K-models satisfy the formulas of the extension
Th({A,C}) whereas the surrounding worlds additionally fulfill the constraints, that
is Th({A, B,C}).

In order to have a comprehensive example throughout the text, we extend the above
commitment example as follows.

Example 3.3 (commitment) The default theory

:B :=B :-DA-C 0
(e - 20
has three constrained extensions: (Th({C}),Th({B,C})),(Th({D}),Th({—B,D})),
and (TH({E}), Th({~D A ~C, E})).
Mw is the class of all K-models and clearly, we have My = O-(C A B), My
O-(D A =B), and My = O-(E A —-D A —=C). Therefore, all of the default rules are

potentially “applicable”.
Let us detail the case of the first constrained extension. We obtain a >{£}—greater
C

class
M = C AO(C A B).

In order to show that there is a >{%,%}—greater class, we would have to show that
M = O-(D A -B).

But since O(C A B) = OB, we have M |= O(B V —D) that prevents us from “apply-
ing” the second default rule. Analogously, we do not obtain a >{i ;ﬂDAﬁc}—greater
c’ B

class.

The last example shows how our construction copes with self-incoherent default
theories.

Example 3.4 Consider the default theory

(=571

whose only constrained eztension is (Th(0),Th(0)). Mw is the class of all K—models.
But since My | O-(A A ~A) condition 2 of Definition 3.1 is falsified and, therefore,
Mw ts the only preferred class.

An interesting point concerning Definition 3.1 is that finding a non—empty 9 C 9’
such that 9t = O(y A 8) whenever 9 = O—(v A B) might appear to be impossible,
hence the next proposition.

Proposition 3.1 The empty class of K-models is never preferred wrt (D, W) when-
ever W is consistent.

As a corollary we obtain that the existence of constrained extensions is guaranteed.
The notion of a preferred class of K—models illustrated above is put into a precise
correspondence with constrained extensions in the following theorem.



Theorem 3.2 (Correctness & Completeness) Let (D, W) be a default theory.
Let O be a class of K—models and E,C deductively closed sets of formulas such that

M={m|mpE EAOC}.
Then,
(E,C) is a constrained extension of (D, W) iff M is a >=p—mazimal class above My .

Then our possible worlds approach amounts to the focused model semantics [12]
presented above: the first order interpretations associated with the accessible worlds
take over the role of the focused models.

Corollary 3.3 Let(D,W) be a default theory, (II, f[) a =p-mazimal focused models
structure above ({m | # = W},{r | 7 = W}) and M a preferred class of K—models
wrt (D,W). Then, for a, 8 non-modal

OE=aiff MEa and I =6 iff M = 08.

In the face of the above corollary, observe that a preferred class of K—models contains
“more” different actual worlds than accessible ones. The reason is that focused models
structures (II, f[) have the inclusion property II C II.

How does our semantics reflect the notion of commitment? As already pointed
out, the intuition behind our construction is very natural and easy to understand:
The actual world of a K—model captures what we believe and the surrounding worlds
capture what commitments we have allowed to adopt our beliefs. Therefore, our se-
mantics reflects the notion of commitment through modal necessity: the commitments
correspond to formulas whose necessity holds.

Since it is proved in [12] that the focused model semantics captures cumulative
default logic [3], Theorem 3.2 and Corollary 3.3 establish a possible worlds seman-
tics for cumulative default logic as is shown next. First, recall that an assertion
is a pair (a,{o1,...,an}), where a,a1,...,a, are formulas. Applied to an as-
sertion €, Form({) gives the formula whereas Supp({) gives its label (called the
support). Also, Brewka had to extend the first order consequence relation to as-
sertions: for a set of assertions S, Th(S) is the smallest set of assertions such
that § C Th(S) and if &1,...,&, € Th(S) and Form(&),..., Form({,) F v, then
(v, Supp(é1) U ... U Supp(&r)) € Th(S) An assertional default theory is a pair (D, W),
where D is a set of default rules and W is a set of assertions.

Definition 3.2 Let (D,WW) be an assertional default theory. For any set of asser-
tions S let Q(S) be the smallest set of assertions S' such that

1. wcs,
2. Th(8') = &',

3. For any % € D, if (a, Supp(a)) € §' and Form(S) U Supp(S) U {BIU {7} I/ L
then (v, Supp(a) U{B} U {7}) € S".

A set of assertions € is an assertional extension for (D, W) iff Q(€) = E.



Now, [15] shows that if (E,C) is a constrained extension of (D, W) then there is an
assertional extension £ of (D, {(a,0) | « € W}) such that £ = Form(€) and C =
Th(Form(&) U Supp(€)) and conversely, if € is an assertional extension of (D, {{«a, ) |
a € W}) then (Form(E),Th(Form(€)U Supp(€))) is a constrained extension of
(D,W). Consequently, our possible worlds semantics also characterizes cumulative
default logic:

Theorem 3.4 Let (D, W) be an assertional default theory. Let My be the class of
all K—models of {v AOn | v € Form(W),n € Supp(W)}. Then, there exists a set of

assertions € which is an assertional extension of (D, W) such that M = {m | m |
Form(&€) A OSupp(E)} iff M is a preferred class of K-models above Myy.

In the context of cumulative default logic, naturally the question arises how the notion
of cumulativity can be characterized by our possible worlds semantics. Intuitively,
cumulativity stipulates that the addition of a theorem to the premises does not alter
the set of conclusions. Apart from its theoretical interest, cumulativity is of great
practical relevance. This is, because a cumulative theory operator allows for the use
of lemmata needed for reducing computational efforts.

First, let us look at the failure of cumulativity in classical default logic:

Example 3.5 (non—cumulativity*) The default theory

(4024

has one classical extension, Th({A}). This eztension inevitably contains AV B.
Adding this nonmonotonic theorem to the premises yields the default theory

(AR v )

that has now two extensions: Th({A}) and Th({—-A, B}). Regardless of whether or
not we employ a skeptical or a credulous notion of theory formation — in both cases
we are changing the set of conclusions.

How assertional default theories restore cumulativity is shown below.

Example 3.6 (cumulativity) The assertional default theory

(20t

has also one extension which contains the assertions (A,{A}) and (AV B,{A}).
Adding the assertion (AV B,{A}) to the premises yields the assertional default
theory

({522} av )

that has still the same assertional extension and no other.

“This example is originally due to David Makinson [8].



In the case of constrained default logic, cumulativity was preserved in [13, 15] by
means of lemma default rules which are prerequisite—free default rules whose justi-
fication consists of the assumptions underlying the actual lemma which is given in
the consequent. The major difference between the addition of assertions to the facts
and the addition of lemma default rules to the set of default rules is that once we
have added an assertion to the premises it is not “retractable” any more whenever an
inconsistency arises. Thus, the addition of assertions is stronger than that of lemma
default rules. Adding an assertion to the premises eliminates all extensions inconsis-
tent with the asserted formula or even its support. On the contrary, lemma default
rules preserve all extensions and, therefore, their purpose is more an abbreviation of
default proofs.

How can those differences be envisioned by our semantics? Assume we have a
constrained extension (F,C) and the corresponding assertional extension £. When-

ever we have a theorem ¢ € F and a minimal set of default rules D, C GDE)E’C)
(: {% ‘ acE, cu{tu{y}V¥/ L}) which has been used to derive /, there ex-

ists as well an assertion® ¢, € £, where

& = (£, Usep,{ Justif (6), Conseq(é)}).

For a complement, the corresponding lemma default rule is

5 : Nsep, Justif (6) N Conseq(8)
= .
1
Take a default theory (D, W) and its assertional counterpart (D, W), where W =
{{a,0) | « € W}. Looking at cumulative default logic, we enforce (by adding the

assertion &, to W) that all preferred classes of K—models entail the formula

LA D(f A Nsep, Justif (6) A Conseq(&)). (2)

In constrained default logic the addition of the lemma default rule é;, to the set of
default rules only demands the expression (2) to be entailed by those preferred classes
of K—models, to which generation the lemma default rule has contributed. That is, we
enforce the entailment of (2) only for all preferred classes of K-models 9t for which

M >‘GD(DE,C)U{5Z} Mw holds.

4 A modal characterization of classical default lo-
gic

The possible worlds approach to default logic presented above turns out to be very

general. The first evidence of this arises from the fact that the above semantical

characterization carries over easily to classical default logic. Indeed, the analogue to
Definition 3.1 can be defined as follows.®

Definition 4.1 Let § = % Let M and M’ be distinct classes of K-models. We
define M >5 M’ iff

M={meM |mEvyAdyAds}

and

SApplied to a default rule &, Justif(§) yields its justification whereas Conseq(§) returns its
consequent.
8@Given a set of formulas S let ¢S stand for NaesQa.



1. MEa
2. M £ O-8

The order >p is defined analogously to that in Section 3.

Even though classical default logic does not employ explicit constraints, there is a
natural counterpart given by the justifications of the generating default rules over a
set of formulas F:

Cp={8|%LeD, acE,~B¢E}

We obtain a semantical characterization that yields a one-to—one correspondence be-
tween consistent extensions and non—empty >p—preferred classes of K—models (an in-
consistent extension trivially corresponds to Mty being preferred while being empty).

Theorem 4.1 (Correctness & Completeness) Let (D, W) be a default theory.
Let 9N be a class of K—models and E be a deductively closed set of formulas such that

M={m|mpE EAOEAOCE}.
Then,

E is a consistent classical extension of (D, W) iff M is a >p—mazimal non-empty
class above Ny .

Comparing Definition 4.1 with Definition 3.1, we observe two basic differences,
reflecting the fact that constrained default logic employs a stronger consistency check
than classical default logic. For one thing, the second condition on 90’ is weakened
such that only 3 instead of 4 A 3 is required to be satisfied by some accessible world
of some K-model in 9M'. This becomes perfectly clear by comparing the following
formulation of Condition 2 in Definition 4.1

dJmeM. mE OB (3)

with the one given in (1). For another thing, Definition 4.1 requires {3 to be valid in
M whereas Definition 3.1 requires (I to be valid in 9. Stated otherwise, the possible
worlds semantics for classical extensions requires only some accessible world satisfying
the justification [ whereas the semantics for constrained default logic requires all
accessible worlds to satisfy (3.

The conclusion is that from the perspective of commitment, constrained extensions
adopt their beliefs by committing to all consequents and all justifications of applied
default rules whereas classical default logic commits to consequents taken together
but only to justifications taken separately.

Example 4.1 (non—commitment) The default theory

<{ :CB, :1;37 :—|DE/\—|C},0>

has only one classical extension: Th({C, D}).
Mw is the class of all K—models and clearly, we have My = O-B, Mw
O-(=B), and Mw = O-(—~D A =C). That is, all of the default rules are potentially

“applicable”.

“Observe that the membership qualifying property is exactly the third condition in the definition
of a classical extension.



From Mw we can construct a class of K—models MM such that M >{£} Mw and
C

ME=CAOCAOB.

Accordingly, we can also construct a class of K-models M’ such that M’ >{£ 8]
C’ D
Mw and

M E=CAOCAOBADADODAO-B.

But it is impossible to obtain a class MM" such that IM" >{£ :2B :aDA~CY Mw since
C ’ B

"D
M = O~(~D A -~C).

From My, selecting first the third default rule leads to a >{ ;ﬂDAﬁC}—greater class
B

M = EADE AO(-D A-C).

From 9N we can construct a class of K—models M such that I >{ :2Dpce 2B Mw
E ’C
and

MEEADEAO-DA-C)AC ADOC A OB.

So, M is the empty set of K—models because O(=D A =C) EO-C and OCAO-C |
1.

In contrast to Proposition 3.1, the possible worlds semantics for classical default
logic admits the empty set of K—models above some non—-empty 9y,. This is the
case whenever a default rule is applied whose consequent contradicts the justification
of some default rule which is itself applied. In particular, this reflects the failure of
semi—monotonicity in classical default logic whereas constrained default logic enjoys
semi-monotonicity (A default logic is said to be semi—monotonic iff enlarging the set of
default rules of a default theory can only preserve or enlarge the existing extensions.).

In addition, characterizing extensions in default logic strictly by non—empty >p-
maximal elements above 9y avoids post—filtering mechanisms such as the stability
criterion introduced in [6]. Whenever an incoherent default theory arises, our charac-
terization yields an empty set of K—models. The purpose of the stability criterion is
to ensure the satisfiability of each justification for a given set of default rules. In other
words, the stability criterion guarantees the “continued consistency” of the justifica-
tions of the applying default rules. In contrary, we ensure the continued consistency
of justifications by requiring the validity of ¢/ in all classes of K—models preferred
by a default rule ®£. As a consequence, our characterization yields an empty set of
K-models, whenever an incoherent default theory arises.

Example 4.2 The incoherent default theory

({==%)9)

of Example 3.4 has no classical extension. My is the class of all K-models. Clearly,
Mw = OA but the resulting class

{meMy |l mEAANTOAANO-A}

s obviously empty.



Finally, let us examine the failure of cumulativity in classical default logic. In Sec-
tion 3, we have characterized by means of a modal expression the solutions preserving
cumulativity. Taking the expression given in (2) but dropping the requirement of joint
consistency yields the following modal expression for classical default logic:

EN TN O Justif (Dy) (4)

where £ is contained in a classical extension F of a default theory (D, W) and D, C
GDE)E’E) is a set of default rules used to derive £.
Let us look at the canonical cumulativity example.

Example 4.3 (non—cumulativity) Consider the default theory

(A4 v )

obtained from Ezample 3.5 after adding AV B (so that we are considering { = AV B).
In addition to the extension Th({A}), we have obtained a second one: Th({—A, B}).

The semantical characterization of the classical extension Th({—A, B}) yields a class
of K—models 9N that is >{AVB:ﬂA}—greater than My such that

—A

ME=(AVB)AOAV B)A-AADO-A

Since

{4

M obviously does not entail our above modal expression (4):
ME(AV B)AO(AV B) A QA.

The entailment of the expression (4) in all preferred classes of K—models 9 such

that 9 > GDBE) ey Mw can be enforced through the corresponding lemma default
D

rule for classical default logic (cf. [15]): Given £ and D, = {é1,...,6,} C GDE)E’E) as
described above, we obtain

s Justif (61), ..., Justif (6,)
/ .

(o=

5 A modal characterization of justified default lo-
gic
Further evidence for the generality of our approach is that it can easily capture a

variant of default logic due to [7], which we refer to as justified default logic. Indeed,
the analogue to Definition 3.1 and 4.1 can be defined as follows.

Definition 5.1 Let § = % Let M and M’ be distinct classes of K-models. We
define M 1>5 M’ iff

M={meM |mEvyAdyAds}

and



1. MEa
2. M EO-8V Oy

The order I>p is defined analogously to that in Section 3.

Compared to the order >; given for classical default logic, the only difference is that
the condition M’ [~ O0—8 has become M’ [£ -8 V O, that is, M’ (= ~(Oy A 0B).
Again, this becomes apparent by regarding Condition 2 in Definition 5.1, that is

Im e M. m = OB A Oy. (5)

In classical default logic, there has to be a K—model which has some accessible world
satisfying (3 (see (3) above). In justified default logic, however, all accessible worlds
of such a K—model additionally have to satisfy ~.

Indeed, the definition reveals the fact that the same constraints implicitly used
in classical default logic (in the form of Cg) are explicitly attached to justified ex-
tensions® (in the form of J, see below) and, moreover, considered when checking
consistency. That is, semantically classical and justified default logic account for
the justifications of the applied default rules in form of the modal propositions (3.
However, in classical default logic they are discarded when checking consistency.

Formally, a justified extension is defined as follows.

Definition 5.2 Let (D,W) be a default theory. For any pair of sets of formulas
(S,T) let ¥(S,T) be the pair of smallest sets of formulas S',T' such that

1. WcCég,
2. Th(S") = §',

3. Foranyo‘WiED, ifa€e S andVne TU{B}. SU{y}U{n} /L theny € S’
and g € T'.

A set of formulas E is a justified eztension of (D, W) wrt to a set of formulas J iff
V(E,J)=(E,J).

Lukaszewicz has shown in [7] that justified default logic guarantees the existence of
extensions. Semantically, it is obvious that requiring M’ £ ~(Oy A ¢8) and adding
those K—models entailing [y A O3 makes it impossible to obtain the empty set of K-
models (in fact, the analogue to Proposition 3.1 holds). Lukaszewicz has also shown
that his variant enjoys semi—monotonicity. In fact, “applying” a default rule %

enforces all >p—greater classes of K—models M to entail Oy A OB. Therefore, a later

“application” of a default rule o‘ly‘,ﬁl whose consequent v’ contradicts 3 (eg. v/ = =)

is prohibited since its “application” requires m K O-6"V o',
Analogously to classical default logic, Definition 5.1 only requires {3 to be valid in
M which is not enough for justified default logic to commit to its assumptions.

Example 5.1 (non—commitment) The default theory

<{ :CB, :Z;B, :—|DE/\—|C},®>

has two justified extensions, Th({C,D}) wrt {B,—~B} and Th({E}) wrt {=D A -C}.

80riginally, Lukaszewicz called his extensions modified extensions.



The first one is obtained analogously to that in Example 4.1. That is, we obtain a
preferred class

M =CAOCAOBADADODAO-B.

Also, selecting first the third default rule leads to a class m D{ :2Da20 ) Mw such
B
that

M = EADE AO(-D A-C).

Since we have I .|: O—C and M E O—D none of the other default rules is “applica-
ble”. Therefore, M is a (non—empty) preferred class.

Similarly to the case of classical default logic, there is a natural account of con-
straints attached to a set of formulas F justified by J: the justifications of the gen-
erating default rules over F, as determined by J, which are simply

Cway={B|2LeD, acBVYne u{gl. EU{U{n}Y L}*
Then, correctness and completeness hold as in the former sections.

Theorem 5.1 (Correctness & Completeness) Let (D, W) be a default theory.
Let O be a class of K-models, E a deductively closed set of formulas, and J a set of
formulas such that J = C(g 5y and

M = {m | m |: EANCOEA OC(E,J)}
Then,
E is a justified extension of (D, W) wrt J iff M is a >p—mazimal class above My .

The equality J = C(g,s) simply states that the implicit constraints C(g,s) and the
explicit constraints J coincide.

Notably, our possible worlds semantics is the first semantical characterization of
justified default logic which is purely model-theoretic. In [7], Lukaszewicz had to
characterize justified extension by means of pairs (II,J), where II is a class of first
order interpretations and J is a set of formulas. The reason why Lukaszewicz did
so is that justified default logic allows for inconsistent sets of individually consistent
constraints (so that the focused models semantics cannot be adapted there).

Finally, a remark concerning Definition 3.1 and 5.1 is in order. Let us compare the
respective consistency condition, that is (1) and (5). We observe that the condition in
constrained default logic requires that there is a K—model which has some accessible
world satisfying v A 8. In contrast, we are faced with a stronger requirement in jus-
tified default logic: there has to be a K—model whose accessible worlds all satisfy
and some accessible world satisfies 3. At first glance, this seems to be unintuitive
since constrained default logic has a stronger consistency condition than justified de-
fault logic (compare Definition 2.2 and 5.2). However, consistency or satisfiability
are always relative to a given set of formulas or class of models, respectively. In
fact, we consider a much more restricted class of K-models 9" in (1), that is con-
strained default logic, than in (5), that is justified default logic. Given a set of
default rules D' such that M =p My and M’ >p My, we have M = W A

9Observe that the membership qualifying property is exactly the third condition in the definition
of a justified extension.



Conseq(D') AN (W A Conseq(D') A Justif (D')) in constrained default logic, whereas
we encounter a less restricted class of K-models in justified default logic, that is
M = W A Conseq(D') AN (W A Conseq(D')) A OJustif(D'). As a consequence, we
have to employ a stronger satisfiability condition in justified default logic which is
given in (5).

6 Conclusion

We have presented a uniform semantical framework for various default logics in terms
of Kripke structures. That is, we have first introduced a possible worlds semantics for
constrained default logic and we have proved that it also captures cumulative default
logic. Then, we have provided a simple modification for that possible worlds semantics
in order to characterize Reiter’s classical default logic and in turn Lukaszewicz’ jus-
tified default logic.

Moreover, the approach remedies several difficulties encountered in former propos-
als aiming at individual default logics. First, the approach avoids stability condi-
tions as required in [6] and [7]. Second, the possible worlds semantics avoids two—
folded semantical structures such as focused models structures [12] or frames as in-
troduced in [7]. Thirdly, the approach provides the first semantical characterization
of Lukaszewicz’ justified default logic which is purely model-theoretic.

By adopting the perspective of “commitment to assumptions” we have not only
gained a clear criterion on that notion itself but also provided a very natural modal
interpretation by which existing default logics can be compared in a simple but deeply
meaningful manner. In particular, the semantics has revealed that all of the various
default logics employ constraints but differ in the extent to which the constraints are
considered when checking consistency. Notably, in terms of modalities we have to
switch from ¢ to [0 whenever we want to preserve “commitment to assumptions”.



A Modal logic

We follow the definitions in [2] of a Kripke structure (called K—model in the sequel)
as a quadruple (wo,Q, R,T), where Q is a non—empty set (also called a set of worlds),
wo € Q a distinguished world, R a binary relation on Q (also called the accessibility
relation) and Z is a function that defines a first order interpretation Z,, for each w € Q.
As usual, a K—model (wo,Q,R,Z) is such that the domain of Z, is a subset of the
domain of 7, whenever (w,w') € R.

Formulas in K-models are interpreted using a language enriched in the following
way: in a K-model (wo,Q,R,Z), for each w € Q, the first order interpretation Z,,
is extended so that for each e € D, (the domain of Z,), a constant € is introduced,
letting Z,,(€) = e. In every world w, each term is mapped into an element of D, as
follows: Z,(f(t1,---ytn)) = (Zu(f)) (Zu(t1),...,Zu(ts)), n > 0.

Given a K-model m = (wo, R, R,T), the modal entailment relation w = a (in m)
is defined by recursion on the structure of a:

Wl P(ty, ... ta) it (Zu(t),..., Tu(tn)) € Tu(P)

wE -« iff wha

wEaVvp iff wEaorwkEf

w | Vz alz] iff wlale]forall ec D,

w | Oa iff w' = a whenever (w,w') € R

We write m = a if wg = « (in m). This means that m is a model of a. We denote
classes of K—models by 91. We extend the modal entailment relation |= to classes of
K-models 91 and write 91 = a to mean that each element in 97 (that is, a K-model)
entails a.

B Proofs of Theorems

Proposition 3.1 The empty class of K-models is never preferred wrt (D, W) when-
ever W is consistent.

Proof 3.1 Assume that 9y >p Mw. By definition, there then exists a subset
D' = {éo,61,...} of D such that My = {m | m E WAOW Ay, AO(y; A B;) for all §; =
alv—,&} By compactness, there is a finite set {W AW Ay AD(Yo ABo) Awe - A A
O(v4 A Bi)} which is inconsistent. By Corollary C.3, {WWAv,A...Av,} is inconsistent.
That is, W Ay A ... Avp_1 E ;- By modal logic K, O(W Ayy A ... A7 q) E
O-y, and O(W Avg Ao Ayp_q) E O=(94 A Bi). Then, it cannot be the case that
M1 =5, Mi because N; = {m | m E W AOW A5, AO(y; AB;) for all §; =
2:Bi guch that i < j}. Therefore, there is no such k and D' is empty. So, My = My
ana, by Corollary C.3, W is inconsistent, a contradiction. [ ]

In the sequel, we frequently employ the following definition.

Definition B.1 Let (D, W) be a default theory. Given a possibly infinite sequence

of default rules A = (bo, 61,62,...) in D, also denoted (8;);cr where I is the index set
for A, we define a sequence of classes of K—models (MM;);cr as follows:

mo — mW
Mipn = {meM|myADy A0}, where§; = 2k,

In constrained default logic, ©® is (0. In classical and justified default logic, ® is ¢.



We will be more liberal here about the orders 5, >, >s by relaxing the condition that
M =5 M' (similarly DM >5 M’ and M >5 M') holds only if M and M’ are distinct.
That is, there will be cases where M =4 M (similarly M >; N and M >5 M) be

true. Clearly, this does not affect the issues under consideration.

B.1 Proof of correctness and completeness for constrained
default logic

Theorem 3.2 (Correctness & Completeness) Let (D,W) be a default theory.
Let M be a class of K—models and E,C deductively closed sets of formulas such
that M = {m | m = E AOC}. Then,

(E,C) is a constrained extension of (D, W) iff M is a >=p—mazimal class above My .

The unsatisfiable case is easily dealt with, so that we prove below the theorem for £
and C being satisfiable.
Proof 3.2 (Correctness) Assume (F,C) is a consistent constrained extension of

(D,W). The set of generating default rules for (E,C) wrt D is defined as GD%E’C) =
{0‘7—6 ‘ acE, cu{ptu{~y}V¥ J_} . As has been shown in [14], then there exists an

enumeration (8;);cr of GD%E’C) such that forz € I
W U Conseq({bo,...,6i—1}) F Prereq(é;). (6)

Let (9M;)icr be a sequence of classes of K—models obtained from the enumeration
(8;)ic1 according to Definition B.1. We will show that 9t coincides with N;c; M1, and
1s =p-maximal above M.

Since (FE,C) is a constrained extension, it has been proven in [14] that

E = T?L(W U Conseq(GDE)E’C)»,
C = Th(W U Justif (GDY?) U Conseq(GDY?)).

Then, since M = {m | m = E A TC} we have obviously that 2T = N;c; ;.
Firstly, let us show that 91,1 >5 9N, for : € I.

e Since M; C My and My | W, then by definition of M; we have M; |
W U Conseq(6;—1) for ¢ € I. Now, ;1 C M, for ¢ € I implies that M, |=
W U Conseq({do,...,6i-1}). By (6), it follows that 9; = Prereq(é;) for ¢ € I.

o Let us assume that ;. >5 9N, fails for some k € I. By definition of
(M )ier and the fact that we have just proven that 9, |= Prereg(é;) for
¢ € I, this means that M = O-(y, A F,) for & = % Let us abbre-
viate W U Conseq({80,...,6,_1}) by E* and W U Conseq({do,...,0,_1}) U
Justif ({60,-..,0k_1}) by C*. By definition, M = {m | m | E* A OC*}.
Since E is satisfiable, so is E*. By applying Corollary C.7 to the definition
of M and M = O-(y, AB,) we obtain that C* = —(v, A B,). That is,
CkU{y,}u{B,} F L. By monotonicity, C U{vy,} U{B,} F L, contradictory to

the fact that &, € GD{P?),



Therefore, M, 11 >4, M, for : € I. As a consequence, ;e M; " D(5:0) Mw . That is,
M ~p Mw.

Secondly, assume 91 is not >p-maximal. Then, there exists a default rule 0‘7—6 €
D\ GD%E’C) such that 9 |= « and M = O—(y A 8). First, applying Corollary C.3 to
the definition of 9T and M |= « yields E = a. Second, since MM = E AOC, we get by
monotonicity JC = O-(v A §), yielding C [~ —(v A 8) by modal logic K. Of course,
E = a and C [~ =(vy A B) implies % € GDE)E’C), a contradiction. [ |
Proof 3.2 (Completeness) Assume 9 = {m | m = F AOC} is a >p-maximal
class of K—models above My .

Let us first establish a useful characterization of C, that is C' = {n non-modal |
M = On}. Obviously, C C C. So, C = C. In order to prove the converse, notice
that M = OC. Since E is satisfiable, C = C, by Corollary C.7. Since C and C are
deductively closed, C = C.

According to [15] (E,C) is a constrained extension iff (E,C) = (U2, Ei, U2, Cs)
such that £y = W and Cy = W, and for ¢z > 0

B =T(E)U{ v |28 eD,acE,CU{BtU{y}/ L}
Ciyr = Th(C)U{BAv| 2 € D,a € E,CU{BIU{r} Y L}

Let us abbreviate {m | m = U2, E; A OUZ, C;} by 9. We will show that 91 =1, in
order to show that (E,C) = (U2, Ei, U2, C:).
Firstly, let us show by induction that 9t C {m | m = E; A OC;} for ¢ > 0.

Base By definition, My = Eo A OC,. Since M =p My, we get M C {m | m |
Eo AOC}.

Step The induction hypothesis is: M = E; A OC;
Consider n € E; 11 U C;11. Then, one of the three following cases holds.

1. n € Th(E;). By the induction hypothesis, I = 7.
2. n € Th(C;). By the induction hypothesis, 9t = Oy.

3. n€ {ﬂ,’y ‘ @B cpDackE;,CU{BU{y} |7‘J_} That is, i is either 7 or
(3 such that there is a default rule M € D witha € F; and -(yAp3) ¢ C.
By the induction hypothesis, I |— a. Using the above characterization
C of C, we have M £ O—(y A B). Since M is > p—-maximal, then M |=
A D('y A ) must hold and both cases for 7 are covered.

From the three cases, we obtain MM = F; 1 A OC; ;.

Therefore, we have shown that 9 C {m | m = E; A OC;} for : > 0. So, M C IN.
Secondly, since M is a > p—maximal class above My for (D, W), then M = N;c; I,
where (90;);c1 is a sequence of classes of K—models defined for some (§;);cr according
to Definition B.1 such that 9,1 >4, 9N, for 2 € I.
Let us show by induction that 91 C 9, for 2 € 1.

Base Since My = My and Ey = Cy = W, the result is obvious.



Step The induction hypothesis is: 91 C IM;

Since M; 11 =5, M, for i € I we have My = {m e M, | m =, AD(v; A B}
and M; E a; and M; £ O-(; A B;) where §; = 0"7—6’

By the induction hypothesis, we have 91 = «;. By Corollary C.3, U2, E; |
a;. By compactness and monotonicity, there exists k such that Fy E «;. By
definition, M; 11 = O(v; A B;), hence M = O(y; A B;) because M = M;c; M.
So, v; A B; € C. Since C is satisfiable, —(y; A 3;) ¢ C. From Ej E «; and
a(v; A B;) € C, we conclude that v, € Eyq and v; A B; € Ciy1. Hence, N =
v; A O(5; A B;). By the induction hypothesis and the definition of 9;; we
obtain 9T C M, ;.

Therefore, we have shown that 91 C 91; for ¢ € I. That is, 9T C 1.

In all, M =M. That is, {m | m E EAOC} = {m | m | U2, E; A OUZ, Ci}-
As a consequence, )1 = E. By Corollary C.3, U2, E; = E. Clearly, the converse can
be proved in a similar way. Therefore, U2, F; = E because U2, F; and E are both
deductively closed sets of formulas.

Returning to Mt = M, we have N = OC. Now, U2, E; is satisfiable since E is.
Applying Corollary C.7, U2, C; = C. Again, the converse can be proved in a similar
way. Then, U2, C; = C because U2, C; and C are both deductively closed sets of
formulas.

Then, (E,C) = (U2, Ei, U2, C;) and according to [15] this means (E,C) is a con-
strained extension of (D, W). [ |

B.2 Proof of correctness and completeness for classical de-
fault logic

Theorem 4.1 (Correctness & Completeness) Let (D,W) be a default theory.
Let M be a class of K—models and E be a deductively closed set of formulas such
that M ={m | m | EAOEAQCg}. Then,

E is a consistent classical extension of (D, W) iff M is a >p—mazimal non-empty
class above Ny .

Proof 4.1 (Correctness) Assume F is a consistent classical extension of (D, W).
The set of generating default rules for E wrt D is defined as GDE =

{0‘7—6 ‘ acE, ¢ E} As has been shown in [16], then there exists an enumer-
ation (&;);cr of GDE such that for ¢ € I

W U Conseq({bo,...,6i—1}) F Prereq(é;). (7)

Let (9M;)icr be a sequence of classes of K—models obtained from the enumeration
(6;);er according to Definition B.1. We will show that 97 coincides with N;c; M; and
1s >p-maximal above My .

Since F is a classical extension, it has been proven in [10] that

E = T?L(WU Conseq(GD%)).

Then, since M = {m | m | EAOEAOCE} and Cg = Justif (GD%) we have obviously
that 97 = N;c; M;. Clearly, E A B is satisfiable for each 8 € Cg.
Firstly, let us show that 97,1 >s I, for ¢ € I.



e Since M; C My and My | W, then by definition of M; we have M; |
W U Conseq(6;—1) for ¢ € I. Now, ;1 C M, for ¢ € I implies that M, |=
W U Conseq({do,...,6i-1}). By (7), it follows that 9; = Prereq(é;) for ¢ € I.

e Let us assume that 9;; >5 I, fails for some k € I. By definition of (9;);cr
and the fact that we have just proven that 9t; = Prereg(§;) for ¢ € I, this means
that 9 = O, for & = % Let us abbreviate W U Conseq({éo,...,6k-1})
by E* and Justif({6o,...,8k_1}) by C*. By definition, My = {m | m & E* A
OE* A OC’“}. Since E*¥ C E and C* C Cg, we have that E* A 7 is satisfiable
for each n € Cg and we can apply Corollary C.6 to the definition of 91 and
M, = O—8,,. We obtain that E* = —3,. By monotonicity, E = —8,. Since F is
deductively closed we have =3, € E, contradictory to the fact that §, € GDE.

Therefore, 9,11 >5, M; for + € I. As a consequence, [);cr M; >GpE Mw. That is,
M >p Mw.

Secondly, assume 91 is not >p-maximal. Then, there exists a default rule 0‘7—6 €
D\ GDE such that M = « and M [~ O-F. As noted above, E A 7 is satisfiable for
each n € Cg. First, applying Corollary C.2 to the definition of 9t and I |= « yields
E = a. Second, since M = E AOE A QCg, we get by monotonicity OFE £ OO0,
yielding F [~ -3 by modal logic K. Of course, £ |= a and E [~ =83 implies % c GDE,
a contradiction.

Thirdly, assume 9 is empty. Then, 91 |= OL. From the definition of 97 and the
fact that E A 7 is satisfiable for each n € Cg, Corollary C.6 yields F = L. This
contradicts the consistency of E. [ ]

Proof 4.1 (Completeness) Assume MM = {m | m E EAOEAQCE} is a non-empty
>p-maximal class of K—models above Iy .

According to [10] F is a classical extension iff F = |2, E; such that Fy = W and
forz>0

By = Th(E)U{y |2 €D,ac E;,~B ¢ E}.
Define Cy = (0, and for 7 > 0
Cipr = {B|=2eDack,~8¢E}.

Let us abbreviate {m | m |= U2, E; AOUZ, Ei A QU Ci} by 91, We will show that
M = N, in order to show that F = |2, E;.
Firstly, let us show by induction that 9t C {m | m | E; AUE; A 0C;} for ¢ > 0.

Base By definition, Mw = Fq A OEy A $Cy. Since M >p My, we get M C {m |
m = Eo AOEg A QCo}.

Step The induction hypothesis is: M = E; AOE; A OC;
Consider n € E; 11 U C;11. Then, one of the two following cases holds.

1. n € Th(E;). By the induction hypothesis, I = 7.

2. n € {B,v} for some % € D such that @« € E; and -8 ¢ E. By the
induction hypothesis, 9 = a. Assume 91 = O—4. Since F is deductively
closed, we obtain, by definition of Cg, that E A 5 is satisfiable for each
n € Cg. So, Corollary C.6 applies to 2 and M = O-F. As a result,



E = 8. Then, it follows that =8 € FE, a contradiction. So, I (£ O—4.
Since 9 is >p-maximal, then 9 = v ATy A O3 must hold and both cases
for n are covered.

From the two cases, we obtain M = E; 11 AOE; 1 A 0C;y1.

Therefore, we have shown that 9t C {m | m | E;AOE;AQC;} for ¢ > 0. So, M C IN.
Secondly, since M is a >p-maximal class above My for (D, W), then M = N;c; I,
where (90;);c1 is a sequence of classes of K—models defined for some (§;);cr according
to Definition B.1 such that 9,11 >4 9N, for 2 € 1.
Let us show by induction that 91 C 9, for 2 € 1.

Base Since My = My and Cy C Ey = W, the result is obvious.

Step The induction hypothesis is: 91 C IM;

Since M; 11 >5 M, for i € I we have My = {m € M, | m =, ATy, A0S}
and M; E a; and M; [£ O3, where §; = 0"7—6’

By the induction hypothesis, we have 91 |= «a;. Suppose that U2, E; A 7 is
unsatisfiable for some € U2, C;. Then, there is some k such that n € C}
and Ej = —n. We have shown above that 9T C {m | m | E; AOE; A OC;} for
¢ > 0. Then, M = OFEx AOn. From E;, = —n, modal logic K yields OE; = 0.
Therefore, M = O-nAQn. Then, 9 is empty, a contradiction. So, U2, F; An is
satisfiable for each n € U2, C;. Since M | a;, we can now apply Corollary C.2
to obtain that U2, F; = «;. By compactness and monotonicity, there exists
k such that E; = ;. By definition, 9,1 E 0pF;, hence M = OB, because
M = N;cr M. Since M is non—empty, it follows from M | OF,; and M = TE
by modal logic K that F [~ —3,. That is, =8, € E. From E; = o; and -8, ¢ E,
we conclude that v, € Ey; and 3; € Cryq. Hence, 0 =+, AUy, A O8,. By the
induction hypothesis and the definition of 9;,; we obtain 91 C M, ;.

Therefore, we have shown that 91 C 91; for ¢ € I. That is, 9T C 1.

In all, MM = N. That is, {m | m = EAOEAQOCE} = {m | m E U2, E: A
OURZ, E: A OUZ, C;}. Since I hence N is non—empty, DU, E; A OF is satisfiable
for each 8 € U2, C; (as Op A Qg — O(pAg) and 0L — L are valid in modal logic
K). By Corollary C.2, U2, E; |= E. The converse is proved in a similar way, it is just
simpler. Therefore, U2, E; = E because U2, F; and E are both deductively closed
sets of formulas.

Then, F = U2, E; and according to [10] this means E is a consistent classical
extension of (D, W) (if E were not consistent, 91 would be empty). ]

B.3 Proof of correctness and completeness for justified de-
fault logic

Theorem 5.1 (Correctness & Completeness) Let (D,W) be a default theory.
Let O be a class of K-models, E a deductively closed set of formulas, and J a set of
formulas such that J = Cg gy and M = {m | m = EADOE A QCg,5)}. Then,

E is a justified extension of (D, W) wrt J iff M is a >p—mazimal class above My .



The unsatisfiable case is easily dealt with, so that we prove below the theorem for
E A B being satisfiable for each 8 € J (equivalently, 91 is non—empty as can be seen
from modal logic K).

Proof 5.1 (Correctness) Assume F is a consistent justified extension of (D, W)

wrt J. The set of generating default rules for (E,J) wrt D is defined as GD%E’J) =
{0‘7—6 ‘ acE, VpeJu{p}. EU{y}U{n}V J_}. As has been shown in [11], then

there exists an enumeration (6;);cr of GD%E’J) such that forz € I
W U Conseq({bo,...,6i—1}) F Prereq(é;). (8)

Let (9M;)icr be a sequence of classes of K—models obtained from the enumeration
(6;);er according to Definition B.1. We will show that 97 coincides with N;c; M; and
1s > p—maximal above M.

Since F is a justified extension wrt J, it has been proven in [11] that

E = T?L(W U Conseq(GDgyE’J)»a
J = Justif (GDS™).

Then, since M = {m | m = EAOEAQC (g0} and Cg,5) = Justif (GD%E’J)> we have
obviously that 9T = N;c; ;. Clearly, if 0‘7—6 € GD%E’J) then E Ay A is satisfiable

for each n € Justif (GD%E’J)>.
Firstly, let us show that 91,1 >s 9N, for : € I.

e Since M; C My and My | W, then by definition of M; we have M; |
W U Conseq(6;—1) for ¢ € I. Now, ;1 C M, for ¢ € I implies that M, |=
W U Conseq({bo,...,6i-1}). By (8), it follows that 9; = Prereq(é;) for ¢ € I.

o Let us assume that 9,1, D>, O, fails for some k € I. By definition of
(M )ier and the fact that we have just proven that 9, |= Prereg(é;) for
¢ € I, this means that My | O-F, V 0y, for & = % Let us ab-
breviate W U Conseq({8o,...,8,_1}) by E* and Justif({6o,...,0x_1}) by J*.
By definition, M, = {m | m = E* A OFE* A 0J*}. Clearly, E*¥ C FE and
JE C J. So, E* is satisfiable. Also, if 0‘7—6 € GD%E’J) then E A v A7 is sat-
isfiable for each 5 € J*. Thus, we can apply Corollary C.5 to the definition
of My, and My, = O-B6, V O—, to obtain that EF = -3, V —v,. That is,
EFU{B8,}U{~.} F L. By monotonicity, E U {8,} U {7} L, contradictory to
the fact that &, € GD{P7),

Therefore, M, 1 >5, M, for + € I. As a consequence, ;c; M; > op(E.9) Mw . That is,
D
M r>p Mw.

Secondly, assume 91 is not >p-maximal. Then, there exists a default rule 0‘7—6 €

D\ GD%E’J) such that 9 = « and M (£ O-8 V O—y. As noted above, E A 7 is
satisfiable for each n € C(g ;). First, applying Corollary C.2 to the definition of I
and MM |= a yields F = a. Second, M £ -3V~ implies by the definition of 97 and
monotonicity that OEAQC g, 5) = O-8VO—y. Then, DEAQC 5,5y £ O—v. By modal
logic K, it follows that EAn [~ —y whenever € C(g ). So, EU{y}U{7n} is satisfiable
for each n € J (because J = C(g,5)). Returning to OF A ¢C g5y = O-6V O,
another consequence is OF (£ O-8 V ¢—. That is, OF £ Oy — O—8. By modal



logic K, it follows that F £ v — —3. So, E U {y} U {8} is satisfiable. In all,
EUu{y}U{n} / L whenever n € JU{B}. Together with £ | «, this implies
% € GD%E’J), a contradiction. |

Proof 5.1 (Completeness) Assume 9 = {m | m = EAOE A §C(g 1)} is a non—
empty >p—maximal class of K—models above My .

According to [7] E is a justified extension wrt J iff (E,J) = (U2, Ei, UR, Ji) such
that Fg = W and Jy, =0 and for 7 > 0

Eipi = Th(E)U{ v |22 € D,a € B,V e JU{B}. EU{y}U{n}/ L}

Jy= Ji u{B|=LeDacE,YeJu{sl EU{y}U{n} L]

Let us abbreviate {m | m = U2, E; A OUZ Ei A QU Ji} by 1. We will show that
M =N, in order to show that F = |2y E; and J = U;2, J;.
Firstly, let us show by induction that 9t C {m | m | E; AOE; A OJ;} for ¢ > 0.

Base By definition, Mwy = Eo A OEy A OJo. Since M >p Mu, we get M C {m |
m = Eo AOE A QJo}

Step The induction hypothesis is: M | E; A OE; A OJ;
Consider n € E; 11 U J;11. Then, one of the three following cases holds.

1. n € Th(E;). By the induction hypothesis, I = 7.
2. n € J;. By the induction hypothesis, 9 = O7.

3. n € {B,7} for some 0‘7—6 € D such that a« € E; and EU{y}U{v} I/ L
for all v € J U {8}. By the induction hypothesis, 0 = a. Assume M |=
O-8 V ¢—v. By definition of C(g s, we obtain that E A v is satisfiable
for each v € C(g,5). Also E is satisfiable. So, Corollary C.5 applies to
the definition of 9 and M | O-F V O—y. As a result, £ &= -GV —+.
This contradicts the fact that E U {y} U {v} I/ L for all v € J U {B}. So,
M = OBV O—. Since M is >p-maximal, then M = v A Oy A OF must
hold and both cases for n are covered.

From the three cases, we obtain M = E; 1 ATOE; 1 A OJiq1.

Therefore, we have shown that 91 C {m | m E E; AOE; AQJ;} for ¢ > 0. So, M C IN.
Secondly, since M is a > p—maximal class above My for (D, W), then M = N;c; I,
where (90;);c1 is a sequence of classes of K—models defined for some (§;);cr according
to Definition B.1 such that 9,1, s, 9N, for 2 € 1.
Let us show by induction that 91 C 9, for 2 € 1.

Base Since My = My and Jy C Ey = W, the result is obvious.

Step The induction hypothesis is: 91 C IM;

Since M; 1 s, M, for i € I we have M; 11 = {m e M, | m =, ATy, A0S}
and M; E a; and M; [£ O, V O—y,; where §; = 0"7—6’

By the induction hypothesis, we have 91 |= ;. Suppose that U2, E; A 7 is

unsatisfiable for some n € U2, J;. Then, there is some k such that n € J; and
E, E —n. We have shown above that M C {m | m = E; AOE; A OC;} for



¢ > 0. Then, M = OE, A On. From Ej = -7, modal logic K yields OE;, E
O-7. Therefore, M = O-n A On. Then, 9 is empty, a contradiction. So,
U2 Ei A m is satisfiable for each n € U2, J;. Since N = «;, we can now apply
Corollary C.2 to obtain that U2, F; = «;. By compactness and monotonicity,
there exists k such that Ey = «;. By definition, 9,,; E Ov; A 08;, hence
M = Oy; A OB; because M = N, M;. Since M is non—empty, it follows from
M = Oy; A OB; and M = OE by modal logic K that E A v, £ —8;. That is,
Eu{y,}u{B;} ¥ L. Also, since 9 is non—empty, it follows from MM = Oy, and
M = OF A OCg,s) by modal logic K that MM |= O(E A+, An) for n € Cg ).
That is, EU {v;} U{n} I/ L for n € J (because J = C(g,;)). From E} |= o; and
Eu{v,}u{n}t Lforn € JU{B,}, we conclude that v, € Ey; and 3; € Jr11.
Hence, 91 = v, A Oy; A OB;. By the induction hypothesis and the definition of
M;11 we obtain T C M, ;.

Therefore, we have shown that 91 C 91; for ¢ € I. That is, 9T C 1.

In all, M = N. That is, {m | m = EAOEAOCEn} = {m | m = U2 Ei A
OURZ, E: AOUR, Ji}- Since I hence M is non—empty, OUZ,, E; A O is satisfiable for
each B € U2y J; (as Op A Og— O(pAg) and OL — L are valid in modal logic K).
By Corollary C.2, U2, E; E E. The converse is proved in a similar way. Therefore,
U2o E; = E because U2, E; and E are both deductively closed sets of formulas.

Since E = U, E;, the definitions of C(g s) and J; make it easy to verify that
Ci,yy = U2 J; That is, J = U2, Ji.

Then, £ = U2, E; and J = U2, J;, and according to [7] this means F is a justified
extension of (D, W) wrt J. [ |

C Proofs of some modal propositions

Proposition C.1 Let p, q, v, s1,...,8, be non-modal formulas such that q A\ s; is
satisfiable for:=1,...,n.
If EpAOgAOsi A ... ANQs, — 7 then Ep — 7

Proof C.1 Assume the contrary. Then, p A —r is satisfiable. It is thus possible to
define the K—model m = (wo,{w; | ¢ = 0,...,n},{(wo,w;) | = 1,...,n},T) such
that wo = pA —rand w; E gA s; for ¢ =1,...,n. Clearly, m contradicts the validity
of pAOgA Osy A... AOs, — reven in the limiting case where n = 0. ]

Corollary C.2 Let S, T, U and V be sets of non—-modal formulas and T N u is
satisfiable for each v e U.
IFM={m|mESAOTAOU} and M=V then S = V.

Proof C.2 Consider v € V. 9 = v means S AT A QU E v. By compactness,
S'AOT'AOU' |= v for some finite subsets S', T’ and U’ of S, T and U, respectively.
Since the deduction theorem for material implication holds in modal logic K, we get
ES'AOT' AQU' — v. Applying Proposition C.1, = S’ — v. That is, S’ | v. By
monotonicity, S = v. So, S E V. [ |

Corollary C.3 Let S, T and V be sets of non—-modal formulas.
IFMm={m|mESAOT} and MEV then S V.



Proof C.3 Apply Corollary C.2 in the limiting case where U is empty (n = 0 in
Proposition C.1). [ |

Proposition C.4 Let p, q, v, $1,...,8,, t be non-modal formulas, with p and g A
s; A\ —t satisfiable fort=1,...,n.
If EpAOgAOsi A .. AQs, — OrV Ot then =g — rV L

Proof C.4 Assume the contrary. Then, ¢\ —rA—tis satisfiable. Define the K—model
m = (wo,{w; | =0,...,n+ 1}, {(wo,w;) | ¢ = 1,...,n 4+ 1},7) with T as follows.
Let wo = p. Let wpy1 E gA—rA—t. Fori=1,...,n, let w; = ¢A s; A —t. Then, m
contradicts the validity of p A OgA Os; A ... A Os, — OrV Ot even in the limiting
case where n = 0. |

Corollary C.5 Let S, T and U be sets of non—-modal formulas and let p and q be
non—modal formulas such that S is satisfiable and T N u A —q is satisfiable for each
ve U.

IFM={m|mESAOTAOU} and M =0pV Oq then T =pV q.

Proof C.5 9 = OpV ¢g means S AUOT A QU | OpV Og. By compactness,
S'AOT' AQU' = Op Vv Oq for some finite subsets ', T’ and U’ of S, T and U,
respectively. Since the deduction theorem for material implication holds in modal
logic K, we get = S'AOT'AQU' — OpVOq. Applying Proposition C.4, = T' — pVgq.
That is, 7' = pV gq. Accordingly, T =pV ¢. [ |

Corollary C.6 Let S, T, U and V be sets of non-modal formulas such that S is
satisfiable and T A u is satisfiable for each uw € U.
IFM={m|mESAOTAQU} and MOV then T = V.

Proof C.6 Consider v € V. Then, 9 = Ov. Since L and ¢ are equivalent in
modal logic K, M = OvV ¢_L. Applying Corollary C.5, T = vV L. That is, T = v.
Accordingly, T = V. [ |

Corollary C.7 Let S, T and U be sets of non—-modal formulas such that S is
satisfiable.
IFMm={m|mESAOT} and METV then T V.

Proof C.7 Apply Corollary C.6 in the limiting case where U is empty (n = 0 in
Proposition C.4). [ |
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